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A B S T R A C T

The initial design of offshore constructions generally uses a combination of model tests and
second-order wave theory to reconstruct the wave kinematics to determine wave forces using
the Morison equation. This routine becomes difficult to apply to steep waves without model test
data where the second-order theory is not valid. In this article, a novel approach combining a
fully nonlinear numerical wave tank (NWT) using the 𝜎-grid with strip theory and the Morison
equation in an Arbitrary Lagrangian–Eulerian (ALE) framework is presented. This provides
improved wave kinematics from the nonlinear numerical wave tank, an improved representation
of the instantaneous velocity field associated with the instantaneous location of the free surface,
making an accurate estimation of the wave hydrodynamics of highly nonlinear and breaking
waves possible at a reasonable computational cost.

The method is verified by comparing the calculated wave kinematics for a fifth-order Stokes
wave with the analytical solution. The procedure for the estimation of the hydrodynamic loads
on a cylinder is validated using comparisons with model test data for wave forces on a cylinder
due to regular, irregular and focussed waves. A good agreement is seen for the estimated
wave forces, including for the breaking waves in the irregular wave train. Some overestimation
of the wave forces due to irregular waves is seen due to the frequency-independent force
coefficient used in the Morison equation. The results demonstrate the potential of the ALE
method combined with a nonlinear NWT to evaluate a three-hour irregular sea state simulation
and generate wave loading statistics for the initial stochastic design of offshore structures
without model test data.

1. Introduction

The accurate evaluation of wave hydrodynamics, especially wave forces due to breaking waves and extreme wave statistics is
essential for safe and economic design of marine constructions such as those for the offshore wind and aquaculture industries [1].
The Morison equation is generally used in the design of slender structures in such constructions to relate the fluid acceleration and
velocity to the wave forces through empirical coefficients. The analytical approach using the second-order wave theory combined
with data from model tests is generally used to estimate the necessary wave kinematics [2,3]. Although useful in several cases, this
approach is difficult to apply to steep, breaking waves, extreme waves and extreme wave statistics which are outside the range of
validity of the second-order wave theory [4]. Since these environmental loadings determine the ultimate limit state and survivability
of the structure, accurate determination of these loadings is essential [5,6].
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Study of irregular waves in the field and large-scale experiments have provided a large amount information about the wave
inematics under steep breaking waves [7,8] along with analytical expressions to represent steep nonlinear waves [9]. Numerical
imulations incorporating higher-order wave kinematics can provide further insight into the wave hydrodynamics. For example,
omputational fluid dynamics (CFD) simulations based on the solution of the Navier–Stokes equations can deal with steep waves
nd wave breaking [10]. The high computational cost in such an approach has limited their extensive use for stochastic engineering
esign. Adapting numerical approaches that resolve the higher-order wave kinematics more efficiently to calculate the velocity field
n the near-field is a promising alternative to CFD simulations. More efficient approaches using the higher order spectral method [11],
oupled HOS and CFD simulations [12] and Boussinesq approaches have been proposed [13]. In the CFD approach, the complex free
urface is directly accounted with most of the fluid hydrodynamics but at a considerable computational cost [14–16]. The potential
heory-based approach is computationally more efficient but the inherent assumption of an inviscid, irrotational fluid restricts their
tility to non-breaking waves as they become unstable when breaking waves are encountered.

From the perspective of estimation of wave loads on structures, procedures such as Wheeler stretching [17] makes some
mprovement to the estimation of the drag force, without any improvement to the inertia force estimation. In another approach, using
he second-order wave theory with perturbation parameters to evaluate the wave kinematics at the free surface, the applicability of
ave theory is extended to nonlinear waves by a limited extent [18,19]. Analytical solutions to determine higher-order loading due

o wave diffraction [20,21] have been proposed along with semi-empirical approaches to evaluate the ringing response of offshore
tructures in irregular waves [22]. Extending the knowledge gained from these studies for long-crested waves, the new class of
fficient numerical models mentioned above, can provide higher-order wave kinematics in nonlinear irregular sea states. This in
ombination with Morison equation can provide quick estimates of the wave forces on slender structures with reasonable accuracy,
nabling further adoption of higher-order numerical modelling for stochastic design. The major challenge in the application of
otential flow models to steep irregular sea states is the stability of the model when wave breaking occurs. Several solutions have
een proposed to maintain the stability of the simulation when wave breaking is encountered while sufficiently accounting for
he change in the wave kinematics [23,24]. This extends the applicability of efficient nonlinear potential flow models [25–27] to
onlinear irregular sea states in intermediate waters.

In order to use the nonlinear NWT wave kinematics to estimate the hydrodynamic loads, it is essential to obtain an accurate
epresentation of the instantaneous velocity field associated with the free surface in the near-field. This makes it possible to use
he Morison equation with the appropriate integration of the undisturbed velocity and acceleration at the location of the structure
ollowing strip theory. Due to the oscillatory flow, the wetted surface of the structure changes constantly and poses a challenge to the
orrect determination of the instantaneous velocity and acceleration fields associated with the free surface elevation at the location of
he structure. This requirement is met with a nonlinear NWT employing a moving grid that follows the free surface, called the 𝜎-grid.

