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1 Introduction

STAS (State Space Analysis of Offshore Wind Power Plants) is a program for the analysis of
offshore wind power plants as a unified, linear state space. The program consists of modules which
generate portions of the state space, which are then linked (using Equation 1.4) to form the
assembled model. This report describes the module which generates state matrices describing the
aeroelastic dynamics of the individual wind turbines in the plant. Although the resulting state
matrices are intended for use as part of the STAS program, they can also be used independently, for
aeroelastic stability, control design, or preliminary estimates of design loads.

The model is representative of the state-of the art in wind turbine analysis. The blade-
element momentum method is used for the aerodynamics, and the structures are represented by
finite element beams. The equations are linearized about a steady-state operating point, which is
specified as input. The module outputs the state matrices describing fluctuations about the
operating point. As these fluctuations are modelled as linear, the model is not valid far from the
steady-state operating point. In general, it can be expected that the linearized model will provide
reasonable estimates of the stochastic response of the wind turbine to normal levels of turbulence

(o, /u = 0.1), but not extreme loads.

Creation of a linear state-space model is motivated by three things. First, such linear models
are useful in control system design. It is typical to use highly simplified models when designing
and tuning a control system. However, if one proposes to use additional sensors, like strain gauges
or accelerometers, as control inputs, then it is important to have a good model for the data obtained
from these sensors. Even high-frequency dynamics can impact the relative phase between the
excitation and control response, which is important for active damping, so it is useful to have a full
linear model of the wind turbine. Such a model may also be useful in optimal control algorithms.

The second reason to use a linear model is the speed of frequency-domain calculations. For
a stochastic estimate of lifetime loads, a calculation in the frequency domain is orders of magnitude
faster than a corresponding calculation in the time domain.

The third reason is that frequency-domain estimates of stochastic loads do not involve
random numbers. They are perfectly repeatable functions of the design parameters, and can be
made numerically smooth, for use in gradient-based optimization algorithms.

1.1 A Linear State-Space Model of a Wind Turbine
A linear state-space model can be written in the standard form:

d—X= Ax+Bu
dt (1.2)
y =Cx+ Du,

where X is a vector of system states, u is a vector of inputs, and y is a vector of outputs. It is
evident from the expression y = Cx + Du that the outputs can be chosen as any system variable
that can be written as a (linearizable) function of states and inputs.

In the present model of a wind turbine it is convenient to work with a different form of the
state equations:

L% = Ax+Bu
dt (1.2)
y =Cx+Du,

where we now permit a square matrix multiplying the time derivative of the state vector. The
systems (1.1) and (1.2) are equivalent, and the matrix L can be inverted to recover (1.1).
Computationally, however, this is undesireable, as L is a sparse matrix, while its inverse may be
full.
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1.2 A Linear State-Space Model as a Collection of Linked Modules

It is not convenient to write the state equations for the system directly in the form of
Equation 1.2. It is much preferable to isolate parts of the calculation, and write their behavior in
the standard form using local, rather than global, inputs and outputs.

Let the system be represented as a collection of linked modules, each of which has a local
state-space representation, with local inputs, outputs, and states. Let every link between two
modules be an element of the global output vector y. Now, isolating each module in turn, it is
possible to write:

LI Axs B,u+B,y
dt (1.3)

y=Cx+D,u+D,y.
Here u still represents the vector of global inputs. The y on the left-hand side of the equation
y = Cx+ D,u+D,y contains the rows of equations associated with the local outputs from the

module. The y's on the right-hand side, Byy and Dyy, contain entries associated with local inputs.
Each local input is, by definition, a local output from one of the other modules. Note that the
diagonals of Dy are zero. An appropriately constructed block diagram, in the present context, will
not have the output of a module fed directly back to the input of the same module.

The rows of state and output equations for all the modules are collected into a global state-
space, still in the form of Equation 1.2. This can then be manipulated to eliminate y from the
right-hand side:

dx & aA _
E:[A+By(l—Dy)1C]x+[Bu+By(I—Dy)1Du]u 14
y=(1-D,)"Cx+(1-D,)"D,u.

Equation 1.4 is now in the linear state-space form of Equation 1.2. All links between modules are
accounted for by a series of automated matrix operations.

The procedure for generating a global, linear, state-space representation is thus as follows.
The system is broken into modules, each of which represents a given operation or physical process.
For each module, governing equations, which may be nonlinear, are derived in state-space form.
Using perturbation theory, the first-order terms are collected, and higher-order terms discarded.
Discriminating between global and local inputs, the linear equations are written in the form of
Equation 1.3; this is manipulated into standard form, as shown in Equation 1.4.

L

1.3 Linear Analysis of Wind Turbines

Simplified, linear models of wind turbines are frequently employed in the analysis of control
systems and electrical systems. For instance, for electrical system studies, Ellis et al. [9]
recommend a two-mass model — one rotational inertia for the rotor and one for the generator —
described by a linear differential equation. Leithead and Connor [19] describe a linear model for
use in control system design.

More advanced linearized models are used to analyze the aeroelastic frequency, damping,
and stability properties of wind turbines. Sgrensen et al. ([28],[29]) describe a frequency-domain
method which is in many respects identical to the present one, although the derivation is based on
transfer functions. The structural model and the aerodynamics are simplified with respect to the
present program. The methods described by Hansen ([10],[11]), and developed into the
HAWCStab2 program, extend the work of Sgrensen to include a more advanced representation of
the aerodynamics. In addition, aeroelastic analysis software such as Bladed and FAST provide the
ability to linearize the model about a chosen operating point, giving azimuth-dependent state
matrices.
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There is a history of using linear methods to estimate design loads. This is one of the stated
purposes of Sgrensen's method [28]. Burton et al. [5] provide a method for the estimation of the
stochastic response of a wind turbine blade, based on a linearized aerodynamic and structural
model. The TURBU Offshore software, as described by van Engelen and Braam [30], employs
frequency-domain analysis, and is intended for rapid design load estimation. For some stochastic
load cases, frequency-domain methods may provide reasonable estimates of extreme loads. Merz
([20],[21]) describes methods for extreme load prediction, and comparisons against nonlinear
simulations.

The present model is similar to that implemented in the HAWCStab2 and TURBU programs,
and is expected to give similar results, as demonstrated in Section 5.2.2. The model has been
developed in Matlab/Octave, as part of the STAS wind power plant analysis program, for ease of
integration with existing electrical system models.

1.4 Notation and Coordinate Systems

Vectors and matrices are denoted with a bold font, for instance the state vector x and matrix
A. When a vector or matrix has a certain coordinate system as a basis, then this is indicated by the
use of a superscript. It may be important to keep track of two coordinate systems, one the basis in
which the components of a vector are expressed, and another relative to which the vector is
measured. In this case the basis is indicated by a superscript, and the relative is indicated by a slash
in the subscript. Thus the position of a node r — that is, the length of the vector — might be
measured relative to the global coordinate system, but the components expressed in a local body

coordinate system; this would be written as r,Bg )

Subscripts are frequently used in other contexts as well. When a spatial vector has a
subscript, for instance the induced velocity V;, then one of the spatial components is indicated by
an additional subscript outside a parentheses; so the Z" component of the induced velocity, a scalar,

would be written (V;"), . Subscripts never denote derivatives.

The structural and aerodynamic analyses employ a variety of coordinate systems. Most of
these are sketched in Figure 1. For clarity, the following description is given as if the structure
were rigid. The formulation of structural displacements in Section 3 allows for small elastic
rotations which may incrementally misalign the various coordinate systems.

The global coordinate system is located at the base of the tower, or equivalently the top of
the transition piece. The X° axis is parallel with the undisturbed ocean surface and indicates the
direction of zero yaw angle; at zero yaw, the X? axis points downwind. The Z° axis is normal to the
undisturbed ocean surface and typically passes through the center of the undeformed tower.

The yaw coordinate system indicates the position of the yaw bearing. At zero yaw it is
aligned with the global coordinate system. Positive yaw angle involves a rotation about the
ZY =2Z%axis.

The nacelle coordinate system is aligned with the axis of rotation of the driveshaft. The Z"
axis points in the direction of the X’ axis, except that it is rotated about the Y” axis by the driveshaft
tilt angle & : positive tilt angle raises the rotor hub. Note that the yaw coordinate system is the
reference coordinate system for the nacelle structure. The "nacelle” coordinate system serves as an
intermediate frame against which driveshaft rotation is measured.

Thus, the driveshaft coordinate system is rotated, with respect to the nacelle coordinate

system, by the azimuth angle y aboutthe Z* = Z" axis.

The rotorplane coordinate system is used in the aerodynamic analysis. It is aligned with the
nacelle coordinate system, but has its origin at the center of the rotor hub. Quantities expressed in
rotorplane coordinates have in general an "axial" component, in the Z' direction, and a "tangential”
component, which is tangent to a particular radius, for instance

V"), =—(V"), siny, +(V'), cosy, . (1.5)
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This decomposition of the coordinates is convenient, because the spanwise component of relative
velocity is neglected when computing aerodynamic forces.

