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PREFACE  

This book contains all manuscripts approved by the reviewers and the organizing committee of the 

12th International Conference on Computational Fluid Dynamics  in the Oil & Gas, Metallurgical and 

Process Industries. The conference was hosted by SINTEF in Trondheim in May/June 2017 and is also 

known as CFD2017 for short. The conference series was initiated by CSIRO and Phil Schwarz in 1997. 

So far the conference has been alternating between CSIRO  in Melbourne and SINTEF  in Trondheim. 

The conferences  focuses on  the application of CFD  in  the oil and gas  industries, metal production, 

mineral processing, power generation, chemicals and other process industries. In addition pragmatic 

modelling  concepts  and  bio‐mechanical  applications  have  become  an  important  part  of  the 

conference. The papers in this book demonstrate the current progress in applied CFD.  

The conference papers undergo a review process involving two experts. Only papers accepted by the 

reviewers  are  included  in  the  proceedings.  108  contributions were  presented  at  the  conference 

together with  six  keynote presentations. A majority of  these  contributions  are presented by  their 

manuscript in this collection (a few were granted to present without an accompanying manuscript).  

The organizing committee would like to thank everyone who has helped with review of manuscripts, 

all  those who  helped  to  promote  the  conference  and  all  authors who  have  submitted  scientific 

contributions. We are also grateful for the support from the conference sponsors: ANSYS, SFI Metal 

Production and NanoSim. 

Stein Tore Johansen & Jan Erik Olsen 
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ABSTRACT
In this work, the flow past a finite-end yawed cylinder is studied.
This constitute a first step to understand the motion of freely mov-
ing particles. To this aim the Finite Volume / Fictitious Domain
(FV/FD) method developed in the PeliGRIFF code (Wachs et al.,
2015) is intensively used. This method is validated using numer-
ical results of the literature for a cylinder of finite length whose
direction is parallel to the flow (Auguste, 2010). Efforts and vor-
tex shedding frequencies are carefully analysed giving strong confi-
dence in the numerical methodology. A detail study of the flow past
a cylinder of aspect ratio L/D = 3 (where D is the diameter and L

the length) at moderate Reynolds numbers (Re = ρUD/µ = 200) is
also carried out. The influence of the yaw angle (ranging from 0◦

to 90◦) is identified both on the wake and on the hydrodynamic ef-
forts. Three different regimes are successively encountered includ-
ing standing-eddy pattern as unsteady vortex shedding. Otherwise
the independence principle which states that the normal force on
the cylinder only depends on the normal component of the velocity
(Sears, 1948), is compared to the numerical simulations. Results
indicate that the independence principle is inaccurate in this flow
regime. A linear law obtained in the Stokes regime should be pre-
ferred.

Keywords: Fictitious domain method, finite-end cylinder, hydro-
dynamic forces, wake instability .

INTRODUCTION

Fixed and fluidized beds are frequently encountered in vari-
ous industrial processes such as catalyse and biomass gasifi-
cation. Despite the large numbers of studies describing the
flow past spherical particles, much less is known concerning
cylindrical particles which are frequently used in fixed and
bubbling fluidised bed. In order to fill that gap direct numer-
ical simulation have been used to study the flow through a
packed bed of cylinders. For instance (Dorai et al., 2015)
highlight the impact of the particle shape on the pressure
drop through the bed. For computational reasons, Euler-
Lagrange methods are usually preferred to direct numerical
simulation to deal with a large number of fluidized particles.
Those methods have been applied with success for spouted
bed configurations and bubbling fluidized bed of spherical
particles (Capecelatro and Desjardins, 2013; Bernard et al.,
2016). However the averaging procedure used to derive
the Euler-Lagrange equations brings out more unknown than
equations (Jackson, 2000). Closure law and especially hy-
drodynamic force exerted on the body are thus needed to

solve the problem. To this aim the flow past a finite-length
yawed cylinder is studied numerically as a first step to under-
stand the efforts acting on many of them.

One of the earliest study of the flow past a cylinder ori-
ented perpendicularly to the streamwise direction is the one
of Wieselsberger (1922). Both infinite and two free ends
cylinder were considered. For the former the aspect ratio
L/D was 5, where L is the length of the cylinder and D its
diameter. He covered a large range of Reynolds numbers
Re = ρDU/µ from 400 to 8× 105 where µ, ρ and U are re-
spectively the dynamic viscosity, density and inlet velocity.
The drag coefficient was found to decrease when decreasing
L/D. Zdravkovich et al. (1989) studied the flow past a per-
pendicular cylinder of finite aspect ratio (1 ≤ L/D ≤ 10) at
high Reynolds numbers (6× 104 ≤ Re ≤ 2.6× 105). The
drag coefficient was also observed to decrease when de-
creasing L/D. He observed a kind of vortex shedding in
the range 2 ≤ L/D ≤ 8 and an asymmetric flow pattern for
1 ≤ L/D ≤ 3. Inoue and Sakuragi (2008) performed a de-
tailed numerical study of the flow past finite length cylinder.
The prescribed L/D and Reynolds number were respectively
0.5 ≤ L/D ≤ 100 and 40 ≤ Re ≤ 300. They identify five
different vortex shedding patterns depending on both aspect
ratio and Reynolds number. They also showed that the crit-
ical Reynolds number, for the onset of the unsteady regime,
decreased with L/D.