The Laplace equation is solved in this moving frame and is treated as an Arbitrary Lagrangian–Eulerian (ALE) framework [28]. The
free surface motion is represented in a Lagrangian manner while maintaining the advantages from a Eulerian mesh [29]. Using the
ALE kinematic description to calculate the wave kinematics directly provides the water particle velocity corresponding to the free
surface elevation and coordinates at the location of the structure always represent the wetted surface, making the application of the
Morison equations straightforward. This is a major advantage over using fixed Eulerian strips which undergo wetting and drying in
an oscillatory flow.

In this paper, the ALE framework is used in conjunction with strip theory and the Morison equation to estimate the hydrodynamic
load on a cylinder, with the REEF3D framework [30] for the numerical modelling. The nonlinear wave kinematics are obtained
from the fully nonlinear potential flow model REEF3D::FNPF, which has previously been used to simulate steep nonlinear wave
propagation [31–33]. The presented methodology is verified with analytical results for higher-order wave kinematics. The method
is further validated for the estimation of global forces and moments using comparisons to model test data. The presented method
can be used with higher-order regular or irregular waves. The procedure is used to estimate the total time derivative of the water
particle velocity from the result of the NWT simulations without the structure to define the inertial forces in the Morison equation.
The results show that a cubic spline interpolation based integration provides a good estimation of the global force and the moment,
even with the use of constant force coefficients in the Morison equation for irregular waves with a limited number of strips sections.

2. Methodology

2.1. Nonlinear Wave Tank with 𝜎-grid

The paper uses the NWT in the open-source model REEF3D::FNPF which solves the governing equations for fully nonlinear
otential flow, the Laplace equation, on a 𝜎-grid. The kinematic and dynamic boundary conditions must be fulfilled at all times
t the free surface along with a seabed boundary condition in order to solve for the velocity potential 𝛷. The model enforces an

impervious solid boundary at the bed. The Laplace equation with the boundary conditions is solved using a finite difference method
on a 𝜎-coordinate system. A 𝜎-coordinate system deforms with the free surface and is flexible in the handling of irregular boundaries.
The relationship between a Cartesian grid and a 𝜎-coordinate is as follows:

𝜎 =
𝑧 + ℎ (𝐱)

𝜂(𝐱, 𝑡) + ℎ(𝐱)
. (1)

The Laplace equation is discretised using a second-order central difference scheme and is solved using a parallelised geometric
ulti-grid pre-conditioned bi-conjugated gradient solver provided by the high-performance solver library, Hypre [34].
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Fig. 1. Definition of the breaking wave model.

The convection terms at the free-surface are discretised with the fifth-order Hamilton–Jacobi weighted essentially non-oscillatory
(WENO) scheme [35]. A WENO discretisation stencil is based on the smoothness of three local ENO stencils. The local stencil with
the highest smoothness is assigned the highest weight and contributes most significantly to the solution and enables the handling
of large gradients without instability. For the time treatment, a third-order accurate TVD Runge–Kutta scheme [36] is used with a
constant time step. The model is fully parallelised following the domain decomposition strategy. Ghost cells are used to exchange
information between adjacent domains and are updated with the values from the neighbouring processors using the Message Passing
Interface (MPI). Further details regarding the numerical model are found in [37].

Wave generation in the NWT is handled using a Neumann boundary condition. Here, the spatial derivatives of the velocity
potential are prescribed according to the wavemaker kinematics with help of ghost cells. Wave generation can be based on input
analytical wave spectrum, wave theory or wavemaker motion. In this paper, the measured piston motion from the experiments
is used to generate the incident waves in the NWT and obtain a time series comparison. An active absorption method is used to
mitigate wave reflection as presented in Miquel et al. [38].

In order to avoid numerical breakdown that can occur in Laplace equation-based models when wave breaking events occur, a
wave breaking dissipation algorithm is included in the model. In this way, the model simulates the free surface elevation up to the
point of wave breaking accurately. The wave breaking algorithm is then activated at this stage when an overturning wave crest is
expected and which would result in numerical breakdown. This algorithm accounts for the reduction in the wave energy to mimic
wave breaking, without representing the overturning wave crest. The empirical breaking wave model presented by Baquet et al.
[24] is implemented in REEF3D::FNPF. The dynamic and kinematic free surface conditions are modified and extended by one extra
element to mimic the energy dissipation due to a breaking wave as follows:
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where the wave breaking turbulent viscosity 𝜈𝐵(𝑥, 𝑡) is given by

𝜈𝐵(𝑥, 𝑡) =

{

𝜈𝐵0, 𝑥 ∈ 𝐷𝑏

0, otherwise.
(3)

𝐷𝑏 is the region where the dissipation is applied. The extent of the region is defined by two parameters 𝛼 and 𝑆𝑙𝑜𝑝𝑒𝐵. The
limiting crest front steepness above which the wave is considered to be breaking is represented by 𝑆𝑙𝑜𝑝𝑒𝐵 = 𝜕𝜂∕𝜕𝑥. The upstream
extent of the dissipation zone is then calculated as a fraction 𝛼 of this limiting wave crest front steepness. This is illustrated in Fig. 1.
The selection of the parameters used in the dissipation model are discussed in Section 3.4. A detailed analysis of the breaking wave
model for different sea states is presented by Wang et al. [39].