The remaining coordinate systems occur in triplets, one associated with each blade. The hub
coordinate systems is not shown in Figure 1. Its origin is the same as the rotorplane coordinate
system, at the center of the rotor hub, and the X" axis points from the axis of rotation to the pitch
bearing. The hub coordinate system is aligned with the driveshaft coordinate system for Blade 1,

and is rotated about the Z" = Z“ axis by the blade offset angle of 27/3 for Blade 2 and 47/3 for

Blade 3.
The blade coordinate system is located at the pitch bearing. It is rotated, with respect to the

hub coordinate systesm, about the Y" =Y axis by the blade cone angle @ . (The blade cone angle

is not shown in Figure 1.)
The blade pitch coordinate system is offset from the hub coordinates system by rotation

about the X® = X ? axis by the negative of the pitch angle. The negative sign is required such
that, by convention, positive pitch rotates the leading edge of the blades into the wind.

There are additional coordinate systems associated with each blade element in the
aerodynamic analysis. These are shown in Figure 2. The section coordinate system is offset from

the pitch coordinate system by rotation about the X P = X*° axis by the negative of the blade
aerodynamic twist angle. The airfoil coordinate system is the traditional one used to represent lift
and drag, or normal and chordwise, forces. The origin is one quarter-chord aft from the leading
edge, and the X? axis lies along the chordline.

Structural finite elements also have an associated section coordinate system. This is
described in Section 3.
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Xxp

Blade 1

Y9

X9

o

Figure 1: Important coordinate systems and angles used in the wind turbine model. The wind turbine structures are
represented by beam finite elements. Rotating nodes are shown by black dots, and fixed nodes by gray dots. White dots
show joints. All joints restrain 5 degrees-of-freedom, allowing one rotational degree-of-freedom, with the exception of
the front driveshaft bearing, which restrains only X" and Y" displacements.
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ﬁ.Xﬂ

Figure 2: Coordinate systems associated with each airfoil section. The aerodynamic coordinate system passes through a
point 0.25c¢ aft of the leading edge, where c is the chord length. The section coordinate system passes through the blade
pitch axis.

1.5 Maps of the State and Output Vectors

Table | lists the state, input, and output vectors, along with the dimension of each set of
variables. The states include the position and velocity of the structure, transformed into mode
shape amplitudes; intermediate variables associated with dynamic inflow; the induced velocity; the
effective angle-of-attack, including the effects of circulation lag and dynamic stall; and
intermediate variables associated with circulation lag. Inputs are axial and tangential components
of turbulence at each blade element, and a vector of nodal forces. Outputs are the position and
velocity of the structural degrees-of-freedom, in body coordinates; the velocity of the structural
nodes relative to the global coordinate system; the velocity of the blade nodes, relative to the global
coordinate system, and expressed in terms of rotorplane coordinates; the quasi-steady induced
velocity; the quasi-steady angle-of-attack; the effective angle-of-attack including circulation lag;
lift and drag coefficients; lift and drag forces; aerodynamic forces expressed in rotorplane
coordinates, section coordinates, and blade pitch coordinates; and finally aerodynamic nodal forces.

Npor is the number of structural degrees-of-freedom of the unconstrained bodies, N, is the
number of reduced modal degrees-of-freedom including constraints, N, is the number of blades

(always 3 in the present implementation of the code), N, is the number of aerodynamic elements
per blade
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States
Aq° N

rDOF

quB /dt N, por

(s.,5,) 2N,N_,
\# 2N,N,,
a N, N,

(a,a,) 2N,N,

2 Aerodynamics

The aerodynamic model is based upon the blade-element momentum method. The model

Table I: A list of states, inputs, and outputs

[nputs
(u,,u,)

AF?

Outputs
2N,N,, Aq®
Npor Aq® Jdt
dAX?, [dt

dw’, [dt

(CL H CD

(Jz:Jp)

DOF

NDOF

N

por
2N, N,
2NN,
N,N,

N,N,

2NN,
2N, b N, eb
2NN,
6N, N,
6NN,

NDOF

includes Prandtl's tip loss function, dynamic inflow, circulation lag, and dynamic stall.
The modules can be organized as follows. Momentum balance and dynamic inflow are used

to compute induced velocities v; . The induced velocities are used in the calculation of the

instantaneous angle-of-attack ¢, on each airfoil. The change in circulation (lift) of the airfoil is

modelled as a time-lag on the instantaneous angle-of-attack, and dynamic stall is a time-lag on the
circulation, resulting in modified lift and drag coefficients ¢, and C,. The lift and drag forces f,

and f, follow from the coefficients, together with the local velocity magnitude. Coordinate

transforms convert lift and drag forces into rotor coordinates (f; , needed for momentum balance)

and pitch coordinates (f.”, needed for the structural model).

2.1 Momentum Balance

Momentum balance is used to determine the induced velocities at the rotor plane. The
momentum balance equation is

Fl =-2pAf [V; + fn(n0Vr)

Vi

2.1)
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where F, is the normal (axial) and in-plane (tangential) force on the blade element, V; is the

wind velocity vector at the location of the airfoil, V" is the induced velocity vector, n is the

normal to the rotorplane, f is Prandtl's tip-loss function, A is the portion of the rotor swept area
associated with the blade element, and p is the air density. In terms of perturbed and steady-state

variables, and including a q subscript to indicate that here the induced velocity is the quasi-steady
(as opposed to dynamic inflow) value,

r r r r 2 2 _ 1 r r
(Vio Vi {V. 0+ 1 [V, +04) ] 0 =R ). 22
Here Vi'q is a local output and u,, u;, and f; are local inputs. Globally, virq and f, are intermediate

variables, part of the vector y, while u, and u; are global inputs, part of the vector u. Linearizing
Equation 2.2 gives

(Vig), =— M)z - : (f.); (2.3)
“ V., +2(Vig); © 2pAf ':Voo +2f(vi;0)z} : |
(Virq ) = (Vqu)t l: f(Vqu)Z —1:| u,
V, + F V), |V, +2F(Vi),
f(Vigo):
+ (fz: )z (2.4)
2pAE [V, +2F (Vip), V. + f Vi), |
1
_ ),
2pAf [V, + f(ViEo)Z]( 2 )

This is consistent with the modular state space form y = D,u+ D,y . Note that the tip-loss
function f is assumed to be constant.

2.2 Dynamic Inflow

Dynamic inflow is modelled by the time-lag function of @ye, as described by Hansen [14].
The equations are

1 dvy,
Sl S ¢ AR VA +O'6F (2.5)

; Vi 2.6
dt 7, 7, (26)

This form of the equations is not ideal because dvirq / dt is directly proportional to the global input

u,. This would lead to imaginary terms, proportional to i, in the B, matrix, which would
complicate calculation of transfer functions. We introduce a variable

s=V; —0.6v]; .7
then Equations 2.5 and 2.6 can be written
E—_is_f_%\/r (2.8)
dt 7, r, '

and
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dv; 1 .1 0.6 ,
—L ==V + =5+ . (2.9)
dt 7, 7, 7,
These are linear differential equations, and fit directly into a state-space representation
dx/dt = Ax+B,y.

The time constants are computed as [14]

1.1 (i} . YV + Vo): (2.10)

T =
1-1.3al 2V, Y,

0

{o 39-0. 26(2rj }1- 2.11)
D

The time constants are evaluated at the steady-state values, and are not updated with fluctuations in
the induction factor a.

and

2.3 Instantaneous Angle-of-Attack

The instantaneous angle-of-attack can be determined from the state of flow local to the
rotorplane.” It is most convenient to work in rotorplane coordinates. Figure 3 shows the cross-
section of a blade, together with the flow components that form the local velocity vector V.

(Vf) +(W ) Rotorplane

V.+u +(V]), (W),

Figure 3: Velocity triangle of local flow at the airfoil

From the velocity triangle in Figure 3, it follows that

\2 V'ro z |r z v’ z
g et h B @) G R e @2
such that
_ _ _n_ s -1 Voo +U, +(Vir0)z +(Vir)z _(Wr)z .
SRR (rﬂwrﬂ—ut—(vigx—(v:)l+<v'vf>t] 219

The tan function is linearized as

! The instantaneous angle-of-attack is also referred to as the quasi-steady angle-of-attack, hence the
"g" subscript. The "quasi-steady" aspect does not refer to the incoming flow, which is variable, but rather the
dynamic stall analysis of Section 2.4.
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dg ‘ dg . dg o dg o
go + ; (vi), + — Vit W), +——— (W)
’ d(vl )Z 0 ‘ d(vl )t 0 t d(W )z 0 d(W )t 0 t (2 14)
+dg| Q+ dg| uz+dgl Uy ,
dQl,  du,|, du,|,
with

O, = tanflm’ (2.15)

rQ, — (Vi)
dg | _dg| _ rQ — (Vi) .16

dvh), |, du, | IV, + (V) P +IrQ — (Vi) I '

dg rQ, — (Vip),

1 =~ . —, (2.17)
d(W )z 0 [\/oo + (Vio)z ]2 +[rQ0 _(ViO)t]2
dg | _dg| _ V. + (Vio), 219
d(v), |, dul, IV, + (V)T +Iry — (Vi) I |

dg V, +(Vy),
~—| =— - —, 2.19
QW) N+ (Vo) P +IrQ — (Vi) T (229

and

dg| _ . V, +(Vio), (2.20)

dQl, IV, + (Vo) I +IrQ - (Vi)
This linearization puts Equation 2.13 in the form y =Cx+D_u.