Studies of the flow past yawed or aligned cylinders (whose
symmetry axis is parallel to the incoming flow) are more
sparse comparatively to the large amount of works on per-
pendicular cylinder. Auguste (2010) and Auguste et al.

(2010) numerically studied the wakes of disks (0 ≤ L/D ≤

1) parallel to the flow direction. The Reynolds num-
ber prescribed was 0 ≤ Re ≤ 400. Auguste (2010) ob-
served that the critical Reynolds for appearance of unsteady
regime as the wake patterns are strongly varying function
of the aspect ratio. To the author knowledge the bifurca-
tion scenario for L/D > 1 have not been studied so far.
Recently Chrust et al. (2010) evidenced the effect of L/D

over the wake of spheroids parallel to the flow direction.
Ramberg (1983) studied experimentally the flow past free-
ended yawed cylinders and yawed cylinders fitted with end-
plates in the Reynolds number range 160 ≤ Re ≤ 1100.
Cylinders were oriented to the flow direction at an angle θ.
He showed that the results were very sensitive to the cylin-
der end conditions. Sears (1948) has theoretically demon-
strated, using boundary layer theory, that the flow past a
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yawed cylinder is determinated by the normal component
of the velocity. In other word the force on cylinder with a
yawed angles θ was identical to the force on a cylinder in
cross-flow with velocity U sin θ. This law called indepen-
dence principle has been widely used to predict the force on
a yawed cylinder. However this principle suffers from some
limitation summarized in Zdravkovich (2003, p 955). Re-
cently Vakil and Green (2009) performed a complete numer-
ical analysis of the flow past a yawed cylinder (2 ≤ L/D ≤

20) for moderate Reynolds number (1 ≤ Re ≤ 40). They
proposed an empirical relation for the drag and lift force on
the cylinder. They also checked the validity of the indepen-
dence principle. Even if the range of Reynolds number stud-
ied was lower than the one for strict application of boundary
layer theory they obtain relatively good agreement for large
θ > 45◦.
Thus there is a large amount of works especially on the flow
past perpendicular cylinder. An exhaustive review can be
found in the two monographs of Zdravkovich (1997, 2003).
A large part of the numerical study dealing with that sub-
ject make use of boundary-fitted method to describe the
flow around the particle (Auguste, 2010; Inoue and Sakuragi,
2008; Vakil and Green, 2009). Those methods are very ac-
curate but not designed to deal with a large number of
mobile particles since they need re-meshing at each time
steps (Hu et al., 1992). For this kind of applications fic-
titious domain method are usually preferred. Indeed the
boundary conditions on the particle are defined on the eu-
lerian grid using forcing terms added to the governing equa-
tions (Mittal and Iaccarino, 2005). Those methods have been
used and validated for the settling of spheroidal particles
(Uhlmann and Dušek, 2014; Ardekani et al., 2016). To the
authors knowledge, analysis of the flow past a yawed cylin-
der using a fictitious domain method have not been done so
far. Therefore before studying the flow past a yawed cylinder
in inertial regimes, we will carefully validate our numerical
method with existing results of the literature.
The outline of the paper is the following. In the first section
the numerical method, flow geometry and boundary condi-
tions are described. In the second section the flow past a
yawed cylinder is studied. The first part of the second sec-
tion is devoted to the comparison of our numerical results to
those of the literature. The second part describes the flow
past a L/D = 3 cylinder at Re = 200 for various yawed an-
gles. Mains conclusions and future work are presented in the
last section.

NUMERICAL PROCEDURES

Computations are carried out using the fictitious domain
method of the PeliGRIFF code. A set of Lagrange points
are distributed throughout the body in order to enforce the
boundary conditions. In the rest of the section we summa-
rize the principal features of the fictitious domain method
developed by Wachs et al. (2015).

Time discretization scheme

The three dimensional unsteady incompressible Navier-
Stokes equations are solved using a second-order time accu-
rate Adams-Bashforth / Crank-Nicolson scheme. However
due to a first-order Marchuk-Yanenko time splitting strat-
egy the overall time algorithm is first-order accurate. In-
compressibility is enforced at the end of the fluid time step
through a projection method. The linear systems obtained
from both Cranck-Nicolson and projection step are solved
using PETSC library.
The overall time advancement procedure is described in the
following.

