


∆Vβ = Rliβ + Ll
diβ
dt

(2)

where Ll and Rl are the inductance and resistance of the line,
∆Vαβ are the voltage drops of the line and iαβ are the line
currents, in the α and β axes, respectively.

An outer virtual impedance can, thus, be implemented by
subtracting (1) and (2) from the desired voltage reference [7].
However, in order to avoid amplification of high frequency
noise, the term containing the derivative of the current needs
to be modified [7]. A first option is to apply a quasi-stationary
approach [9], as given in (3) and (4)

∆Vα = Rliα − ωLliβ (3)

∆Vβ = Rliβ + ωLliα (4)

where ω is the system frequency. This virtual impedance
replicates the response of an actual impedance at steady state.
The difference from a real impedance is that it does not include
the derivative term, and hence present different transient
behaviour. A second option is to apply a low-pass filter (LPF)
to the derivative term, in order to limit its high-frequency
effects. While this approach can model the transient response
of the virtual impedance to resemble an actual impedance more
closely, it also affects the phase of the signal in steady state
[7].

B. Virtual Impedance in the Synchronous Reference Frame

The voltage drop in the synchronous reference frame over
an inductive-resistive feeder is given by

∆Vd = Rlid − ωLliq + Ll
did
dt

(5)

∆Vq = Rliq + ωLlid + Ll
diq
dt

(6)

Thus, a virtual impedance can be implemented by subtract-
ing (5) and (6) from the desired voltage reference. Just as
for the implementation in the stationary reference frame, the
high-frequency effects of the derivative action must be limited.
Here, the quasi-stationary approach can be implemented by
neglecting the derivative term altogether, as the cross-coupling
effects are present in the steady-state response. Another option
is to apply an LPF to the derivative term, as in

∆Vd = Rlid − ωLliq + ηd (7)

∆Vq = Rliq + ωLlid + ηq (8)

where ndq are the low-pass filtered transient terms given by

ηd =
ωc2

s+ ωc2
sLlid (9)

ηq =
ωc2

s+ ωc2
sLliq (10)
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Fig. 1: Droop control scheme including virtual impedance

where wc2 is the cutoff frequency of the LPF. Thus, for imple-
menting virtual impedances using a quasi-stationary approach,
(9) and (10) can be used with ηdq = 0.

Contrary to the virtual impedance in the stationary reference
frame, this approach only alters the phase during transients,
while not affecting the steady state. Hence, there could be an
advantage of using the virtual impedance in the synchronous
reference frame over that of the stationary reference frame,
since the transient dynamic term can be included in the
response. This is possible due to the variables being constant
in the synchronous reference frame.

Having a large value for the virtual inductance, an inductive
output impedance as seen from the inverter can be obtained,
leading to reduced coupling of active and reactive power in
the conventional droop control [5]. Moreover, if the virtual
impedance is sufficiently large, this can partly compensate for
mismatch in the feeder impedances, thus leading to improved
reactive power sharing. On the other hand, a too large virtual
impedance will also limit the output voltage of the inverter,
and, hence, also the power that can be delivered. Thus, a trade-
off exists between improved power sharing and the magnitude
of the delivered power.

III. MODELLING OF A SINGLE INVERTER

This section provides the detailed description of the mod-
elling of a single inverter. The control of the inverter with
its accompanying LC-filter is seen in Fig. 1. The dc side
dynamics is neglected by assuming a constant dc voltage
source. Moreover, by neglecting the switching behaviour, an
average model for the converter is assumed [11]. The control
of the inverter is performed in the synchronous reference
frame and is based on that of grid-supporting VSCs [2]. The
control consists of an inner current control, and outer voltage
control. The reference for the voltage controller comes from
the difference between the droop controller and the virtual
impedance calculation. The droop controller in turn gets its
input from the low-pass filtered power calculation of the
inverter output power. For islanded operation, it suffices to
integrate the droop frequency and use this angle as a reference
for the Park transformations [2]. In the following, each of the
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sub-blocks of Fig. 1 will be presented, in addition to the plant
to be controlled.

A. Droop Control

The droop controller ensures stable operation of the mi-
crogrid by adjusting the angular frequency and voltage set-
points, ω and E so as to ensure a proper sharing between
different units. In particular, this is obtained by applying the
conventional droop equations:

ω = ω∗ −m(P − P ∗) (11)

E = E∗ − n(Q−Q∗) (12)

where ω∗ is angular frequency reference, E∗ is the droop
control voltage reference, m and n are the droop gains, P ∗

and Q∗ are the active and reactive power references, while P
and Q are the measured active and reactive powers. The latter
are obtained by low-pass filtering the instantaneous active and
reactive powers [11], as given in:

P =
ωc1

s+ ωc1
(vdiLd + vqiLq) (13)

Q =
ωc1

s+ ωc1
(vdiqd − vqiLd) (14)

where ωc1 is the cut-off frequency of the LPF, vdq are
the voltages at the filter capacitor and iLdq are the inverter
output currents. Finally, the angle to be used for the dq-
transformations is given by:

θ =

∫
ωdt (15)