2.4 Circulation Lag and Dynamic Stall

When the flow conditions relative to an airfoil change dynamically, the response of the
airfoil is not instantaneous. Rather, the response is subject to a time-lag with respect to the
excitation. Sgnderby and Hansen ([26],[27]) have demonstrated that if these transient effects are
not modelled, then the response of the wind turbine to aerodynamic or blade pitch perturbations is
nonetheless accurately predicted at low windspeeds. However, near the cutout windspeed, the
computed response may be in error in a frequency band that, in the case of a large utility-scale
wind turbine, are in the range of the second modes of vibration of the blades and support structure,
and the free-free mode of the drivetrain.

The simplest engineering methods used to account for the unsteady aerodynamics are easy to
implement, and so are included in the STAS program. The downside is that then the aerodynamic
portion of the model accounts for the majority of states; the sizes of the system matrices are
increased. Senderby [26] has developed modal decomposition techniques to reduce the number of
aerodynamic states, without a loss in accuracy. Such methods are not yet implemented here, but
would be desirable.

The unsteady aerodynamic models account for circulation lag, the time it takes to convect
shed vorticity away from the airfoil; and dynamic stall, the time needed for the point of flow
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separation, along the low-pressure surface of a stalled airfoil, to change position. Circulation lag is
present and most pronounced under attached-flow conditions, while dynamic stall is active only
under stalled flow conditions.

Circulation lag is modelled by the method suggested by Leishman [18], also adopted by
Hansen et al. [12]. For each airfoil, a state-space is defined, with input being the quasi-steady

angle-of-attack «, and output the "Theodorsen™ angle-of-attack o .
0 1 _

dia|_ 2 a, | [0
E[aj | -bb, (ﬂJ (b, +b2)(ﬁ] [aj+ _1}“‘1 (221)
C C
o = {(Al +A))bb, (%j (Ab, + Azbz)(%J
+(1-A-A)aq,

&
a, (2.22)
Constant parameters are

A =0.165, A =0.335, b =0.0455, and b, =0.3.

For dynamic stall, the linear model of Merz [20] is used. This has the same mathematical
form as the model of @ye [22], when the latter is linearized. Dynamic stall is represented as a first-
order time-lag on the effective angle-of-attack,

d—a:—1a+1a . (2.23)
dt T r !
Avalue of 7 =4.3 C/V is recommended, based upon comparisons with measurements on various
airfoils [20]. The lift force then responds as

CL =g — Vmax) o &+ Ve ¥y (2.29)

where
Vmax =MaxX{Cpy /(e —,) [ 74 1} (2.25)

Equations 2.21 and 2.22 are of the forms dx/dt = Ax + B,yand y =Cx+D,y, respectively.

Dynamic stall has a minimal effect on the drag coefficient; this is therefore given its instantaneous
value

_dc,

b=
daqo

a,. (2.26)

The moment coefficient is neglected, as its value is small and nearly constant over the expected
range of angles-of-attack for a pitch-regulated wind turbine. From the perspective of the structure,
torsional moments are assumed to be dominated by the offset between the lift force, at

approximately c/4 from the leading edge (for zero moment coefficient), and the structural
centroid.

2.5 Liftand Drag Forces
Lift and drag forces follow from the respective coefficients, as

1
Fot f=(Cuo+0)5 peL|V[ (2.27)

and
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1 2
Foot fo =(Cog +CD)EpCL|V| ,
with
2 r a0 2 r . r 2
VI = [V, 1, + (V) = (), [ +[r(@ + @) —u, = (V1) + (W), |
The right-hand side of Equation 2.29 is linearized as

ag ag r ag r
+—= Q+ Vi), + V;
gO 890 a(v:—)z 0( |)Z a(vlr)t 0( |)t
N B Y T Y g | Ty
a(W )z 0 a(W )t 0 auz 0 aut |o 00,_ |0
with
1 2
9o = Fo =Cp EPCL|V0| ,
9] r
8_?20 = CLopCLr[rQo _(Vio)t]
= =C,pcL|V, +(V, :
au, | oW, |O LoP |: .+ ( |o)z:|
a9 g ‘
2| = =-C ,pocL| rQ2, — (V. \
au ), oM, LoP I: o= ( |0)t]
g
=-C,,ocL|V,_ + (V. :
oW, | LoP [ .t ( |o)z]
9
=C,,pcL| rQ, — (V). |,
AW )., LoP I: o= ( |0)t:'
and
a9 1 R ry 12
23 = el ([V. + Vi), I +[res - (Vi) T )
o |, 2

(2.28)

(2.29)

(2.30)

(2.31)

(2.32)

(2.33)

(2.34)

(2.35)

(2.36)

(2.37)

The expressions for the drag force are identical, except for the substitution of Cp, for C.. With this

linearization, Equations 2.27 and 2.28 are of the form y =Cx+D,u+D,y .

2.6 Aerodynamic Forces

Lift and drag forces are respectively perpendicular and parallel to the vector V in Figure
Momentum balance (Section 2.1) requires these forces in rotorplane coordinates, and structural

3.

dynamics (Section 3) requires these forces in blade pitch coordinates. The transform to rotorplane

coordinates is
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er [ (F)y +(5), |_[cosg  sing |[F+
LR (D), | [sing —cosg || Foy + fp |’

with

¢:aqo+aq+ﬂo+ﬁ+§o_(es)x; Po =go + Sy + -
The trigonometric functions are linearized using

icos¢ :icos¢ =-sing,,
oa, op 0
—Cosg| =sing,,
6(9 )X 0 ’
isinqﬁ :isin¢ = C0S ¢,
oa, op 0
and
——Sing| =-cosg,.
8(9 )X 0 °
The result is
(far)z _ _Sin¢o COS¢0 FLO (ﬂ—(ﬁs) )
(f,). ] Lcosg sing, || Fo, "

+

[—sing, cosg, |[F, | cosg, sing, || f,
| cosg, sing, || Fy | % J{sin b —cos¢0M fD]
which is of the form y =Cx + D,y .

The transform to section coordinates is

(E+@, ] |0 °
(E2), +(F5), sin(ag +a,)  —cos(ag, +a,)
es | Fio)y +(F), | _|cos(ap+ ) sin(eg+at) {Fw +f, }
: (M)« +(m;) gcos(aqo +aq) 0 Foo + o
(M3,)y +(m3), 0 0
L (M%), +(M2), | | 0

(2.38)

(2.39)

(2.40)

(2.41)

(2.42)

(2.43)

(2.44)

(2.45)

where ¢ is the offset from the aerodynamic center to the structural centroid; referring to Figure 2,

this is the distance, along the X* axis, from the Y® to the Z° axes. Linearizing, the result is
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(£2)x
(f)y
(f3),
(M3)x
(m3),

L(m3), |

0

Cos o,
—sing,,
—gsina,,
0

0

Thisis of the formy =D, y.

The transform to pitch coordinates is

0

sina,
COS

0
0
0

0

sing,
cos &,

0
0

such that
fP =
or, expanding the terms,
() | [0 0
() 0 —sing,
(fP), | |0 —cosg,
(m?), | |00
(m?)y 00
[(m), ] [0 0
1 0
0 cosé,
0 -sing,
Tlo o
00
00

3 Structures

0

TP =|0

L aT?
o |,

0

cos¢,

-sin¢é,

0
0
0

0 0
sina,,  —COSary,
Flo cosa, sing,
FDJ%JF gcosqo(;qo 0 ) {
0 0
_0 O .
0 0
cosé  siné |,
—sin& cosé
Fo (0%)x + Tk
O O O __(F;O)X |
00 0 (F2)y
00 0 (Fao):
00 0 (Mo)x
0 _Sinfo COSé:O (MZO)Y
0 —COSfO _Sinfo_ _(MZO)Z _
0 0 () |
0 0 ()
0 0 || (),
0 0 M3y |
cosg&, sing, || (m?),
—sing, cosé; || (m;), |

O O P o o o

]

( (2.46)
(2.47)
(2.48)

(0°)x
(2.49)

The structures of the wind turbine are represented by beam finite elements. The elastic
deflections are assumed to be small. Large rigid-body rotations are permitted at the yaw bearing,
the driveshaft and rotor, and the pitch bearings. These latter degrees-of-freedom will be referred to
as the joints of the structure.

Figure 4 through Figure 7 show sketches of the structural components together with the
finite-element model. The structural components are linked at the joints to form the entire wind
turbine. Links are described by constraint equations, which associate the degrees-of-freedom of the
structures on each side of the joints. The constraint equations are used to eliminate dependent

degrees-of-freedom from the model.
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Figure 4: Blade nodes and coordinate systems.
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Figure 5: Driveshaft nodes and coordinate systems (sketched with zero blade cone angle).
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Figure 6: Nacelle nodes and coordinate systems.
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Figure 7: Tower and foundation nodes and coordinate systems.

Figure 8 shows the length dimensions which are used to define the turbine structure. Joints
are shown by white dots. By default, the global coordinate system has its origin at the base of the
tower, at the top of the transition piece between the tower and foundation. On land, this would
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typically be at ground level. Offshore, however, this might not be the same as either the seabed or
undisturbed ocean surface elevation. The location of the origin can be moved by suitable
redefinition of L; and L, in the input file.

Note that the nacelle and driveshaft structures overlap between the rear and front bearings.

77 77 7N 77

Figure 8: Dimensions of the turbine structures. Only one blade is shown.

3.1 Element Mass, Stiffness, and Damping Matrices

The element mass and stiffness matrices are developed according to standard finite-element
beam theory. Some comments are required, however, related to the modelling of airfoil profiles
and foundation elements in the sea floor. The implementation of structural damping is not
straightforward, and this is discussed in more detail.