• At the beginning of the time step the velocity of the fluid
un and the pressure pn are known. The n index refers to
the time step.

• A mixed Adams-Bashforth / Crank-Nicolson scheme is
employed to compute ũn+1. Then a Poisson equation is
solved to find a divergence free velocity ûn+1 and pn+1

:

ũn+1 −un

∆t
−

1
2

µ

ρ
∇2ũn+1 =−

1
ρ

∇pn+

1
2

µ

ρ
∇2un

−
1
2

(

3un
·∇un

−un−1
·∇un−1)

− fn, (1a)

∇2ψn+1 =
1
∆t

∇ · ũn+1, (1b)

ûn+1 = ũn+1
−∆t∇ψn+1, (1c)

pn+1 = pn +ψn+1
−

1
2

∆tµ

ρ
∇2ψn+1 (1d)

where ρ is the fluid density, µ the viscosity, ψn the aux-
iliary potential and fn is the explicit forcing term used
to take into account the presence of the rigid body.

• A fictitious domain problem which is solved using an
Uzawa algorithm Wachs (2009). For a fixed body con-
figuration the problem can be written such that un+1 and
fn+1 satisfy in the body region :

un+1 − ûn+1

∆t
+ fn+1 = fn, (2a)

un+1 = 0 (2b)

Unlike Uhlmann (2005); Bigot et al. (2014), the incompress-
ibility condition is enforced before the imposition of bound-
ary conditions on the particle. The main consequence is
that the mass conservation is not exactly satisfied while the
boundary conditions are exactly satisfied.
The hydrodynamic force and torque on the body can be writ-
ten respectively F=

∫
S σσσ ·ndS and T =

∫
S r×σσσ ·ndS where σσσ

is the stress tensor, r the the local position relative to the solid
centroid and n the unit normal to the body surface S. The di-
rect evaluation of these terms are complicated due to to the
many interpolations required. An approach similar to the one
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proposed by Uhlmann (2005) was preferred. The surface in-
tegral of the hydrodynamic force and torque are replaced by
ρ
∫

V fn+1dV and ρ
∫

V r× fn+1dV where V is the particle vol-
ume.

Space discretization scheme

Equations (1a)-(1d) are solved on a staggered cartesian grid
with a finite volume approach. A second order central dis-
cretization scheme is employed for the diffusion term while
the convective term is treated with a total variation diminish-
ing (TVD) scheme and Superbee flux limiter. However due
to the presence of the immersed boundary, the method is not
fully second order in space (Wachs et al., 2015).
In order to enforce the boundary conditions on the body,
a set of lagrangian points are distributed along the surface
and inside the particle. Interior points are distributed on
the staggered grid at the same location that the velocity
points. Distribute points uniformly along the particle sur-
face is much more challenging. The detailed method de-
veloped in the PeliGRIFF code is described in a companion
paper (Pierson et al., 2017). The basic idea is to divide the
cylinder in two main areas : its length and the two ending
disks. The area defined along the length of the body can be
mapped using a diamond-shaped mesh while the disks can be
mapped with a specific spiral distribution. This methodology
ensures that the points are uniformly and isotropically dis-
tributed. This property have been proved to be important for
computation of the flow past a sphere (Wachs et al., 2015).
The explicit forcing term in equation 1 is smoothed using
a simple hat function of 3 cells length support. This sim-
ple procedure have proven to be efficient in all cases studied
by the past (Wachs et al., 2015; Rahmani and Wachs, 2014)
and contain some similarities with the delta function used
by Uhlmann (2005) and Kempe and Fröhlich (2012). While
it would be possible to use the same type of delta function
to interpolate the forcing term on the Lagrangian points, a
quadratic interpolation operator was preferred (Wachs et al.,
2015). Indeed, since the construction of the 3D stencil of this
operator relies on the orientation of the outward normal vec-
tor to the particle boundary, a good spatial accuracy can be
achieved (Wachs et al., 2015).

Computational domain

The building of a relevant numerical domain valid in all con-
figurations studied (various aspect ratios and yawed angles)
while keeping its size reasonable is a challenging task. To
our knowledge there is no consensus in the literature on the
size of the domain to used. In the following we briefly re-
view several computational domains used by the past in the
literature. The length and radius of the cylindrical domain
used by Auguste (2010) are respectively 25D and 10D where
D is the diameter of the disk. He focused on the flow past
various disks of aspect ratio varying from zero to one. Spe-
cial attention is paid to the distance between the disk and the
outlet boundary condition which have to be at least of 15D to
avoid errors on the computation of the hydrodynamic force.
Inoue and Sakuragi (2008) studied the flow past cylinders di-
rected perpendicular to the flow. In their study, the aspect
ratio varied from 0.5 to 100. They defined five computa-
tional domain depending on the range of aspect ratio studied.
In particular the length of the domains range from 115D to
190D. The height of the domains, whose normal is parallel
to the axis of the cylinder, vary linearly with L (as L+ 60D)
while its depth is equal to = 60D and is thus fixed for all as-
pect ratio studied. Vakil and Green (2009) studied the flow