B. Voltage Controller

The voltage controller regulates the voltage at the filter
capacitor. It consists of a PI controller and feedforward and
decoupling terms, given by (16) and (17).

i∗d = Kpv(v
∗
d − vd) +KivCV d − ωCvq + iLd (16)

i∗q = Kpv(v
∗
q − vq) +KivCV q + ωCvd + iLq (17)

Here Kpv and Kiv are the proportional and integral gain of the
PI controller, i∗dq are the references for the current controller,
and CV d and CV d are given by:

CV d =

∫
(v∗d − vd)dt (18)

CV q =

∫
(v∗q − vq)dt (19)

where v∗dq are the voltage references. When including virtual
impedances, the voltage references are given according to:

v∗d = E + ωLviiLq −RviiLd − ηd (20)

v∗q = −ωLviiLd −RviiLq − ηq (21)

where Lvi and Rvi are the virtual inductance and resistance.

C. Current Controller
Based on the current references in (16) and (17), the

current controller regulates the inverter side filter current. This
controller is also based on a PI controller, in addition to
decoupling terms and feedforward of the capcitor voltage as
seen in (22) and (23).

u∗d = Kpi(i
∗
d − id) +KiiCId − ωLiq + vd (22)

u∗q = Kpi(i
∗
q − iq) +KiiCIq + ωLid + vq (23)

Here, u∗d and u∗q are the reference voltages for the inverter
voltage, CId and CIq are the states of the PI integrator, while
Kpi and Kii are the proportional and integral gains of the PI
controller.

D. Plant Model
Finally, the first order plant is based on the filter inductor L

with its resistance R, the filter capacitor C, and the equivalent
line impedance consisting of the inductance LL and the
resistance RL. Thus, the plant equations are given by:

L
did
dt

= ud − vd + ωLiq −Rid (24)

L
diq
dt

= uq − vq − ωLid −Riq (25)

C
dvd
dt

= id − iLd + ωCvq (26)

C
dvq
dt

= iq − iLq − ωCvd (27)

LL
diLd
dt

= vd − vsd + ωLLiLq −RLiLd (28)

LL
diLq
dt

= vq − vsq − ωLLiLd −RLiLq (29)

where vsdq is the load voltage.

IV. EFFECT OF INCLUDING TRANSIENT VIRTUAL
IMPEDANCE

In order to analyze the effect the transient virtual impedance
has on the stability and performance of the droop controlled
microgrid, a small-signal model of a single inverter is derived
by linearizing equations (12)-(29), and assuming u∗dq = udq .
The free motion of the system can be then given as

∆ẋ = A∆x (30)

where ∆x and A are given in (31) and (32). For the case with-
out transient virtual impedance, the system matrix corresponds
to the subset of the first 13 rows and columns of (32).

∆x = [∆θ ∆P ∆Q ∆CV dq

∆CIdq ∆idq ∆vdq ∆iLdq ∆ηdq]
T (31)
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A =



0 −m 0 0 0 0 0 0 0 0 0 0 0 0 0
0 −ωc1 0 0 0 0 0 0 0 ωc1ILd0 ωc1ILq0 ωc1Vd0 ωc1Vq0 0 0
0 0 −ωc1 0 0 0 0 0 0 ωc1ILq0 −ωc1ILd0 −ωc1Vq0 ωc1Vd0 0 0
0 −mLviILq0 −n 0 0 0 0 0 0 −1 0 −Rvi ω0Lvi −1 0
0 mLviILd0 0 0 0 0 0 0 0 0 −1 −ω0Lvi −Rvi 0 −1
0 −mLviILq0Kpv −nKpv Kiv 0 0 0 −1 0 −Kpv −ω0C 1 −RviKpv Kpvω0Lvi −Kpv 0
0 mLviILd0Kpv 0 0 Kiv 0 0 0 −1 ω0C −Kpv −Kpvω0Lvi 1 −RviKpv 0 −Kpv

0 −mLviILq0

L −mIq0 −nKpcKpv

L
KpcKiv

L 0 Kic

L 0 −R+Kpc

L 0 − 1+KpvKpc

L −Kpcω0C
L

Kpc

L (1 −KpvRvi)
KpcKpvω0Lvi

L −KpcKpv

L 0

0 mLviILd0

L +mId0 0 0
KpcKiv

L 0 Kic

L 0 −R+Kpc

L
Kpcω0C

L − 1+KpvKpc

L −KpcKpvω0Lvi

L
Kpc

L (1 −KpvRvi) 0 −KpcKpv

L
0 −mVq0 0 0 0 0 0 1

C 0 0 ω0 − 1
C 0 0 0

0 mVd0 0 0 0 0 0 0 1
C −ω0 0 0 − 1

C 0 0
1
LL

(VsD sin θ0 − VsQ cos θ0) −mILq0 0 0 0 0 0 0 0 1
LL

0 −RL

LL
ω0 0 0

1
LL

(VsD cos θ0 + VsQ sin θ0 mILd0) 0 0 0 0 0 0 0 0 1
LL

−ω0 −RL

LL
0 0

2ωc2Lvi

LL
(VsD sin θ0 − VsQ cos θ0) −ωc2LvimILq0 0 0 0 0 0 0 0 wc2Lvi

LL
0 −ωc2LviRL

LL
ωc2Lviω0 −ωc2 0

2ωc2Lvi

LL
(VsD cos θ0 + VsQ sin θ0) ωc2LvimILd0 0 0 0 0 0 0 0 0 wc2Lvi

LL
−ωc2Lviω0 −ωc2LviRL

LL
0 −ωc2



(32)