2.2. ALE kinematic description and Morison equation

The description of Arbitrary Lagrangian–Eulerian (ALE) method presented by Donea et al. [28] is followed in this study for the
kinematic description of the fluid domain on a moving grid. The fundamental ALE equation describes the relationship between
the particle or total time derivatives and the referential or local time derivatives. The Reynolds transport theorem that relates the
Lagrangian and Eulerian systems can written in differential form as:

𝑑𝑓
𝑑𝑡

=
𝜕𝑓
𝜕𝑡

+ 𝑣 ⋅ ∇𝑓 (4)

where 𝑓 is any parameter, 𝑣 is the particle velocity and the transformation from the Lagrangian to an ALE system can be similarly
written as:

𝜕𝑓 |

|

|

=
𝜕𝑓 |

|

|

+ 𝑐 ⋅
𝜕𝑓

. (5)
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Fig. 2. Flowchart illustrating the transformations between the different coordinate systems.

here 𝜒 is the ALE coordinate and 𝑐 is the relative velocity between the particle and the mesh velocity:

𝑐 = 𝑣 − ⃗̂𝑣 = 𝜕�⃗�
𝜕𝜒

⋅ �⃗� (6)

where ⃗̂𝑣 is the mesh velocity of the coordinate system. Using Eq. (5), the total derivative of any variable 𝑓 in an ALE representation
can be defined, such as the particle acceleration (𝑎 = 𝑑𝑣/dt) in an ALE system is:

𝑎 = 𝜕𝑣
𝜕𝑡

|

|

|

|𝜒
+ 𝑐 ⋅ 𝜕𝑣

𝜕�⃗�
(7)

where the convective derivative (∇𝑣 = 𝜕𝑣
𝜕�⃗� ) is usually calculated in the Eulerian system (�⃗�)(see Fig. 2). .

The modified Morison equation uses the horizontal particle acceleration, which can be estimated in the ALE system for a
wo-dimensional case using Eq. (7):
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which can be reformulated using the definition of the convective velocity and the chain rule for differentiation to:
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where all terms are known or defined in the �⃗� system.
The incremental horizontal force acting on a strip is defined according to the Morison equation [40] as:

𝛥𝐹𝑥 = 𝐶𝑀𝑎𝑥𝜌𝛥𝑉 + 𝐶𝐷𝑢|𝑢|
1
2
𝜌𝛥𝐴 = 𝐶𝑀𝑎𝑥𝜌𝐴𝑥𝑦𝛥𝑧 + 𝐶𝐷𝑢|𝑢|

1
2
𝜌𝐵𝑝𝛥𝑧 (10)

here 𝐶𝑀 is the inertia coefficient, 𝛥𝑉 = 𝐴𝑥𝑦𝛥𝑧 is the volume of the strip (with the cross sectional area 𝐴𝑥𝑦), 𝐶𝐷 is drag coefficient,
𝐴 is the projection area, with the section breadth 𝐵𝑝 and strip thickness 𝛥𝑧. By integration over the wetted portion of an object,
he global horizontal force is defined as:

𝐹𝑥 = lim
𝛥𝑧→0

∑

𝛥𝐹𝑥 = ∫

𝜂(𝑥,𝑡)

0
𝐶𝑀𝑎𝑥𝜌𝐴𝑥𝑦𝑑𝑧 + ∫

𝜂(𝑥,𝑡)

0
𝐶𝐷𝑢|𝑢|

1
2
𝜌𝐵𝑝𝑑𝑧 (11)

which can be estimated in the �⃗� coordinate system as:

𝐹𝑥 = 𝜌(ℎ + 𝜂(𝑥, 𝑡))

[

∫

1

0
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(12)

The incremental pitch moment is defined using strip theory as:

𝛥𝑀𝑦 = 𝛥𝐹𝑥 (𝑧 + ℎ) = 𝐶𝑀𝑎𝑥𝜌𝐴𝑥𝑦 (𝑧 + ℎ)𝛥𝑧 + 𝐶𝐷𝑢|𝑢|
1
2
𝜌𝐵𝑝 (𝑧 + ℎ)𝛥𝑧 (13)

which yields the global pitch moment defined in the ALE system:

𝑀𝑦 = 𝜌(ℎ + 𝜂(𝑥, 𝑡))2
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The main advantages of the using the Morison equation with ALE strips are:
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Fig. 3. Small towing tank.

Table 1
Main parameters of the investigated sea states in model scale.

Wave type 𝐻𝑠 (m) 𝑇𝑝 (s) 𝑘𝑝𝑎 𝑘𝑝ℎ 𝜔2
𝑝ℎ∕𝑔 𝐻𝑠∕ℎ

Regular 0.1375 1.4270 0.136 1.069 1.066 0.25
Jonsawp (𝛾 = 3.2) 0.1720 1.5556 0.143 0.896 0.898 0.32
Focused (𝛾 = 3.3) 0.230 1.64 0.197 0.995 0.755 0.455

• As all strips are always under water, the wetted volume need not be explicitly calculated depending on the location of the free
surface as in the case of Eulerian strips

• Forces and moments can be directly calculated from the numerical results without any interpolation to a fixed Eulerian frame.

2.3. Model test

The validation of the method uses a model test campaign executed by NTNU and SINTEF Ocean during the [41] project at
TNU/SINTEF Ocean towing tank. The model tests are carried out at a Froude scale of 1:50 [42,43]. The tank is equipped with a
iston wavemaker and a towing carriage. At the other end of the tank is a beach with an adjustable height depending on the water
epth. The towing tank is 28m long and 2.5m wide with a possible water depth between 0 and 1.0m at model scale. The coordinate

system is a right-handed system centred at the seabed at the mean position of the wavemaker. The positive 𝑥-axis points in the
direction of wave propagation and the positive 𝑧-axis points upwards. The model setup is shown in Fig. 3.