3.1.1 Element Mass Matrix
For cross-sections with no coupling between degrees-of-freedom, the element mass matrix is



SINTEF

_ZCB 0 0 0 0 0 C, O 0 0 0 0
0 156C, 0 0 0 2LC, 0 54C, 0 0 o ~13LC,
0 o 156C, 0  -22LC, 0 0o o0 s4c, 0 13LC, O
0 0 0 2C, 0 0 0 0 0 C, 0 0
0 0 —22LC, 0 4l%C, 0 0 0 ~13LC, 0  -3L%C, 0
0 22LC, o0 0 0 a’c, 0 13LC, 0O 0 o0 _3LPC,
C, O 0 0 0 0 2C, 0 0 0 0 0 (31)
0 54, O 0 o 13LC, 0 156C, 0 0 o —221LC,
0o o s4c, 0 -13LC, 0 0o o0 15%C, 0 22LC, 0
0 0 0 C, O 0 0 0 0 2C, 0 0
0o o 1BLC, 0 -3UC, 0 0 o 2LC, 0 4l2C, 0
o -13Lc, 0 0o 0 -31%C, 0 -22LC, O 0 o aec,
with
c,=PAL ¢ _PALand ¢ =2t (32)
420 6 6

If the line between the nodes does not pass through the center-of-gravity of the section, then there
is coupling between lateral and torsional accelerations. Consider the airfoil section shown in
Figure 9. The section coordinate system is defined so that it passes through the pitch axis. This
does not necessarily coincide with the elastic, gravity, and shear centers. The offset from the
section coordinate system to the bending, gravity, and shear centers is respectively ey, eg, and es.

For the initial implementation of STAS, the effects of these eccentricities are neglected. As
a consequence, the present code should not be used in cases where the bend-twist coupling is
expected to be significant, for instance flutter instability during overspeed events.

ZS'

e ey —3

Figure 9: Elastic (bending), gravity, and shear (torsion) centers of an arbitrary airfoil profile.

3.1.2 Element Stiffness Matrix
The element stiffness matrix is

c, 0 0 0 0 0 <, 0 0 0 0 0
0 12, 0 0o o 6LC, 0 -12C, 0 0o o 6LC,,
0o o 12¢,, 0 -6LC, O 0 o -12C,, 0 -6LC,, 0
0 o 0 c, 0 0 0 o 0 -, 0 0
0 -6LC,, 0 4UC, 0 0 o0 6LC, 0 2UC, 0
0 6LC, 0 0 0 4’c, 0 -6LC, O 0 0 21°C,,
-, 0 0 0 0 0 c, © 0 0 0 0 (33)
0 -12¢, 0 0o o 6LC, 0 12C, 0 0 o 6LC,,
0o o -12¢,, 0 6LC, O 0 o 12¢,, 0 6LC, O
0 o 0 -, © 0 0 o 0 c, o0 0
o o -6LC,, 0 2UC, 0 0 o0 6LC, 0 4UC, 0
0 6LC, O 0 0 2Uc, 0  -6LC, 0 0 0 a’c,,
with
El
Cbl=i;z, Cp, =—-, Cazﬁ, and C,=g. (3.4)
L L L L

The bending and shear offsets shown in Figure 9 are presently ignored.
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3.1.3 Element Damping Matrix

Rather than employing a damping matrix along the same lines as the mass and stiffness
matrices, a modal approach is adopted. This avoids some of the disadvantages of mass- and
stiffness-proportional (Rayleigh) damping, such as a damping ratio that varies widely with
frequency.

For a statically-mounted structure, whose response can be decoupled into independent modes
of vibration, a damping ratio can be defined for each mode, as

C,

S =—F—. 35
© 2K M, (3:5)
Here M, , C,,and K, are the modal mass, damping, and stiffness, respectively. The extensive

survey by Blevins [4] indicates that a reasonable design value for the structural damping ratio is
around 0.01, for statically-mounted structures. The damping ratio does not change appreciably
with frequency, although it may increase with amplitude.

For a structure such as a wind turbine, with many coupled modes, the damping ratio can be
defined according to the real and imaginary parts of the state-space eigenvalues,

_ k(1) __ |_R’
R:= 30 ¢ =—sgn(R(1)) LR (3.6)

As discussed in Section 3.7, the wind turbine is represented by several substructures, or
bodies: the tower, nacelle, driveshaft, and each blade. In turn, the elastic deformation of each body
is represented by several of its natural, uncoupled modes. The modal damping of the body can then
be represented by Equation 3.5. A value of £ =0.008 is used for all modes. When the full wind

turbine structure is assembled, the modes become coupled; but the value of the structural damping
ratio for the global modes of the wind turbine, Equation 3.6, is observed to remain in the vicinity of
0.01.

In other words, the damping matrix is defined as a diagonal matrix with zeros associated

with the rigid-body motions, and
C, =2 KM, (3.7)

on the diagonal entry associated with the k™ elastic mode of one of the bodies.

Soil damping is modelled by damping elements which act in parallel with the p-y springs
representing the soil stiffness. The equivalent soil spring and damping properties are provided as
part of the input file.

Aerodynamic damping follows naturally from the methods of Section 2. Hydrodynamic
damping is not implemented in the present model, but can be added as part of the applied
hydrodynamic loads.

3.1.4 Centrifugal Stiffening

For a wind turbine undergoing small deflections about some mean position, there is for most
degrees-of-freedom only a weak relationship between the deflection and the system mass, stiffness,
and damping matrices. This is taken advantage of in Section 3.2 to simplify the derivation of the
equations of motion. An exception is the centrifugal stiffening of the blades, which must be
accounted for in order to obtain the correct natural frequencies of vibration.

Centrifugal stiffening is a function of the instantaneous, deflected position of the blade; this
coupling is neglected.

It is most convenient to derive centrifugal stiffening in hub coordinates, with the X" axis
normal to the axis of driveshaft rotation, and pointing along the blade of interest, not including the
cone angle. Let the position vector of the degrees-of-freedom associated with node j of the blade

be X7. Then r; = (x"),.
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The rotation of the rotor gives an acceleration in the X" direction, as
T

a;=[rQ” 000 0 0]. (3.8)

The force vector seen by a given element, say element k, due to this acceleration is
" Neb N aj Neb b aj

— — S S
Re=2me) = 2XTome o), | (3.9)
j=k j+l j=k j+l
If we say that the tension force P within element k is the seventh entry in the vector F; =T, R

which is the along-blade tension acting on the outer node of the element, then the centrifugal
stiffness matrix k® follows as

C. = 0L (3.10)
[0 0 0 00 0 00 0 00 0 ]
0 36C, O 00 3LC, 0 -36C, 0 00 3LC,
00 36C, 0 -3LC, 0 00 —36C, 0 -3LC, 0
00 0 00 0 00 0 00 0
00 -3LC, 0 4l’C, 0 00 3LC, 0 -L’C, 0
0 3LC, © 00 4°C, 0 -3LC, 0 00 -1’C,
(3.12)
00 0 00 0 00 0 00 0
0 -36C, 0 00 -3LC, 0 36C, O 00 -3LC,
00 -36C, 0 3LC, © 00 36C, 0 3LC, 0
00 0 00 0 00 0 00 0
00 -3LC, 0 -L*C, © 00 3LC, 0 4I°C, 0
0 3LC, 0 00 -1’C, 0 -3LC, 0 00 41°C, |
In Section 3.2, the derivative with respect to Q is needed. This is computed using
Neb
dC, _ 1 dP _ 2 sziﬁ , (3.12)
dQ 30LdQ 30L 5
from which it is evident that
S
dk, :EkS : (3.13)
aQ Q °

3.2 Equations of Motion

The equations of motion are based upon a simplified multi-body formulation. The
simplification is related to the way in which large rotations are handled. As the analysis is to be
linearized, it was desired to avoid the general nonlinear formulations of large-rotation dynamics as
described by, for instance, Shabana [24]. At the same time, it is necessary to accommodate large
static rotations of the yaw, driveshaft, and blade pitch joints, and retain important couplings
between the joint motions and flexure of the structure.

The Lagrange equations are used to formulate the structural equations of motion. Define the
operation

5 |
= =0/ :axz (3.14)
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The Lagrange equations are

—| — - =F, (3.15)
dt\ oq oqQ 209 Oq
where q is a vector of the degrees-of-freedom, and F is a vector of the (generalized) forces. E is
the kinetic energy, Ep is the potential energy, and dEp/dt is the rate of energy dissipation.
Development of the equations of motion proceeds as follows. First the equations are
developed, with all degrees-of-freedom expressed in body coordinates. A modal transformation is
applied to the elastic degrees-of-freedom, while those representing rigid-body motions are left un-
transformed. The bodies are joined at the joints, with constrained degrees-of-freedom eliminated
from the equations. This gives terms which depend upon the rotation angles of the joints, and in
particular the rotation of the rotor and driveshaft. As the rotor and driveshaft have a steady rotating
motion (upon which small fluctuations in speed are imposed), the matrices are functions of the
azimuth angle. The rotating degrees-of-freedom in the equations of motion are substituted with
multi-blade coordinates, which eliminate dependence of the matrices on the azimuth angle.

d [6EK j_aEK +EaED L 05

3.2.1 Kinetic Energy

In modelling the dynamics of a mechanical system with joints, one has a choice of degrees-
of-freedom. They must in the end describe the same motion, but the degree of complexity of the
formulation — and where in the equations that complexity appears — depends on the selection of
degrees-of-freedom.