TABLE I: Parameters for Test Set-Up

Parameter Value Parameter Value
Line-line voltage 400 V Vd0 329.6 V
Rated Power 3 kVA Vq0 1.6 V
ω0 2π50 Vsd 326.6 V
L 500 µH Id0 6.1 A
R 0.01 Ω Iq0 5.2 Ω
C 50 µF ILd0 6.1 A
LL 830 µH ILq0 0
RL 0.5 Ω θ0 0.28◦

Lvi 600 µH wc1 31.4 rad/s
Rvi 0.05 Ω wc2 500 rad/s
m 2.1 × 10−4 Hz/W Kpc, Kic 2.63, 400
n 0.0011 V/VAr Kpv , Kiv 0.05, 19.5
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Fig. 2: Eigenvalues of the system with and without transient
virtual impedance

A. Modal Analysis

The modes of the systems with and without transient virtual
impedance were found by solving det(λI −A) = 0, using the
operating point and system parameters according to Table I.
The resulting modes of both systems are shown in Fig. 2.
It can be seen that there are three main clusters of modes,
corresponding to the cascaded control loops of the controller.
There are a total of 15 modes corresponding to the 15 states of
the system for the description with transient virtual impedance,
whereas there are 13 modes corresponding to the 13 states for
the system using quasi-stationary virtual impedance.

Fig. 3 displays how the low-frequency modes differ when
the transient virtual impedance is included. It can be seen that
the damping of the most oscillatory modes is improved by
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Fig. 3: Effect of adding transient virtual impedance on the
low-frequency modes
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Fig. 4: Enlarged view of the effect of adding transient virtual
impedance on the low-frequency modes

moving their real part from about −60 to −86. An enlarged
view of the same plot can be seen in Fig. 4. Here, it is
evident that the transient virtual impedance barely changes the
damping of the left-most poles, as both the imaginary and real
part of the modes are increased slightly. The real pole around
−31 is barely affected by the transient virtual impedance. The
rightmost pair of eigenvalues clearly increases its damping,
although achieving a slightly larger real value. Hence, for the
example considered, including the transient virtual impedance
improves the damping of the system.

The plot in Fig. 5 displays the sensitivity of the system with
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Fig. 6: Microgrid system consisting of two inverters supplying
a parallel load.

transient virtual impedance to the cut-off frequency of the low-
pass filter. As seen in the figure, the two leftmost conjugated
modes achieve improved damping when the cut-off frequency
is increased. Meanwhile, the modes closest to the imaginary
axis move toward the unstable region, and achieve reduced
damping. Hence, there is a trade-off in choosing the cut-off
frequency of the transient virtual impedance.

V. NUMERICAL SIMULATION

In order to test the model with regards to including the
transient virtual impedance, the microgrid in Fig. 6 was
simulated. The microgrid is operated in island mode, where
two DG units are supplying a common linear, balanced load.
The parameters for the test configuration are given in Tables I
and II. In particular, the value of the line impedance was 25 %
larger for DG2, while the X/R ratio was 0.5.

TABLE II: Simulation Parameters

Parameter Value
Vdc 800 V
fsw 8 kHz
Z1 0.5 + j0.25 Ω
Z2 0.625 + j0.313 Ω

Fig. 7: Active power of inverters without transient virtual
impedance

Fig. 8: Active power of inverters with transient virtual
impedance

Fig. 7 shows the active power supplied by each inverter
when the transient virtual impedance is disabled. At t = 0.5 s,
the load is stepped from 2.5 kW to 5.5 kW. From the figure,
it is evident that the sharing mechanism works well, but there
is an initial oscillation in the sharing of the power.

Fig. 8 displays the active power supplied by each inverter
when the transient portion of the virtual impedance is included.
The sharing between the two inverters is still good, and in
steady state it is identical to the case without transient virtual
impedance. However, immediately following the step in the
load, there is less oscillation of the power compared to the
case without the transient term of the virtual impedance.

VI. CONCLUSION

This paper has presented some fundamental considerations
when applying virtual impedances to improve the power
sharing in a droop controlled, islanded microgrids. The dif-
ference between implementing the virtual impedance in the
stationary and the synchronous reference frames has been
discussed. Moreover, the difference in how to account for
the transient term of the virtual impedance has been shown,
and a comparison between the quasi-stationary approach and
the low-pass filtered derivative term has been carried out. In
particular, the effect of including the transient term of the
virtual impedance is highlighted by constructing a state-space
small-signal model. Both the modal analysis on the small-
signal model and the results of the numerical simulations
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indicate that the damping of the system is improved by
including the transient term.
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