past a yawed cylinder of variable aspect ratio ranging from 2
to 20. Their computational domain shares some similarities
with the one of Inoue and Sakuragi (2008). Indeed the length
and the height depend on L and equal respectively 25L and
12, while the depth is fixed and equals to 50D.
After numerous calculations the size of the domain was de-
fined using a length proportional to the equivalent spherical
diameter (the diameter of a sphere with equivalent volume) :
De = (LD2)1/3. This choice ensures that the domain evolves
with the size of the particle while remaining relatively small.
Several test cases have shown that this convention remains
valid up to L/D = 10.
The simulations are performed in a cuboid domain on an ir-
regular cartesian grid. Its dimension evolves with the size
and angle of the particle with the inflow. Indeed the length
Lx, height Ly and depth Lz of the domain are respectively
30De +Lcosθ, 20De +L/2cosθ and 20De (figure 1), where
θ is the angle between the symmetry axis of the cylinder and
the incoming flow. Ly and Lz are chosen sufficiently large to
avoid wall effect in low Reynolds number flow. On the other
hand Lz is defined in such a way that the wake can grow with-
out being perturbed by the outer boundary. The domain can
be divided in two main regions. An inner region around the
cylinder which is made of regular cell. The dimension of
this subdomain (Lxb,Lyb,Lzb) are specified in figure 1. Lxb

is larger downstream of the cylinder to ensure that the near
wake is well captured. The outer region is made of stretched
cell which smoothly match the size of cells of the inner re-
gion.
Boundary conditions are prescribed as follow. Symme-
try boundary conditions are imposed on the lateral walls :
∂u/∂n = 0,v = 0,w = 0 where u, v, w are respectively the
x,y and z components of the velocity vector. At the inlet
a uniform velocity profile is imposed (U,0,0). The impo-
sition of the outlet boundary condition is not straightfor-
ward and different choices can be found in the literature
(Prosperetti and Tryggvason, 2009, p. 36). The choice made
in the PeliGRIFF code is a zero gradient condition ∂u/∂n= 0
which have been used with success by the past to study the
unsteady force on a sphere (Kim and Elghobashi, 1998). In
all computations the time step was fixed to ∆t = 2.5× 10−3

and specified in order to satisfy the CFL condition.

RESULTS

In the following subsections, the numerical method described
above is applied to the study of the flow past a yawed cylinder
of finite-length. Before analysing our results a mesh sensitiv-
ity analysis is performed by comparing our solutions to those
of Auguste (2010). His results for a cylinder aligned with the
flow direction θ = 0 obtained with boundary fitted method
are considered as references. The range Re ∈ [25;200] and
Re = 360 are analysed in detail. Then the flow past a yawed
cylinder 0≤ θ≤ 90 of aspect ratio 3 is studied. The Reynolds
number Re = ρUD/µ is set to 200. The choice of the
lengthscale for the Reynolds numbers is far from straightfor-
ward. Indeed several conventions are used in the literature :
Sears (1948) used the length of the cylinder, Vakil and Green
(2009) used the diameter and Hölzer and Sommerfeld (2009)
the equivalent diameter. Our choice is guided by its simplic-
ity. The Reynolds number, the yawed angle θ and the aspect
ratio L/D, fully characterized the system. The analysis to
come involves other dimensionless parameters. The Strouhal
St = f D/U number is commonly defined when the wake and
the force experienced by the body become unsteady and pe-
riodic. It compares the frequency of vortex shedding f to
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Figure 1: Scheme of the computational domain.

the characteristic frequency of the flow U/D. To describe
the efforts exerted on the body the drag coefficient is defined
as follow CD = Fx/(1/2ρU2LD). This is the ratio between
the hydrodynamic force in the streamwise direction Fx and
a characteristic pressure force in inertial regime 1/2ρU2LD

where LD is proportional to the lateral area of the cylinder. It
is common in practise to define the drag coefficient of a bluff
body using the area of the projection of the body on a plane
normal to the streamwise direction (Batchelor, 1967, p 339).
Our choice to used LD as the reference area for the drag co-
efficient was guided by two main reasons. When L ≫ D and
θ > 0 the projected area of the disk becomes negligible com-
pared to the lateral area of the cylinder. Moreover, since the
reference area does not depend on θ, comparison between
hydrodynamic efforts at different yaw angles are made sim-
pler.