At present we use an elastic multi-body representation. Define the position of a node in
global coordinates as the sum of the vector to the body origin, which happens, in the present case,
to always be the first node on the body; plus the rigid-body offset from the body origin to the
undeformed position of each node at its section coordinate system; plus a small elastic deflection
relative to the undeformed nodal position:

Nog = O +Pas 00 (3.16)
The position and orientation of the reference node, at the body origin, could be described by
T
Pl?g = I:(Of/g )X (Of/g )Y (Of/g )Z (93/9 )X (G)E/g )Y (Gf/g )Z } ' (317)

The vector Of,g is the vector from the global origin to the origin of the body coordinate system.
The "angles" G)f,g are only placeholders; their time derivative is the angular velocity, which is the

quantity of interest. In general multi-body formulations, the @)f’,g components are not the time

integral of the angular velocity vector, but rather some parameters, like Euler angles, from which
the body coordinate transformation matrix T5 and angular velocity matrix dTg / dt can be

reconstructed. This relationship is in the general case nonlinear.

The equations of motion developed at present will subsequently be linearized. This implies
that the departure from the selected degrees-of-freedom is small, and hence the motion is
constrained. We take advantage of this constraint by selecting the degrees-of-freedom such that the
position of the body is defined relative to the undeformed position of the master node on the
preceeding body. The nature of the joints as rotations about a single axis (plus small elastic
rotations about the other axes) then allow the rotational degrees-of-freedom to be chosen as the
time integrals of the relative angular velocity vectors between the two bodies.

The degrees-of-freedom of the body origin are chosen as

Ph, =[(O5,)x (Of,), (OF), (@) (©5,), (©:,),] (3.18)
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where "m" indicates the master body and "B" indicates the slave body. One of the rotational
components is the joint rotation angle, and the other two are small elastic deformations. The rate of
change is

. T
Pl?m = [(Vl?m)x (V1|/3m v (Vl?m)z ((’)1B/m)x (mf/m)Y (mf/m)z ] - (3.19)
The global position of a point, or node, is recovered by
rkg/g Pn% tlg + Tg (Olyn/m + Pn)ll nly +Tdy (Of,d/m + I:)rg,d/d +TS (Olp,b/m + I:)kep + 61?/5 ))) ! (320)

using the example of a node on one of the blades, which contains the most terms. As discussed
above, the definition of a "global orientation” in terms of time integrals of the angular velocities
would not be meaningful. However, angular velocities sum and transform straightforwardly as
vectors. Thus while the definition of a "global position and orientation” of a node

g . r-kg/g
Xiig = | ag (3.21)
ek/g
would not be meaningful in the present context, its time derivative
dx; dr’_ /dt
8 k’gg/ (3.22)
dt Oy,
is meaningful.
Defining the total degree-of-freedom vector
B B B U
q |:Ollm ®1/m W/s ] ' (323)
where the sequence repeats for each body, with
T
wi =[G By (B, 08y (65, (85.), ] (3.24)
and the vector of nodal position offsets
T
P=[(P)x (Paa)y (Pgg), 0 0 0 -], (3.25)

where the sequence repeats for each node, the global position of one node, from Equation 3.20 or
similar, can be conveniently written in matrix/vector format as

o, =ATsq° +B, TgP. (3.26)
Let the coordinates of the two nodes associated with an element k connecting nodes j and j+1
be
X9
Xe =1 " | (3.27)
Xj+1/g

that is, twelve degrees-of-freedom. The kinetic energy of the element is

1 d (Xk/g )’ dXE/g

S (T ) T 329

EK

Note that the operation
o X,

o dt
expresses the linear and rotational velocities, measured relative to the global coordinate system, in
coordinates corresponding to the instantaneous orientation of the section coordinate system. Also
note that with a beam finite element representation, the rigid-body component of the kinetic energy
depends only upon the linear velocity of the nodes, and the angular velocity of the element rotation
about its axis; the other two rotational degrees-of-freedom, as mentioned, represent small elastic
deformations, and are not functions of the bulk motion.
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The mass matrix for the element can just as well be written in body coordinates,
_ i d (XE/g )T dXE/g
o2 dt dt
as the quantity in brackets is constant for small elastic deformations. If we say that the k™ element
mass matrix, nominally 12-by-12 in size, is expanded with zeros to include entries for all the nodal
positions, then the expression for kinetic energy can be written as

( dx g Ne
e U SRS S 30
k_

The vector dx/gg /dt consists of a group of six values for each node in the structure. In each group,

T Tom:, To, |To (3.29)

EK

the first three values are dr,) /dt and the latter three values are @y, . However, @/ is not the

total angular velocity of the node. It is the portion which contributes to the kinetic energy, and this
includes all three rotations due to elastic deformation, but, due to the nature of the finite elements,
only the X°* component of the rigid-body angular velocity. In general, for a given node, the X°
component of the rigid-body angular velocity can be written

(m]S./g)X
), =TS 0 | (3.31)
0

Taking an example, the axial rotation of a blade element due to rotation of the yaw bearing would
be
(T34 @ 16 )x

1,n/g
o), =T, 0 : (3.32)
0

That being said, the nature of the wind turbine system leads to considerable simplification. It is
noted that the rotation of the pitch bearings is nearly aligned with the section coordinate systems of
the blade elements, that the blades are nearly orthogonal to the driveshaft, and that the yaw rotation
is expected to be slow. In addition, by far the greatest portion of the inertial resistance to driveshaft
and yaw rotation comes from the positional offsets of the nodes, not the direct rotational inertia of
the elements. (This is analogous to a lumped-mass representation of the structure.) It is concluded
that the only rigid-body axial rotations that contribute appreciably to the kinetic energy are the
pitching of the blade elements, and the rotation of the driveshaft elements. Thus, for a blade node,
we define

(mfb/b)x
o}, =T¢ 0 |+o0f, | (3.33)
0

for a driveshaft node, excluding the pitch bearing masters,
S
(’)E/g =T] 0 + (")g/s ; (3.34)

_(mf,d/n )Z i

and for all other nodes,
o), =Tog,, (3.35)
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as the entries in de,g /dt , which multiply the mass matrix in the kinetic energy equation. All the

 variables on the right-hand sides are elements of qB :

The full rigid-body angular velocity of the body is needed in order to compute the kinetic
energy associated with the positional displacement of the nodes. Taking the example of a node on
one of the blades,

Oy =Ty (min/g +T¢ (‘”f,d/y + Ts OF/g )) (3.36)

The time derivative of Equation 3.26 gives the positional components of de,g /dt :

d;ki’g —A,T¢ d;i:+Ak dthg ®+B, d;th PE. (3.37)
It can be shown, for instance Shabana [24], that
g7 e i BO —~(®y,); (‘Df'/Bm v
“dt =TS S =| (O,); 0 —(0yn)x | (3.38)
—(@5)  (@5,) 0

where S? thus consists of elements of (°. Taking the example of a node on one of the blades, we
can write

dT? dT’ dT” dT?
=TT T T+ TS (3.39)
dt dt dt dt
or
T _ TOTITS), + TPTYSg, Ty +T2S), T T (3.40)
T_ydpb/d—l—ydd/yp—l—yn/gdp’ '
where
0 _(("fb/d )z (mlp,b/d )y
St = (mfb/d )z 0 _(wlp,b/d )x | (3.41)
(075 )y  (@fy4)x 0
and so forth. Equation 3.40 can also be written
dT?
_dtp =TTy (Sha + TSa, Ty + TIToSY, T Ts ), (3.42)
or in general for any of the bodies as
dTs
_dtB =TJS®, (3.43)
with, for the blades,
S® =8P, +TfSg, Ty + TAT)SY, TITS (3.44)
for the driveshaft,
S® =8, +T,S), T., (3.45)
and for the nacelle,
S =8). (3.46)

Equations 3.37 and 3.31 through 3.35 can be combined in the form
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B

N
=ATs ((j:]t

where Ak includes the angular velocity terms.