The free surface elevation is measured at 11 different locations, where the mono pile is located at the 11th location and is
denoted with a solid circle in Fig. 3. The free surface, flap position, temperature, and load signals are sampled at 200Hz (model
scale) with Butterworth filter at 20Hz (model scale). In this study, measurements from one of the steepest regular waves along with
one irregular sea state are used. The water depth in these cases is ℎ =27m which corresponds to ℎ =0.54m in model scale. The
main parameters of the investigations are listed in Table 1, with all values given in model scale. In the case of irregular waves, the
parameters relate to the significant wave height 𝐻𝑠 and peak period 𝑇𝑝.

At model scale, a 0.18m diameter mono pile is modelled by a segmented cylinder with an inner core that ensures the model can
be considered to be stiff. The model natural frequency in water is around 24Hz. This is approximately 5 times the highest frequency
of interest- 4.74Hz, which is the fourth harmonic of a wave of period 0.85 s. 3D-printed plastic shells with the correct diameter and
oughness are used to model the cylindrical shape of the mono pile. Foundations are installed in a pit in the towing tank, with
2DOF force transducer at the top measuring the global pitch moment 𝑀𝑦 and the global horizontal force 𝐹𝑥. The models are

onnected to the force transducer using an intermediate connection piece and placed at the bottom of the tank.
In order to demonstrate application to a steeper wave, a model test presented by Zang et al. [44] is simulated. The non-breaking

ave event is generated by a NewWave-type unidirectional focused wave group. The physical experiments are carried out in a
hallow water basin with a constant water depth of 𝑑 = 0.505m and the cylinder of diameter 𝐷 = 0.25 m is located at 7.8m from
he paddles in the centre of the tank. The parameters of the focused wave group are presented in Table 1, the parameters are based
5

n the focused wave height 𝐻𝑓 .
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Fig. 4. Vertical distribution of the �⃗� grid for 𝑑 = 0.54m.

Table 2
Main wave components of the irregular sea state.

Shortest wave Peak period wave Longest wave

𝑇 [s] 0.675 1.56 2.35
𝑓 [Hz] 1.482 0.64 0.425
𝐿 [m] 0.71 3.16 5.05
𝐶𝑝ℎ [m/s] 1.05 2.03 2.25

2.4. Numerical simulation setup

The numerical domain used in the REEF3D::FNPF simulations is identical to the experimental setup with Dirichlet boundary
ondition for wave generation and active wave absorption method for wave absorption at the end of the domain. The number
nd distribution of vertical grids has a significant effect on wave dispersion in a numerical simulation using the Laplace
quations [27]. Pákozdi et al. [45] have shown that a minimum of 35 grids per wavelength (𝑑𝑥 = 𝜆∕35) is necessary in the model

for the satisfactory representation of regular waves along with a method to calculate the optimum vertical grid distribution for a
given wave period. Based on these considerations, the optimal vertical grid distribution chosen for the simulations with regular
waves is shown in Fig. 4 for 𝑑 = 0.54m and the number of the vertical grids is chosen to be 18.

The number and distribution of grids for irregular wave simulations is also determined in a similar manner. Three periods are
identified to define the grid size and the time step — the shortest wave period, the peak wave period and the longest wave period.
The wavelength of the shortest wave, which has the lowest phase velocity defines the horizontal grid size according to 𝑑𝑥 = 𝜆∕35. The
phase velocity (𝐶𝑝ℎ) of the longest wave defines the time step: 𝑑𝑡 = 𝑑𝑥∕𝐶𝑝ℎ, based on the values presented in Table 2. The location
of these periods relative to the wave power spectrum is shown in Fig. 5(a). The wave period of the shortest wave corresponds to
the limit of the wavemaker. The period of longest wave is defined at the period where the energy of the JONSWAP spectrum is
about 1% of the maximum energy level. The vertical grid distribution is chosen to be close to the optimal distribution for all three
waves. The optimal vertical grid distribution for each of the three wave periods is labelled as Tshort, Tpeak and Tlong in Fig. 5(b).
The chosen distribution and number of vertical grid points corresponds to that for the shortest waves, which is seen to be 33 in
the figure. Wave generation in the simulations is carried out using the measured piston motion as input. The free surface elevation
is calculated in the simulations at the same distances from the wavemaker as in the model test enabling a deterministic and direct
comparison between the model test and the numerical simulations.

2.4.1. Focused wave simulation
The numerical setup is similar to the above presented setup. In the absence of wavemaker motion, the in-built NewWave-type

focused wave group function is used with the Dirichlet boundary condition at the inlet [46]. The grid resolution is chosen following
the previously described procedure for irregular waves with 10 vertical grid points. This procedure yields a horizontal grid size 𝑑𝑥 =
0.0225m, time step 𝑑𝑡 = 0.005 s and a stretching factor 𝛿 = 1.65. The length of the numerical domain 𝐿 is 22.5m and the water depth
is the same as that in the experiment.

3. Results and discussion

A post-processing procedure to determine the wave forces on a cylinder is developed based on the methods presented in the
6

previous sections. In this section, the verification of the ALE method and the validation of the method to estimate the wave forces
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Fig. 5. Representation of the main parameters for the numerical setup and the vertical grid spacing.

n a cylinder in regular and irregular waves is presented. The verification is carried out using the same regular wave as that in the
odel test described in Table 1.