Flow past a L/D = 1 cylinder with θ = 0

In this subsection our results are compared with those of
Auguste (2010) obtained with the IMFT/JADIM code. A
cylinder of aspect ratio 1 aligned in the streamwise direc-
tion is considered. Auguste (2010) identify 6 regimes de-
pending on the Reynolds number. For Re . 278 the wake is
stationary and axisymetric : a toroidal vortex remains down-
stream of the cylinder. This vortex is usually called standing
eddy (Batchelor, 1967, p 330). In the range 278 . Re . 355
the axial symmetry is lost. However the wake still main-
tain a plan of symmetry with two counter rotating vortices
downstream of the cylinder. This regime called bifid wake is
also observed for the flow past a sphere for 212 . Re . 273
(Ern et al., 2012; Ghidersa and Dusek, 2000). For higher
Reynolds number (355 . Re . 395) the wake becomes un-
steady while keeping its planar symmetry. This regime is
characterized by one vortex shedding frequency. The two
first bifurcations encountered with L/D = 1 (θ = 0) are con-
sistent with those observed for the sphere (Ern et al., 2012)
and for L/D = 1/3 (θ = 0) (Auguste et al., 2010). An in-
termediate regime arises for (395 . Re . 420) where a sec-
ond frequency close to the third of the primary one ap-
pears. The bifurcation scenario is distinct from the one ob-
served with L/D = 1/3 where the planar symmetry is lost
(regime called Knit-Knot mode in Auguste et al. (2010)).
For higher Reynolds number the planar symmetry is partially
broken. The planar symmetry is fully broken for Re = 450

and the wake becomes fully three dimensional and chaotic.
To demonstrate the ability of our approach to describe the
flow past a yawed cylinder, we selected two regimes de-
scribed above : the stationary regime with axial symmetry
and the first unsteady regime.

CD E(CD)% lR E(lR)%
Re = 25 Auguste (2010) 9.2868 - 0.430

16 cells/D 9.4441 1.6933 0.453 5.35
32 cells/D 9.3591 0.77811 0.447 3.84

Re = 50 Auguste (2010) 6.1591 - 0.720 -
16 cells/D 6.2668 1.7486 0.741 2.99
32 cells/D 6.2034 0.72013 0.732 1.67

Re = 100 Auguste (2010) 4.2210 - 1.12 -
16 cells/D 4.3533 3.1338 1.17 4.02
32 cells/D 4.2532 0.76104 1.14 1.43

Re = 200 Auguste (2010) 2.9468 - 1.630 -
16 cells/D 3.2466 10.173 1.86 14.1
32 cells/D 3.0324 2.9033 1.68 2.79

Table 1: Comparison of drag coefficient and length of standing
eddy given by our numerical method and the one of
(Auguste, 2010). The number of cells distributed along
the cylinder diameter varies from 16 to 32. E(CD) and
E(lR) represent respectively the relative error made on the
drag and on the length of the standing eddy.

Table 1 shows the drag force and recirculation length for dif-
ferent Reynolds numbers and increasingly refined meshes.
The length lR is taken from the downstream extremity of
the cylinder to the end of the eddy. This former point is
fitted with a fourth-order polynomial. The error made on
the drag coefficient using the coarsest grid (16 points per di-
ameter) is less than 3.5% except for the highest Reynolds
number. Since the thickness of the boundary layer scales as
O(D/Re1/2), there is approximatively one point to describe
the viscous layer at Re = 200. This is far from being suffi-
cient, since even for boundary fitted mesh 5 five points are
necessary to accurately describe the viscous boundary layer
(Auguste, 2010). The error made on lR using the coarsest
grid is large for all Reynolds number. This error decreases
significantly using a grid twice more refined. However we
can still note that the error made on lR is higher than 3%
for the smaller Reynolds number. The increase of numeri-
cal errors for low Reynolds number flows was pointed out by
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Wachs et al. (2015). 1Indeed the error made with the time
splitting strategy scales as ∆t/Re (Perot, 1993).

Figure 2: Wake patterns of a L/D = 1 cylinder aligned with the
streamwise direction at Re= 360. 96 cells are distributed
along the cylinder diameter. The wake is visualized us-
ing the Q criterion. Isosurface of Q = 10−3 are shown.
Those isosurfaces are coloured by the horizontal vorticity
ranging from −0.2 to 0.2.

Figure 2 shows the vortex shedding behind a cylinder at Re=
360 (the wake is visualized using the Q criterion (Hunt et al.,
1988)). The wake keep a planar symmetry in the (x,y). Hair-
pin vortices are shed periodically behind the cylinder. This
type of wake is a distinctive feature of wake instability since
it has been observed by the past for the flow past a sphere
(Sakamoto and Haniu, 1990), cylinder (Inoue and Sakuragi,
2008) and even when a sphere cross a fluid-fluid interface
(Pierson and Magnaudet, 2017a). The vortex structure are
double-sided that is opposite oriented hairpin vortices are
shed alternatively (Inoue and Sakuragi, 2008). Moreover the
hairpin vortices are not symmetric. Indeed the top vortices
extend longitudinally after the hairpin loop while the bottom
one not. This asymmetry of the hairpin cortices induces an
averaged non-zero lift force on the body (the direction of the
lift force is defined unambiguously in that case owing of the
wake symmetry plane).