+A,T3S%q® + B, TIS®P?, (3.47)

Now define T} to be a matrix consisting of 3-by-3 blocks of transforms located along the
diagonal, that is,

o
Il

(3.48)

Each block transforms a triplet of the degrees-of-freedom qB from body to global coordinates.
Then Equation 3.47 can be expanded to the entire structure, as

ng qu

d—ég = AT? T ATSZq® + BTIXEPE, (3.49)
with
's® 00 00 0 |
0O 00 0O O
0 0S® 00 O
=0 00 00 O (3.50)
0 00 O0S® 0
0O 00 0O O
It is noted that Equation 3.43 still h(_)Ids, in the form )
ﬂ=T§'ZB. (3.51)
dt

The time derivative of X, as well as the time derivative of GZB/amB , are required in the
equations of motion. These are most conveniently written as
dz® oxX® deo® ox® 4

= + 3.52
dt ow® dt 608(” (3:52)

and
d ox® o°X® do® o°X® , @ o°X®
—— = =5 TS0 T 55O, (3.53)
dt o~ (dw~)° dt  Om 00 om~00
since 82):.3/(8(08)2 =0. Considering the most complicated case of a blade node, the partial
derivatives are evaluated with
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aSB ast?/d 88g/y d d 68"):/9 d
om® - om® +T¢ on® To poTv on® TdyTp' (3.54)
os® pad aTg pQd 6TS T
20° =Ty Sd/y 208 = Ts Sd/y 008
y y
+TPT)SY, Z} T - { TS > it Td} (3.55)

y “n/g

; ot ) ot
+TPTISY TS 2 | TPTESY, T
00° ae

52S8 oS¢ aT ost aT¢ T
p diy = 'p _ TP _Tdly 7 'p
d

00%90° ! de® 00° o0® 00°
0S%, 0T —y | oSy, a1y |
+TPTY M8 4 qd e 1 3.56
Y om® 00° P i Y om® 00° p_ (3.56)
oSy, _ oTt [ esy, _ ot ]
d n/ d n/
T"Ty o Bg T — 0" —| T Ty o Bg T/ 695 ,
and
osP oTe &S, oT! [ aTtasy o,
=T°P n/g d Td —| TP n/g d Td
B B~ d B P d B P
0" 0wod oy 0n® 00 oy 0n® 00
- T
TpTd aSri//g azTy d p-d 85%’,9 aszy d
+ y P B 'p d Ty B 'p
0° ool i on® owod s
ot esy, _ oTt [ ertesy, _ ot |
+ TP T2 —|T? Ly g
oy om® ° 00° oy om® ° 00°
- T
T oS}, oT) oT, o7 oS}, oT! oT;
y B y B
on® oy 00 on® oy 00

In deriving the above, we have used the fact that (S,E‘m )y =-SP m - Equivalent expressions can be

derived by using
d

dT; dT
tp = Ts pr/d '

d
d y

—(sd,y) T and d :Tdysg,y,

=(Sha)' TS,
(3.58)

dt
which leads to
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d
dSB — dSS/d +po de/y Td +poTd dSI')l,/g Tdde
dt dt at ° Yoot P
T
+ posg/yTSSS/d - [posg/yTgslf/d ] (3.59)
.
+ poT;Sz/gTdyTSSE/d - [poT;Sz/gTdyTsSE/d :I
T
+TPT Sy TaSe, T [ THTySY, TiSe, Ts | -
and
d d T
4 05° _ 19 %Suy rog |0 Bay ogp
dt dw® ¢ om® P L L
B T
oS’ oS’
+TPT) amn/Bg TTISE, —| TS T, aﬂ;’; TITISE, (3.60)
- T
oS!, oS!,
+ TP, 80); TSy, T, —| T,y am; TSy, T,
Note that i
B B
i ox #* 0_dz : (3.61)
dt om® odw® dt
the latter contains additional terms.
Using Equation 3.49, the kinetic energy is written as
B\T
E, - %[d(gt) TgBAT 4 (qB)T (ZB)T T:AT 4 (PSB)T (ZB)T -I-gBBT }TSMBTgB
(3.62)

B
Ate %
dt
It is convenient to define
AP =T’ATy; A°=T ATS; and B°:=T'BT], (3.63)
noting that these now become functions of the reference node orientations and joint angles. By
Equation 3.51, their time derivatives are of the form
dA®
dt

+ATIE q® +BT§EBPSB}.

= (Z°) A% + APXS, (3.64)

Then

EK:%{d(gt) (A®) +(@°) (2°) (A®)" +(PE) (Z°) (B)" M°
(3.65)

B
x {AB%+ABZBqB+BBZBP§ .

The first term in the Lagrange equations is



SINTEF

d (B )_d [[ zayr . qoyr ) Ta(z)
a(anj_dt{(A)Jr(q) S GO (B°)
(3.66)

AB dg®
dt
where we have taken advantage of the symmetry of M® to eliminate the 1/2 factor. Performing the

time derivative, using Equation 3.64 for the time derivatives of A%, A%, and B®, and
multiplying out the terms gives 57 terms. The first term is the mass times the acceleration,

+A°xiqg® +BBEBPSBH.

dq
AB) MBAB
(A% a2

There are two terms involving angular accelerations and positional offsets,

B B
+(A%)TMBAE OliqB +(AB) MBB® %PB...

S

Five terms contain coriolis forces,
B

B B
_I_(AB)T MBABZB dq +(ZB)T (AB)TMBAB dq +(AB)TZBMBAB dq
dt dt dt
B B
+(AP) MB (28 A d(?t +(AB) MEAPES d;lt
and eight contain centrifugal forces, four accounting for the offset due to displacement and four the
offset of the nodes in the undisplaced position,

+(EB)T (AB)T MBABEBqB + (AB)T ZBMBABZBqB

+(AB)T MB (EB)T ABZBqB + (AB)T MBABZBEBqB

+(ZB )T (AB)T MBBBEBPSB + (AB)T ZBMBBBZBPSB

+(A®) M®(Z°) BEZPP? + (A®)" MPBPXBEPPE...
The above 16 terms appear in all the equations. The remaining 41 terms all contain

a(EB)T B a(EB)T
oq° o0m®

since X® is a function of the angular velocity of the reference node on each body. As a
consequence, these terms appear only in the rows of equations associated with rotations of the
reference nodes, and are zero for the rows associated with linear displacements of the reference

nodes, as well as elastic deformations. The 41 terms can be organized into two which involve
accelerations,

(P a(i) (ABY MPA® ddtq L (P

S

®® t

four which involve angular accelerations,

By B BA\T B
+(9°)" a(is) (A®) MBA®P dj:[ 9 +(q°)’ 55;)8) (AE) M°B® dj:[ pe
? B
ey P L @y mear Ege ey CE ) ey e e

one with quadratlc terms in the velocities,
B
d(q )" o= B) (AB)T MEAB di
dt o® dt
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seven with coupling between displacements and velocities,

BAT BAT
+(q )T 8(2 ) (A ) MEAB Y5 d;]t +d(2t) 8(82 B) (AB)TMBABEBqB
(0

Q) a(i) (Z8)T (A®)T MEA® djt by A=) 6(2 )" A%y £ MPAS djt

e )Ta(i) (o) me(zey A0 99, (g0 )Ta(z) ARy me Ay 990

dt dt
oz®)' ie d9°
+(9®)" | — AB)Y MPA®
@) (dt ow® j( ) dt
seven with coupling between velocities and positional offsets,
B
@y CE L oy ey meas SO poy O ) oy peneae 4
o®°

B

d(q ) a(Z ) (AB)T MBBBZBPB +(PB)T a(ZB)T (BB)TMBABZB dq
dt a ® : ) amB dt

d o®° dt
sy d O(Z°)T s\T g8 8 49°
+(P?) (H—a& j(B )y MPAS =

five with quadratic terms in displacements,

+(qB)T %(ZB)T(AB)TMBABEBq +(q ) ((D) (A ) E M ABquB
+(qB)T%(AB)TMB(>:B)TABqu L@ (m) (A®) MEASEPEeqP

B\T
+(qB)T [%8(618) j(AB)T MBABZBqB...

ten with coupling between displacments and positional offsets,

+(PB)T a(azo)B) (EB)T (BB)T MBABZBqB +(PB)T a(i )

S

(B®) =*MP°A®xtq°
BN\T BN\T

+(qB)T a(8E B) (ZB)T (AB)T MBBBZBPSB +(qB)T a(aE B) (AB)T ZBMBBBZBPSB
(O] (O]

gyt O(X7) T O(E7)

@) TE ) (ary ey e + (o) 25 ) a0y meBeEe e
GO om®

T
+(PSB)T 6;?08) (BB)T MB(ZB)T ABZBqB +(PSB)T a(ai)B) (BB)T MBABZBZBqB

da(z) BN\T BpBy BpB BTda(ZB)T B\T B AByB~B
A°) M°B"X°P. + (P, — B°) M"A"X
(q)(dtaB]( ) s +(PS) i ow (B”) q

and, finally, five with quadratic terms in the positional offsets,
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S

BN\T BN\T
+(PB)T 6(a2 B) (EB)T (BB)T MBBBZBPSB +(PSB)T 6(82 B) (BB)T EBMBBBEBPSB
(O] (O]

+(PB T 6(2 )

S

_I_(PSB)T (i a(EB)T }(BB)T MBBBEBPSB.

(B®)' M°B®ZP®P?

)T @(BB)T MB(ZB)T BBEBPSB + (PB)
om

dt om®
The next term in the Lagrange equations is
oE,
oq°

This evaluates to 18 terms. Three of these appear in every equation, and represent centrifugal and
coriolis forces:

B
—(ZB)T (AB)T MBABZBqB _ (EB)T (AB)T MBBBEBPSB _ (EB)T (AB)T MBAB d(?t
The remaining 15 terms appear in the rows of equations associated with reference node rotations.