.1. Verification of the ALE kinematic method

The method is verified using an example of a regular wave used in the model test. The necessary derivatives are calculated by
he finite difference (FD) method, where the coefficients are estimated based on the algorithm presented by [47]. A sixth-order FD
cheme is applied to obtain the spatial derivatives and the time derivatives. Since the deformation of the 𝜎-grids is significant for

higher wave heights and steepnesses, the difference between the total and the local acceleration will also be significant and the
selected regular wave case represents such a case with a wave steepness 𝑘𝑝𝑎 = 0.136. The fifth-order Stokes wave theory [9] is then
used to obtain the theoretical values for the wave kinematic parameters.

The �⃗�-grid for the post processing calculations is defined such that 𝜎 is predefined and the vertical coordinates 𝑧 are calculated
according to the analytical solution of the instantaneous free surface position. Fenton’s solution for the velocity potential 𝜙, its time
derivative for the velocity components 𝑢,𝑤 and the acceleration components 𝑎𝑥, 𝑎𝑧 are calculated at the grid locations over several
time steps. The number of time steps is defined by the truncation order 𝑂() of the finite difference scheme and the sixth-order
scheme used in this study yields seven time steps. The time step size is defined from the wave phase velocity: 𝑑𝑡 = 0.1𝜆∕𝑇 , the
number of grids in the 𝑥− and 𝑧− directions are 𝑁𝑥 = 𝜆∕64 and 𝑁𝑧 = 16 respectively and the grids are uniformly distributed in both
the directions.

The horizontal and vertical velocity field for the regular wave is shown on the 𝜎-grid for time 𝑡 = 𝑑𝑡(𝑂()∕2 + 1) in Fig. 6. As
a sixth-order FD scheme is used to estimate the spatial derivatives, seven horizontal fixed locations are needed at each vertical
location of the 𝜎 grid to calculate the horizontal derivatives 𝜕∕𝜕𝑥 in the Eulerian system. These locations define an orthogonal grid,
represented as black circles in Fig. 6. The highest coordinate of the black circles is chosen such that all fixed points are always under
the free surface and the fourth location coincides with the 𝜎-grid points. The total time derivatives of 𝜙, 𝑢,𝑤 are calculated using
the Reynolds transport theorem in Eq. (5) at the location where the black circles coincide with the 𝜎 grid. Similarly, the parameters
𝜙, 𝑢,𝑤 determined from the analytical solution are compared to those calculated using the ALE framework. The verification of the
spatial derivatives, time derivatives and the total derivatives at chosen locations is presented below.

3.1.1. Verification of the spatial derivatives
The verification of the spatial derivatives is presented in Fig. 7. The red lines with cross markers show the absolute error in

the estimation of the spatial derivatives from the circles shown in Fig. 6. The black lines with circle markers show the absolute
error of the spatial derivatives which are calculated on the �⃗� system. The spatial derivatives of 𝜙 (𝜕𝜙∕𝜕𝑥, 𝜕𝜙∕𝜕𝑧) calculated using
the sixth-order finite difference scheme are compared with the analytical solution for the velocity (𝑢,𝑤) from the fifth-order Stokes
theory in the upper diagrams. The spatial derivatives of 𝜕𝜙∕𝜕𝑡 are compared with the acceleration based on Fenton’s model in the
lower diagrams. For the 𝑥− derivative only the central difference scheme is used as sufficient grid points are always available.
Therefore, the calculated errors are smooth in the vertical direction. On the other hand, vertical derivatives are estimated at both
ends either by the forward and backward scheme and by the central scheme otherwise. This results in the large gradients at both
ends of the curves. In the �⃗� system, when the horizontal derivatives are calculated, the vertical derivative over the 𝜎 coordinates
𝜕∕𝜕𝜎 are also involved, leading to more uneven error curves. Due to the several numerical derivations involved, the accuracy of the
Euler gradients estimated on the 𝜎-grid is less than that for the orthogonal grids. However, based on the low values of the errors, it
an be concluded that the numerical implementation is correct and consistent with the analytical results for the velocity potential
nd its time derivatives — velocity and acceleration.
7
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Fig. 6. The velocity components of the 5th-order Stokes wave.

3.1.2. Verification of the local time derivatives
The sixth-order central difference scheme is used to estimate the local time derivatives. The parameters are estimated by the

Fenton’s model at seven different time points. The time derivatives are estimated at the fourth time point at the coinciding points
in the diagrams presented in Fig. 8. The upper right hand side diagrams show the comparison of 𝜕𝜂∕𝜕𝑡 and 𝜕𝑧(𝜎)∕𝜕𝑡 using the
deformation velocity of the grid 𝜎𝜕𝜂∕𝜕𝑡 = 𝜕𝑧(𝜎)∕𝜕𝑡. All diagrams show that the finite difference scheme is very accurate even over
a small time step.

3.1.3. Verification of the total time derivatives
The total time derivatives are calculated in the Eulerian system and compared to the total derivatives estimated in the ALE �⃗�

system. The errors are found to be lower than the perturbation error of the fifth-order Stokes wave theory, 𝑘𝑝𝑎6 = 1.4138 ⋅ 10−5 as
shown in Fig. 9.

3.2. Validation of the estimated forces due to a regular wave

In this section, the procedure is validated using the measured results for the free surface elevation, global forces and moments on
the structure from the regular wave case in the model test. The comparison of the measured and numerically estimated time series
of the free surface elevations is presented in Fig. 10 for six different locations. There are minor differences between the measured
and calculated free surface elevations, but the agreement can be termed sufficient for the validation of the hydrodynamic loads.