CD E(CD)% St E(St)%
Re = 360 Auguste (2010) 0.578 - 0.118 -

16 cells/D 0.808 39.8 - -
32 cells/D 0.678 17.3 0.124 4.67
64 cells/D 0.609 5.44 0.118 0.113
96 cells/D 0.597 3.36 0.117 0.762

Table 2: Comparison of mean drag coefficient and Strouhal number
given by our numerical method and the one of (Auguste,
2010). The number of cells distributed along the cylinder
diameter vary from 16 to 96. E(CD) and E(St) represent
respectively the relative error made on the drag an on the
Strouhal number.

Table 2 shows the drag coefficient and Strouhal number for
increasingly refined mesh. The value of the drag coefficient
given is averaged on at least 10 periods. For the coarsest grid
(16 cells per diameter) the error made on the drag coefficient
is closed to 40%. Moreover the wake is chaotic which pre-
vent from defining a characteristic frequency of vortex shed-
ding and thus the Strouhal number. The error made on the
drag is less than 20% when 32 cells are distributed along
the cylinder diameter. The wake (not shown here) consist of
hairpin vortices which are are not shed periodically. Indeed
a second frequency appears in the wake (close to the fourth
of the expected one) which is a pure numerical artefact. It
remains possible to define the Strouhal number based on the
highest frequency: the resulting error is less than 5%. The

1The increase of numerical errors for low Reynolds number flow past
immersed boundaries were also observed by Kempe and Fröhlich (2012)
and Pierson and Magnaudet (2017b). In their cases this was a direct con-
sequences of the imposition of the Immersed boundary forcing before the
implicit step of the Cranck-Nicholson method. This create an error on the
forcing term which scales as O(∆tµ/ρ).

spurious frequency disappear when using the 64 cells per di-
ameter mesh. For that case, table 2 illustrates that the error
made on CD is more than 5% while the error made on St is
less than 1%. For the more refined mesh the error on CD is
less than 3.5%.
Tables 1 and 2 point out an interesting behaviour of our fic-
titious domain approach. For all configuration studied the
drag is always overestimated in comparison to the reference
results. Numerical diffusion is a possible candidate for this
overestimation. The source of this numerical error is inves-
tigated by our team. In light of those results it appears nec-
essary to used at least 64 points per diameter to accurately
describe the unsteady regime.

Flow past a yawed cylinder L/D = 3 cylinder

So far the present numerical method was used for comparison
with existing results of the literature. We now focus on the
other main motivation of this paper which is the investigation
of the impact of the yawed angle on the flow structures and
the efforts acting on the cylinder. The flow past a cylinder of
aspect ratio three is considered. This setup is particularly rel-
evant for chemical engineering applications since cylindrical
pellets of this kind of aspect ratio are frequently used in fixed
bed reactors. The Reynolds number is fixed and equals 200
which seems to be sufficiently high to see the appearance of
wake instabilities (Inoue and Sakuragi, 2008). 64 cells are
distributed along the diameter of the cylinder. Seven angles
of inclination are studied ranging from 0◦ to 90◦ by step of
15◦. The size of the resulting mesh vary from 61× 106 cells
to 91× 106cells. For the sake of brevity we will only focus
on the wake of a few configurations which show contrasted
behaviour. Then we will study the force and torque experi-
enced by the particle.

Wake patterns

Figure 3: Standing eddy behind a L/D = 3 cylinder at Re = 200.
Instantaneous streamlines on the y-z plane are coloured
by the axial velocity.

Figure 3 shows the streamline patterns for L/D = 3, θ = 0
and Re = 200. The wake is steady and a toroidal vortex ap-
peared behind the cylinder. The length of the recirculation
zone is 1.31D smaller than the one observed for L/D = 1 at
the same Reynolds number (table 1).

Figure 4: Vortical structure for a cylinder tilted with an angle θ =
15◦ at Re = 200. Isosurface of Q = 10−2 coloured by the
longitudinal vorticity ranging from −0.2 to 0.2.

Figure 4 shows two streamwise vortices, which look like the
arms of a squid, in the wake of θ = 15◦ cylinder. The two
vortices are steady and form a counter rotating vortex pair.
This regime called bifid wake for a sphere was described
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in the previous section. The bottom region of the cylinder
presents a bulge made of contra-rotative vortices. The entire
wake keeps a reflectional symmetry with respect to the (x,y)
plane.

Figure 5: Vortical structure for a cylinder tilted with an angle θ =
30◦ at Re = 200. Isosurface of Q = 10−3 coloured by the
longitudinal vorticity ranging from −0.2 to 0.2.