They include one term which is quadratic in the velocities,
B\T AB T _ B
9@ AR s e 49
dt oq dt
three with coupling between displacements and velocities,

(q)Ta(E) (A)MAqu (@) (=°)

r O(A%) MEAE dg®
oq°® dt
B\T
_d(q ) a('A\B) MBABEBqB...
dt oq
three with coupling between the positional offsets and velocities,

B B
dt aq®
two which are quadratic |n the displacements,
four which couple dlsplacements and positional offsets,
B\T
_(PSB)T %(BB)T MBABE (PB) (Z )T a(l; ) M A E q
_(q® )Ta(’:) (A®) MBEE®p® (q)():)Ta(A) M°B®L°P®...
and finally, two WhICh are quadratic in the positional offsets,
BN\T
_(PSB)T a(aZ B) (BB)T MBBBEBPSB _(PSB)T (E )T a? ) MBB E PB
q
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3.2.2 Damping (Dissipated) Energy

The rate of energy dissipated due to the equivalent viscous damping, resulting from elastic
deformation of an element, can be written

1. 1dWw®) | , aw®  1d(w®)" g dw®
—E, =——7"—| ) T..C.,. T, == C : 3.67
2 ° 2 dt kz; skTekTBK L gt 2 dt dt (3.67)
For the elastic degrees-of-freedom, the term in the Lagrange equations is simply
- B
10E, _sdw” (3.68)
2 ow® dt

3.2.3 Potential Energy
The potential energy stored in the elastic deformation of the structure is

1
(w ) [Z k(k§k+k§k)T§k} :E(WB)TKBWB. (3.69)
The term in the Lagrange equations, for elastic degrees-of-freedom, is
oE
awPB =K°®w®, (3.70)

and there is no dependence on rigid-body motion. (Here gravity is considered to be an applied
force.)

3.2.4 Work by External Forces

The work done by the external forces acting on a body, due to the (small, or virtual)
displacement of the elastic degrees-of-freedom of the body, is

SW = (6x5,)" F?, (3.71)
where, as in Equation 3.21, §x,gg contains both displacements and rotations, and F° the
corresponding forces and moments. This can be expressed in terms of the degrees-of-freedom,

. Xy . &
OX;y = P oq-. (3.72)
The term in the Lagrange equations is
W _ 00%5)" e
B B B :
aq aq
Equation 3.26 is relevant for the displacements, such that
or oty oT?
ang =A TS +A, —803 q® +B aeg PE. (3.73)

It is also valid to compute the partial derivative of an equation for rotations similar to Equation 3.36
for the angular velocity, giving, in the manner of Equation 3.49,

X7, oT? aTg

=ATI +A B pB, 3.74
aq 26° q® 593 s (3.74)
Thus
. oT® oT®
FB .= SW [T AT +(q®) eg ATTS + (PP — BTTQJF (3.75)
q
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It is evident, from the structure of the A, A, and B matrices, that sums of components of the nodal

forces F° act at the reference nodes. For linear analysis (Section 3.4.2), this expression can be
evaluated at the steady-state condition,

—B B ATT9 BT6-I_9B TT9 BTaTgB TT9 B
F = TgOA TBO + (qO) aﬂB A TBO + (Ps ) 69_8 B TB() F-. (376)
0

3.3 Linking Bodies with Constraints

The equations for the structure are obtained by stacking the equations for individual bodies;
the bodies are as yet not connected at the joints.

A body is linked to the previous body by equating degrees-of-freedom at the reference node
(and in the case of the drivetrain also the node at the front bearing) with degrees-of-freedom of the
master node on the previous body. The basic consideration is that the location of both nodes,
relative to the reference coordinate system on the master body, must be the same; and the deflected
orientation differs only by the joint rotation angle.

There are two ways in which the constraints could be implemented. One is to consider the
degrees-of-freedom of the reference node to represent displacements from the undeformed position
of the structure. That is,

Py =Wy, 3.77)
with the exception of the joint rotation degree-of-freedom. The coordinate transformations are
functions only of the joint rotation angles, not of the displacements. The constraint equations are

6, -6, =0 and O] —-67 =0, (3.78)
again with the exception of the joint rotation degree-of-freedom. This is the preferred approach for
the case in which the joints are locked; the problem with this approach comes when the joints are
rotating, and the mean displacements are not negligible. Then, for instance, the position and
orientation of the rotating shaft could depart from the undeformed axis about which it is assumed to
be rotating, leading to anomalous centrifugal forces.

The other way in which the constraints could be implemented is to consider the displaced
position of Pl?m to define the reference coordinate system on the slave body, with respect to which

body displacements are zero. The displaced position is given in reference to the undeformed
coordinate system of the master body. The elastic degrees-of-freedom on the slave body are
defined relative to the undeformed position on the slave body, rather than the undeformed position
of the global structure.

" ¢ S

- am

Lim

Figure 10: Two ways of implementing constraints between bodies.
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Figure 10 compares the two approaches. It is seen that the position and rotational constraints
in the latter case are, in essence, the same as the former:

Of/]m - 6m/s =0, (Qﬂmx - (em/s)i =0, (379)
where i represents the two components which are not the joint rotation angle. However, the
damping and stiffness matrices are modified, such that the rows and columns associated with the
degrees-of-freedom at the reference node are zero. The elastic displacements must then be
interpreted differently, as they are measured relative to the offset and rotated reference node. In
addition, as evident in the derivation of the equations of motion in Section 3.2, displacement of the
reference node must account for the inertia of the entire body.

Here the latter approach is adopted, since it is desired to account for deflection of the
reference axis about which the rotor rotates.

3.3.1 Constraint Equations

We first consider the yaw bearing. The joint rotation of the nacelle is about the Z’ axis,
which in the undeflected state is aligned with the Z° axis of the tower. The positional constraints
are

Tyg Oly,n/m - 6211/3 =0 (380)
The transformation matrix is
cosy  -siny  (87,)y
T =| siny cosy —(07)x | (3.81)
_(Or?w,t/s )Y (Bg,t/s)x 1
where the axial rotation of the reference node
X = (Gly,n/m)z (382)

is measured relative to the undeflected master body coordinate system (for the yaw bearing, the
global coordinate system), not the torsionally-deflected master node on the tower. For a linear
elastic calculation of mean displacements, the elastic rotations in the transformation matrix are set
to zero.

The rotational constraints are

(T)?G)in/m)x,v - (egw,t/s)x,Y =0. (3.83)

At the rear bearing of the driveshaft, it is assumed that all three positions and two rotations
are constrained. Rotation is about the nacelle Z" axis. This gives the position constraint equations

TO gm — T;8% s =0, (3.84)
where
0 sind coso
T =1 0 0o |; T, =(MH (3.85)
0 coso -sind

accounts for driveshaft tilt angle ¢ (not to be confused with displacement 6 ) and conversion to a
coordinate system whose Z axis is aligned with the nacelle nose, and

cosy =sing (T)05 )y
T = siny cosy —(T70) s )x (3.86)
_(T;er):],n/s )Y (T;er{nn/s)x 1

accounts for the driveshaft rotation
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v = (0L, | (3.87)
as well as the elastic deformation of the nacelle structure. The rotational constraints are
(Tc:](af,d/m )x Y = (T;Oryn,n/s)x,v =0. (3.88)
At the front bearing, there are two positional constraints,
(Tdnag,d/m )x + (TC;]G)f,d/m )y (Psd,d/d )z — (Tynaryn,n/s )x =0 (3.89)
and
(Tdnag,d/m N - (T;G)f,d/m )x (Psd,d/d )z - (T;Sr):l,n/s)Y =0. (3.90)
At the pitch bearing, the rotation is about the X° axis. This gives positional constraints
Tsofb/m - T:Tcrﬁsn,d/s =0, (3.91)
with
cos(b-1)2z/3 —sin(b-1)27z/3 0
T¢ =|sin(b-1)27/3 cos(b-1)27/3 0|; T, =(T); (3.92)
0 0 1
cosg 0 sing
= 0 1 0 |, T =T, (3.93)
—sing 0 cos¢
and
1 (T Ta0h0s)z  (TUTG00 4,0)y
T, =| (TYT70;410); cos 3 sin g : (3.94)
~(Ty T30 0/ )y -sin cos 8
where
B==(00m)x - (3.99)

The rotational constraints are
(ToO )y 2 — (TETH05 )y, =0. (3.96)

m,h/s

Together, all the positional and rotational constraint equations can be written in the form
(TsB, - T,B, )a° =0. (3.97)
The "I" index stands for some intermediate coordinate system. T, is a function of some of the

rotational degrees-of-freedom, while Tr:] is constant. The Jacobian (partial derivatives with respect

to the degrees-of-freedom) of these constraint equations is needed for implementation in the
equations of motion. The Jacobian is
|

L®=T!B,-T'B, +%Bsq8. (3.98)
oq

3.3.2 Example of Implementation in the Equations of Motion
Following Shabana [24], the uncoupled equations of motion can be written in the form
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d’q
M =R, (3.99)
dt’
where R represents some likely nonlinear right-hand side terms. In developing this equation using
variational methods, the details of which we skip (as we proceeded directly from the related

Lagrange equations), the dependent degrees-of-freedom in the virtual displacements 6q are
eliminated using the constraint equations. This is a linear operation. First the constraint functions
and equations of motion are partitioned such that the independent degrees-of-freedom come first,
and the dependent degrees-of-freedom are grouped at the end. Then the variation of the constraint
functions, applied to the virtual displacements, can be written

Lsq+L, 5q, =0, (3.100)

such that

5q, =-L2L 54. (3.101)
Here g represents the independent degrees-of-freedom, and q, the dependent (slave) degrees-of-
freedom. Defining

|
A= L('— )1J, (3.102)

where | is the identity matrix of dimension equal to the number of independent degrees-of-
freedom, the equations of motion are
2 ~
AT MAF? AR (3.103)
in terms of the purely independent degrees-of-freedom.
If the equations of motion are linear, then Equation 3.101 applies directly as a transformation
of the degrees-of-freedom:
q, =-LiL, q; q=A,q. (3.104)
The implementation of constraints is further discussed in Sections 3.6.1 and 3.7.2.