In Fig. 11, a part of the numerical domain is shown at two different time instances. The left hand side diagrams present the �⃗�
framework with the values of the horizontal velocity as well as the 𝜎-grid where the time series of the horizontal total acceleration
and the horizontal velocity are estimated for the location 15.218m from the wavemaker. This is also the location of the mono-pile
where the hydrodynamic loads are measured in the presence of the structure. The right hand side diagrams show the numerical
domain with the horizontal velocity and the physical location of the fluid with the numerical grid.

Applying (9) to the 𝜎-grid, the total horizontal acceleration is defined at all grid points. With the help of a spline function, these
values, 𝑎𝑐 and 𝑢 are interpolated to the location of interest: 𝜉 = 15.218m for all 𝜎 positions. The result of these procedures with the
instantaneous 𝑧-coordinates is shown in Fig. 12 for the two time instances presented in Fig. 11. The curves show a smooth spatial
profile. This procedure is followed for each numerical time step to obtain time series of the instantaneous 𝑧-coordinates, the total
horizontal acceleration 𝑎𝑥 and the horizontal velocity at the predefined 𝜎 values as shown in Fig. 13. The free surface location at
𝜎 = 1.0 and the bottom at 𝜎 = 0.0 are seen in the upper diagram. The increase in the magnitude of the parameters with increasing
8
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Fig. 7. Relative error in the calculation of spatial derivatives.

Fig. 8. Relative error in the calculation of local time derivatives.
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Fig. 9. Relative error in the calculation of total time derivatives.

Fig. 10. Comparison of the numerical and measured free surface elevation for regular waves with 𝑇 = 1.427 s, 𝐻 = 0.1375 m.
10
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Fig. 11. Numerical domain at two different time instances.

vertical location is also seen. The time series of the horizontal velocity and acceleration are smooth, as they continuously include
the velocity and acceleration at the free surface (𝜎 = 1.0). Since the velocity is not measured in the model tests, the validation of
these curves is only possible indirectly, through the measured global horizontal forces 𝐹𝑥 and global pitch moment 𝑀𝑦.

The forces and moments are calculated using (12) and (14) for every time step. The integration is carried out using the Matlab
function mmpint [48], which integrates a curve based on its cubic spline representation. The integration is split into the inertial
forces and moments with the unit inertial coefficient 𝐶𝑀 , and the viscous forces and moments with the unit drag coefficient 𝐶𝐷.
This allows for straightforward sensitivity analysis of the coefficients.

The numerically estimated hydrodynamic loads, the measured global force and moment as well as the free surface elevations are
presented in Fig. 14. The inertia force and moment are calculated using a inertia coefficient 𝐶𝑀 = 2.047 according to MacCamy and
Fuchs [49], with wave number 𝑘 = 2.262m−1 estimated from the fifth-order Stokes wave theory [9] for a wave period 𝑇 = 1.42 s
and a wave height 𝐻 = 0.137 m. A drag coefficient 𝐶𝐷 = 0.7 is chosen following the DNVGL-ST-0437 [50] standard.

The spectral analysis of the free surface shows the first three harmonics, while the fourth and the fifth harmonics are seen in the
spectrum of the pitch moment. Small differences are observed between spectral amplitudes of the measured and numerical signals
at the second and third harmonics of the force and moment. This is expected from the small differences previously observed in the
time series of the free surface elevations in Fig. 10 and is considered to be insignificant.
11
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Fig. 12. The horizontal total acceleration and velocity at 𝑥 = 15.218m at two time instances.

Fig. 13. The estimated time series at 𝑥 = 15.218m.
12
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Fig. 14. Validation of the estimated horizontal force and pitch moment acting on the monopile.

3.3. Validation of the estimated forces due to a focused wave group

A focused wave group is simulated to validate the results for the hydrodynamic loads in steep waves. The measured free
surface elevation and horizontal force time series are compared with numerical results in Fig. 15. The upper diagram shows a
good agreement between the experiment and the simulation for the wave height and wave steepness at the location of the desired
focus location and the time. The asymmetrical troughs around the largest wave component in the measured data signifies that the
actual location of the focus might be further downstream. Therefore in the simulation, the focus point is defined 1.8m downstream
compared to the experiments. This delays the focus time by 1 s and the simulation yields the unsymmetrical waves troughs around
the highest free surface elevation as shown in Fig. 16. The comparison of the force time series shows that not only the free surface
elevation but also the numerically estimated wave kinematics are in good agreement with the experiment. The result of the ALE
procedure, the total horizontal acceleration 𝑎𝑥 with the horizontal velocity at the predefined 𝜎 values and with the instantaneous 𝑧-
coordinates are shown in Fig. 16. It is important to note the smoothness of the acceleration time series, demonstrating the advantage
of using a NWT with the ALE procedure to estimate the hydrodynamics load using the Morison equation.

3.4. Validation of the estimated forces due to irregular waves

In this section, an irregular three-hour duration sea state simulation is used to demonstrate the capability and accuracy of the
presented ALE-based procedure. The selected sea state consists of several spilling wave breaking events and can demonstrate the
robustness of the FNPF model used to generate accurate information about the sea state in an undisturbed condition. Since the sea
state consists of wave components beyond the limits of the second-order irregular wave theory, the ALE method to evaluate the
wave hydrodynamics is highly relevant in this case. The wave kinematics cannot be determined analytically in this situation and
numerical wave tanks are necessary for the calculation of wave kinematics for such steep sea states. The reproduction of the time
series of wave elevation by the FNPF model, and the identification and approximation of an extreme event in the sea state using
the combination of FNPF modelling and the ALE strategy is demonstrated. Extreme events identified in this manner can then be
analysed in a Navier–Stokes equations-based solver.