The flow past a θ = 30◦ cylinder is closed to the flow past
a θ = 15◦ cylinder even if we note the apparition of another
vortex pair below the first one (figure 5). The sense of rota-
tion of the four vortices is alternate as shown by the sense of
the streamwise vorticity. This regime bears similarities with
the "octopus" regime first observed by Inoue and Sakuragi
(2008) for the flow past a L/D = 1, θ = 90 cylinder at
Reynolds 150. The main difference between both regimes
(ours and the one of Inoue and Sakuragi (2008)) is the asym-
metry between the magnitude of the two vortex pairs.

Figure 6: Vortical structure for a cylinder tilted with an angle θ =
75◦ at Re = 200. Isosurface of Q = 10−2 coloured by the
longitudinal vorticity ranging from −0.2 to 0.2.

For yawed angles larger than 60◦, the wake becomes un-
steady. Figure 6 shows the wake behind a θ = 75◦ cylin-
der. Hairpin vortices are shed periodically. Those vortices
are double sided in the sense that vortices of opposite sense
of rotation are shed. The wake seems to be symmetric with
respect to the (x,z) plane but the hairpin vortices are tilted
and not mutually parallel.

CD CLy CLz Sty St

0.83 -0.16 8.6×10−4 0.056 0.126

Table 3: Drag, lift coefficients and Strouhal number for a L/D =
3, θ = 75◦ cylinder at Re = 200. CD, CLy and CLz are
respectively the mean drag, mean lift on y and z direction.
The Strouhal numbers Sty and St are given respectively by
the frequency of oscillation of CLy and the vortex shedding
frequency.

Table 3 shows the drag and side force exerted on the body
in the case of figure 6. The side coefficients CLy and CLz are
calculated using the same convention as for CD. The mean
of CLy is non-zero which tends to confirm the absence of a
reflectional symmetry plane with respect to (x,z). On the
other hand CLz is really close to zero since the force oscil-
lations along z are almost periodic. The Strouhal number St

is approximatively 15% smaller than the one observed when
θ= 90◦ (not shown here) for the same Reynolds number. De-
crease of the Strouhal number when decreasing θ has been

observed by the past by Ramberg (1983) for long cylinders
(L/D> 20). The impact of the yaw angle on the vortex shed-
ding frequency of short cylinder is let for future research.
The Strouhal number Sty obtained using the frequency of
force oscillations in the y direction is approximatively two
times smaller than St. Two vortex are shed during one oscil-
lation period of CLy.
For θ = 90◦ double-sided hairpin vortices are still observed
(not shown here). Since this regime was observed by
Inoue and Sakuragi (2008) until Re = 100 this extend the
range of Reynolds number for the appearance of this regime.

Drag, lift and torque coefficients

In this section the efforts on the L/D = 3 yawed cylinder at
Re = 200 are investigated. A summary of current approaches
to describe the force and momentum on a yawed cylinder can
be found in appendix.

0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9

0 15 30 45 60 75 90

C
D

θ(◦)

0
0.05
0.1

0.15
0.2

0.25
0.3

0.35

0 15 30 45 60 75 90

−
C

L
y

θ(◦)

Figure 7: Drag and lift coefficient at various yaw angle.∗: numer-
ical results, − : principle of independence (equation 5
and 6), −−: linear law (equation 3 and 4), ..: empirical
relation of Rosendahl (2000) (equation 7).

The independence principle in its original form (equation 5)
does not fit well with numerical results (figure 7 left) since
the drag of the cylinder when θ = 0 is not taken into account.
When this drag is taken into account (equation 7) the agree-
ment is better but there are still important difference in the
range 30◦ ≤ θ ≤ 60◦. For all the angles of incidence stud-
ied the linear law gives better results than the independence
principle and its modification due to Rosendahl (2000).
The agreement between the independence principle and the
numerical results is better for the lift force (figure 7 right).
However the linear law (equation 4) is still more accurate
especially for θ ≤ 30◦. This lack of accuracy of the indepen-
dence principle may be due to the fact that all computations
were made with a fixed Reynolds number. The Reynolds
number could be adapted in function of the yawed angle as
in the numerical experiments of Vakil and Green (2009).
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Figure 8: Torque coefficient at various yaw angle.∗: numerical re-
sults, −−: CT z = 0.068sin(2θ) (appendix).

Figure 8 shows the torque coefficient CT z =
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Tz/(1/2ρU2L2D) where Tz is the hydrodynamic torque
along the z direction, for various angles of inclination.
The numerical results are compared to an analytical
law obtained in the Oseen regime (Khayat and Cox) :
CT z = CT zθ=45◦ sin(2θ) where CT zθ=45◦ is a coefficient fitted
to the the numerical results. The torque are zero for θ = 0◦

and θ = 90◦, but Khayat and Cox explained that the only
stable configuration is θ = 90◦. The agreement between the
numerical results and the law of Khayat and Cox is pretty
good even if the numerical results curve is staggered in the
high θ direction. Therefore the maximal torque is obtained
for θ ≥ 45◦.

CONCLUSION

The aim of this work was to demonstrate the ability of a fic-
titious domain method to accurately simulate the flow past
a finite-end cylinder tilted to the flow. The flow past a
L/D = 1 cylinder aligned with the flow direction was com-
puted and compared with the results of Auguste (2010) who
used a boundary-fitted method. The obtained results com-
pares favourably with the one of Auguste (2010) when 32
points per diameter are distributed along the cylinder diame-
ter in steady flow and 64 points in unsteady flow.
The present approach was then applied to the flow past
a L/D = 3 yawed cylinder at Re = 200. Three different
regimes were observed depending on the yaw angle θ. For
θ = 0◦ the wake pattern behind the body is a steady axisym-
metric toroidal vortex. A first bifurcation is observed in the
range 0◦ ≤ θ≤ 15◦ : the wake breaks the axisymmetry but re-
tains a reflectional symmetry with respect to the (x,y) plane.
This regime is characterized by two steady counter-rotating
vortices. Two other counter-rotating vortices appears below
the first one for θ = 30◦. The wake becomes unsteady for
θ ≤ 60◦. The plane of symmetry is partially broken and
double-sided hairpin vortices are shed alternatively. The in-
dependence principle was shown to be poorly accurate to de-
scribe the drag force on a yawed cylinder. For the aspect ra-
tio and Reynolds number studied the linear law given by the
Stokes regime seems to be better suited. Thus the range of
validity of the independence principle (in terms of Reynolds
number and aspect ratio) must be investigated deeper. Indeed
it gives very accurate results for yawed cylinder of infinite
length at high Reynolds number (Zhao et al., 2009).
Despite the good agreement between our results and the one
of Auguste (2010) several points need to be clarified. First
the effect of the numerical scheme used to discretize the con-
vective term of the momentum equation have to be investi-
gated. This may give some hints for the source of numerical
diffusion observed in the second section. Secondly several
tests have to be perform for the case L/D = 3, Re = 200
θ = 75◦ in order to investigate if the oscillations of the side
force along y are numerical errors or not.
Finally it would be interesting to study the flow past cylinder
aligned with the flow, in order to obtain a lower bound for the
drag on the same cylinder tilted with the flow. Several points
may be investigated. Batchelor (1967, p. 337) pointed out
that the boundary layer detachment occurs when the body is
not sufficiently slender. It would be interesting to quantify
the impact of L/D over the apparition of the standing eddy.
On the other hand Ern et al. (2012) gave a threshold value for
the Reynolds number associated with the first bifurcation of a
disk (L/D≤ 1). It is estimated as Rec = 116.5(1+L/D). The
investigation of the validity of this law for L/D≥ 1 constitute
a promising task.
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APPENDIX : EFFORTS ON A YAWED CYLINDER

The force and torque experienced by a finite cylinder in a
stationary flow are not known exactly even in the Stokes flow
regime. However in this regime owing to the linearity of
the equations, the force on a cylinder tilted with an angle θ
(figure 1) can be related to the force on the same object tilted
with angles θ = 0 and θ = 90 as :

CD =CDθ=0◦ cos2(θ)+CDθ=90◦ sin2(θ) (3)

CLy =CDyθ=0◦ cos(θ)sin(θ)−CDyθ=90◦ sin(θ)cos(θ) (4)

In the Stokes flow regime, the torque on a cylinder is 0. A
cylinder will keep its initial orientation while falling under
gravity. This specific property is lost when including weak
effect of inertia (Khayat and Cox). When Re ≪ 1 the torque
along z evolves as Tz ∝ sin(2θ).
For high Reynolds numbers there is another interesting the-
ory which relates the force on a yawed cylinder to the force
on the same cylinder perpendicular to the flow. Indeed the
independence principle states that the normal force on an in-
finitely long yawed cylinder in a a flow of velocity U is the
same that the one exerted upon the same cylinder placed in a
cross flow of velocity U sin(θ) (Sears, 1948). The drag and
lift coefficients can be written as (Hoerner, 1965) :

CD =CDθ=90◦ sin3(θ) (5)

CLy =CDyθ=90◦ sin2(θ)cos(θ) (6)

In order to take into account into the drag the force ex-
perienced by a cylinder aligned with the flow direction
Rosendahl (2000) proposed the empirical relation :

CD =CDθ=0◦ +(CDθ=90◦ −CDθ=0◦)sin3(θ) (7)

There are several other empirical and semi-empirical laws
derived for the drag on non spherical-particles including the
one of (Hölzer and Sommerfeld, 2008). Instead of using ex-
plicitly the orientation of the particle, they proposed to use
the lengthwise and crosswise sphericity (whose definition
can be found in their article). Their correlation give excel-
lent agreement with existing results in the literature.
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