During the numerical simulations following the parameters listed in Table 1, several wave breaking events are encountered.
In order to account for these events, the artificial wave breaking turbulent viscosity parameter 𝜈 = 1.86 is used following Baquet
et al. [24]. The power spectrum of the free surface elevation measured at the location of the mono-pile 𝑥 = 15.218m is shown in
Fig. 17(a). Using 𝜈 = 1.86 resulted in underestimated wave crest height statistics as seen from the curve with the triangular markers
in Fig. 17(b). A parametric study of the wave breaking turbulent viscosity is then carried out to identify the value required to obtain
13
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Fig. 15. Validation of the free surface elevation and the estimated horizontal force on the vertical cylinder.

Fig. 16. The estimated time series at 𝑥 = 7.8m.
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Fig. 17. Parameter study for the wave breaking turbulent viscosity parameter.

Fig. 18. Power spectrum and crest height statistics of the free surface in model tests and simulations.

similar crest height statistics in the numerical simulation as that measured in the experiments, similar to the parametric approach
in Buldakov et al. [51]. The results from the three additional simulations are presented in Fig. 17. The shape of the spectra estimated
from the numerical simulations is in good agreement with the measured spectrum. All numerical spectra are slightly lower at the
peaks compared to the measured spectrum as previously reported in [52]. It is observed that the viscosity parameter effects the crest
height statistics more compared to the power spectrum. The results from the three additional simulations with the lower values for
the wave breaking turbulent viscosity parameter are found to be similar for both the power spectrum and the crest height statistics.
The peaks of the power spectrum in the simulation with 𝜈 = 1.86 are about 10% lower than that in the other simulations, whereas
the difference is appreciably higher in the case of the crest height statistics. The best match between the numerical results and the
measurements is observed with the factor 𝜈 = 0.0186. Following the procedure recommended by Baquet et al. [24], the 𝜈 = 0.0186 is
chosen as the optimal value. While available results from experiments are used to optimise 𝜈 in this case, this can be also determined
e determined using CFD simulations in the absence of measured data. In order to further demonstrate the ability of the model to
epresent sea states with breaking waves, the power spectrum of the free surface elevations from multiple realisations and the wave
rest height statistics from an additional model test run with the same input characteristics are presented in Fig. 18. The power
pectra from the multiple realisations calculated from the numerical results are within the range of the values calculated from the
odel tests. The wave crest height exceedance calculated using the simulated free surface compares well with the measured data,

s seen from the comparison of each data set with exceedance statistics from Forristall [53] and Huang and Guo [54] in Fig. 18(b).

.4.1. Validation of the hydrodynamic load statistics
Based on the irregular wave kinematics obtained from the numerical simulation, the global horizontal force and global pitch

oment are estimated using the ALE strip theory-based method presented above. The same inertial coefficient 𝐶 = 2.047 and drag
15
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Fig. 19. Comparison of the measured and numerical time series for the free surface elevation, global horizontal force and moment at 𝑥 = 15.218m for 𝑡 = 0−100
s.

Fig. 20. Comparison of the measured and numerical time series for the free surface elevation, global horizontal force and moment at 𝑥 = 15.218m for 𝑡 = 200−400
.

oefficient 𝐶𝐷 = 0.7 used previously are applied in the Morison equation in Eqs. (12) and (14). The time series of the free surface
levation, the horizontal forces and pitch moment are compared to the measured time series. Figs. 19–21 show the comparison for
16

ime intervals 𝑡 = 0 − 100 s, 100 − 200 s and 200 − 300 s respectively. The following observations can be made from these results:
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Fig. 21. Comparison of the measured and numerical time series for the free surface elevation, global horizontal force and moment at 𝑥 = 15.218m for 𝑡 = 400−600
.

Fig. 22. Comparison of the power spectrum from the measured and computed time series.

• The measured time series of the free surface elevation is slightly higher than in the simulation
• The extremes of the free surface elevations have the same bound but these do not happen at the same time
• The numerical values are higher than the measurements in the case of force and moment time series
• Significantly larger maximum peaks can be observed in the numerical signals without filtering
• The low pass filtered signals for both the measurements and simulations show good agreement

These observations are verified by the power spectrum in Fig. 22 and the exceedance curves in Fig. 23. The two peaks of the free
urface power spectrum are higher in the experimental signal and its significant wave height 𝐻𝑠 is about 4 percentile higher than

the numerical signal (0.1640∕0.1572m). The comparison of the force power spectra shows that the numerical signal has slightly more
nergy, the significant value of the global horizontal force is about 6% larger than that of the experimental signal (67.81∕63.86N). The

power spectra of the global pitch moment show the largest differences between the experiments and the numerical simulation. Values
are overestimated at the peaks of the spectrum and the significant value of the numerical signal is 14% higher (21.73∕19.09Nm). A
higher energy level is identified in the numerical simulations in the frequency range 1.0Hz to 1.5Hz. The exceedance of the largest
forces and moments show that the maximum values are overestimated in the numerical simulations. An offset of about 15% for the
horizontal maximum forces and 25% for the maximum pitch moment curves is observed between the numerical and experimental
17

results.
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Fig. 23. Comparison of the probability of exceedance calculated from the measured and computed time series.

Fig. 24. Measured and treated test data along with computed and filtered time series at 𝑥 = 15.218m.

3.4.2. Validation of the largest experimental horizontal force event
The wave event with the largest measured horizontal force is further analysed to discuss the appearance of the unphysical peaks

in the numerical simulations. This event is shown in Fig. 24 with a peak in the force and in the moment diagrams. The influence of
the measuring instrument on the recorded signals can clearly be seen in the untreated load signals with a high frequency oscillation
with a frequency about 24Hz. The measured force and moment time series are treated using the method presented by Ma et al. [55]
to remove the effects due to the excitation due to wave impact. The numerical signal is treated with a low pass filter to remove
unphysical peaks seen in the time series. The oscillations in the measured free surface elevation time series with structural response
at 𝑡 = 207.2 s indicates spilling wave breaking similar to that reported by Esandi et al. [56]. The crest height and the rise velocity
(𝑑𝜂∕𝑑𝑡) of the numerical time series is very similar to the measured values. This indicates that the wave breaking algorithm in the
numerical simulation is activated, reducing the wave elevation and the fluid velocity to account for the energy dissipation related
18

to wave breaking. This energy dissipation reflected through the change in the free surface elevation in the simulation results in a
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Fig. 25. The estimated time series at 𝑥 = 15.218m.

sudden change in the calculated total horizontal fluid acceleration as shown in Fig. 25, and is the source of the peaks calculated in
the global load curves (green line in Fig. 24). The secondary peaks seen in the force times series which are not represented in the
calculated time series arise from higher-order wave–structure interaction. These cannot be reproduced with the current method as
the undisturbed wave kinematics are used. The results show that the physical effects of wave breaking are sufficiently represented
by the dissipation parameter in the numerical simulations, as otherwise, the calculated peak would be unreasonably high. In these
19

simulations, the peaks are of a reasonable magnitude and are interpreted as an unphysical artefact of representing wave breaking
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Fig. 26. Numerical domains in REEF3D::FNPF at three different time instances.

in a Laplace equation-based model and are removed with the help of a low-pass filter. The resulting curves (red lines) show good
agreement with the experimental load histories without response (blue line). The choice of the cut-off frequency of the low pass
filter influences the maximum value of the load curves and in turn extreme value statistics shown in Fig. 23. Since the breaking wave
energy dissipation mechanics acts only at the free surface, the spatial solution of the Laplace equation is smooth for the distribution
20
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Fig. 27. Calculated total horizontal acceleration and velocity at 𝑥 = 15.218m at three different time instances.

Fig. 28. Band filtered time series at 𝑥 = 15.218m showing the high frequency components in the free surface elevation, global total forces and moment.

of velocity and acceleration components as shown for three different time steps in Fig. 26. The profiles of the horizontal velocity
and acceleration at the same three time steps is also smooth as shown in Fig. 27.

The high frequency component of the calculated and measured wave forces are obtained using a band filter with cut-off low and
high-pass frequencies 𝑓𝑙𝑜𝑤 = 1.85 Hz and 𝑓ℎ𝑖𝑔ℎ = 1.67 Hz respectively. These forces originate from spilling wave breaking can be
responsible for significant response from the structure as reported by Esandi et al. [56]. The same force coefficients as those used
above are employed and presented in Fig. 28. While this is a simplification, it is seen from the numerical results that the phases are
well-predicted and the force amplitudes are overestimated. The difference between the measured and calculated results is considered
to be small given the simplification used and indicates the soundness of the proposed method. The results can be further improved
by selecting appropriate frequency-dependent force coefficients for the Morison equation.

4. Conclusion

A novel approach to evaluating hydrodynamic loads on a cylinder using a combination of strip theory and Morison equation
21

using undisturbed nonlinear wave kinematics from a nonlinear NWT is presented. This extends the application of nonlinear wave
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tanks to simulate stochastic three-hour simulations with steep and breaking wave events and identify extreme wave events and
provide a reasonable estimate of the extreme wave loads in the early stages of the design process. The method is verified through
comparison of the analytical and numerical results for the wave kinematics in the case of a nonlinear regular wave defined by
fifth-order Stokes wave theory.

The method is used to evaluate the hydrodynamic loads on a cylinder due to regular, irregular and focused waves. The calculated
ree surface elevation and the hydrodynamic loads are seen to be in good agreement with the measurements and imply that the
ave kinematics are well represented. The utility of the model to estimate the loads on a cylinder under irregular waves with
reaking wave events is demonstrated. The results show good agreement with the measurements, with some overestimation of the
oads. Some nonphysical peaks are seen in the load signal which arise from the numerical treatment of wave breaking and a low-pass
ilter is used to resolve this. The overestimation of the hydrodynamic loads results from the use of a constant, frequency independent
orce coefficient. This is demonstrated by the results calculated for the higher-order wave forces using a band filter. In spite of this
implified treatment, the estimated wave forces, including forces due to breaking waves in an irregular sea state are seen to be
easonably accurate. Higher-order wave–structure interaction resulting in secondary peaks in the loading is not represented using
he demonstrated approach using the undisturbed wave kinematics. The method however is useful in identifying the occurrence
f such events, which can then be analysed using CFD simulations. Further studies can be conducted to identify the best practise
ith regard to the use of the Morison equation with NWT simulations and the determination of the frequency-dependent force

oefficients.
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