3.4 Linearized Equations
The majority of the terms in the equations of motion are nonlinear, each containing products

of ¢®, qu/dt ,and d 2qB/dt2 . In general, a function of a vector x and its first two time
derivatives can be linearized as

+AXT i
0 oX

+AX' o

OX|, OX

g(x, X,X) ~ g(xo,Xo,Xo){AxT 2 Jg
0 (3.105)

+0(AX*, A%, AX® ),
where the operator 6/ 8S|0 is understood to mean "first take the derivative with respect to s, then

evaluate this at the steady-state condition."”
It is evident from Equation 3.105 that the linearized equations of motion will involve
products of one or more of the steady-state terms

qB qu quB 5 GZB
“Todt |, dt? °’ e,
with small dynamic fluctuations

ox®
15,0

ox®
. oa.

, and

0

0 0



SINTEF

dAq® y d?Aq®
dt dt>
Here 0, and a are subsets of qB, and represent the elastic master node rotations and joint

AqQ®,

rotations, respectively. The body angular veloctity  is a subset of qB . The equations are greatly
simplified by making intelligent assumptions about which of the steady-state components can be

considered small, on the same order as AqB , and neglecting orders higher than one.

3.4.1 Small-Displacement Assumptions
On the tower, all steady-state displacements qg‘ are small. The steady-state velocity and
acceleration, ¢, and ¢, are zero.
1,n/m

On the nacelle, the steady-state yaw angle y, = (0/,,.), |O is not necessarily small.

Otherwise, all displacements are small, and all steady-state time derivatives are zero.
On the driveshaft, the azimuth angle v, = (6')i(j,rn)Z |0 is prescribed, for reasons discussed

in Section 3.8. The steady-state rotational speed Q, =y, = ((;)‘f'd m)z |0 is not small. All other

displacements, in the rotating driveshaft coordinate system, are small, and all other steady-state
time derivatives are zero.

On the blades, the steady-state pitch angle £, := (G)fb,m)x |o may not be small. Itis

questionable whether the mean blade deflection wg, . can be considered small, especially near the
tips; this depends upon the desired accuracy of the analysis. The equations are presently
formulated assuming that W, . is small. The steady-state values of the displacements O/, 6

and rotations (@, )y - |0 of the reference node at the pitch bearing are small.

As a consequence of the above assumptions, the steady-state values of Equations 3.44
through 3.46 are, for the blades,

Sg = poOSQOTSO’ (3.106)
with
0 -Q 0
Soo =1 Qg 0 0f (3.107)
0 0 O
for the driveshaft,
St =S (3.108)
and for the tower and nacelle,
S¢ =0. (3.109)

Thus, the steady-state )25 is only a function of the mean rotational speed QO and, for the blades,
the steady-state transform from driveshaft to pitch coordinates. Also,

B B

di =0, forall nodes, so dz
dt |,

The mean acceleration of all degrees-of-freedom is zero:

=0. (3.110)

0
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d 2q B

dt® |,

that being said, nonzero accelerations in global coordinates may result from products of the
rotational speed 2, and other terms.

=0; (3.111)

The only terms in gg which are of order zero are the joint angles , and v, and, for each
blade, f,. The only nonzero mean velocity, with degrees-of-freedom in body coordinates, is the
rotational speed €,. Thus

dg®
dt

Again, nonzero velocities in global coordinates result from products of €2, with other terms.
Examine the term

=Q,=[0 0 -+ Q; - 0]. (3.112)
0

dx® o
dt
which appears in the equations of motion. This is linearized as

dz® , dzf| qB+dZB| Aq5+[ G d):Bj qBAwB{ 0 QJ
0 0
0

at T dt |, dt |, d0® dt oq® dt

The first two terms on the right-hand side are zero, by Equation 3.110. The vector qg contains

q°Aq®- (3.113)

0

only joint angles as zero-order terms. Yet the matrix X.° contains all zeros in the columns
associated with the joint angles. Therefore the latter two terms are also zero, to first order, and

dx®
dt
wherever it appears in the equations. By the same argument, any expressions involving X° or its
derivatives times qg, will be linearized as

q® ~0. (3.114)

2°q° » EPqp + £5AQ°, (3.115)
and any products like
259, Aq°
are zero to first order. The above statements also apply to the rate of change of g°, that is,
B B d B
dx” dg” 0 andeg X° s x°Q, =0. (3.116)
dt dt dt |,
From Equation 3.110, it can be seen that
o dx®
=0. 3.117
[608 dt )0 (3.117)

3.4.2 Terms in the Linearized Equations of Motion

We proceed term-by-term, beginning with the Jacobian of the constraint equation. This
already represents the constraint equations to first order, and so the steady-state value is used:
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L% = TBIOBS - Tr:10

B.do (3.118)
0
Moving on to the equations of motion, the first term is

2 d°AQ°

(AB) MBA® ddtq ~ (A MPAD = (3.119)
The two terms involving angular accelerations are
B
(AR MBAB%qB ~0 (3.120)
by Equation 3.114, and
B B B
(A% mee® 9E_pe A%y mege OE | pe dA@
dt on® 0 dt
. (3.121)
+ (A2 M®B? ‘?;B PPAe®.
0
Here @° indicates the entries in qB associated with master node and joint rotations.
For the coriolis force terms,
B B
(AB)T MEAEYE dg ~ (A(?)T MBAEZE dAq :
dt dt (3.122)
8\ w18 ZByes d9°  (KB\T pAB AByB dAg®
(A”) MPAZ" —— =~ (A;) M°AJX] ;
dt dt
BYT (AB)T BAquB~ BYT (ABYT MBAS
(%) (A*) MPA" = = (25)" (A]) MP A,
L (zEy (Agy meAs 949, O | (A)T MEARQ Aw®
dt om® |O
~ 3.123)
a EB T - ~ a AB T - (
{ L @y meaze, @y 2 weAze,
0 0
B
+ (Z5) (AR MB aA QO}AGB;
0
and similarly in an obvious manner for the terms
B B
(AB)T>:B1\43Adeit and (AB)TMB(EB)TAB‘%.
For the centrifugal force terms, centrifugal stiffening is represented by
(Z°)7 (A®) MPAPE®G® ~ (29)"(A5) MPASE] (g +Ad°®),
(A% EPMPAPESQ® = (AD) ZEMPATES (of +A0°), a1

(A%)'M®(°)T A®E®q° ~ (A7) M (Z5)" ATES (a5 +Aq®),
(A®) MPAPEPL®Q®  ~ (A7) MPATLIES (g5 +AQ®),
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and other centrifugal forces by
(2°)" (A®) MPBL°P] ~ (£7)" (A])" MBJE(P]

BN\T
.| & B) (A MBBEXEPE + (22) (AZ) MPBE oz’ P? [Ao®
o0” |, om® 0
BY\T| - B 3.125
+ a(EB) (A MPBJEJP? +(Z5) (AF) MPBJ azB p’ ( )
00° | 09" |,
+ (9 )Ta(A ) MEBEEEPE + (ZE)T (AE)T MBaB TEPP |AG°,
0 89 0
with similar expressions for
(AB)T ZBMBBBEBPSB, (AB)T MB(ZB)T BBZBPSB, and (AB)T MBBBZBEBPSB.
The first equation involving coupling between displacement and acceleration is zero:
syt O(Z®)" syt ags s 4°0°
@) oa? (A%) M"A 2 ~0. (3.126)
The second is
o(X d2 oz d’*Aq®
ey Q) @eymeas L8 oy QB oy meas T4 o)
0
By Equations 3.113 and 3.114,
o(E")" dx®
T AP MPA®P ——q° ~0;
@®) St ——— (A% ¢
(q®) ==~ o’y —= 7 (A®) M°B® — dz” P? ~0; (3.128)
on® dt
B
P°)' a(z )" (B°)' M AB%quO.
The only nonzero angular acceleratlon term is
B\T B
(PSB)T 8(Z B) (BB)T MBBB dZ PSB ~
om dt
o(x® D)) dAo®
(P ———— ( ) (Bs) M°Bg B| P’ (3.129)
° 0 0m |0 dt
BT B
ey 2B ey vege | prage,
oo” | 09" |,
The quadratic velocity term is
d@®)" a(Z°)" | s s dg® T/ RSB s OX°| dAQ°®
A MA—~QA MPAS ; 3.130
i et ’ gt =l y " om®|, dt (3.130)
with other terms zero by Equation 3.115.
For the seven terms with coupling between displacements and velocities,
B
q°) a(az B) (A®) MBAExE dgt ~0; (3.131)
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B\T B\T
d(gt) a(az B) (AB)T MBABEBqB zo’
(O]

BT B
q®)" ag“ B) (AB)' MBABZBdiz 0
(0))

dt
Then,

(@) a(a’: )2y (A% ™ Adei~szT(A ) MPA ZB? (a2 +A0®):

(D (O] 0
@y =L ) (ay M Adei~93(A§)TMB(z§) e 1 (g8 + A

0
o d ~ ox® .
@y =L Dy e ey A 0L o Ay (s oA 5| (a2 +aq®);

0

B\T B B

@ [SEEL ey weae g aey wews ZX (@ aa®)

The seven terms coupling velocities and positional offsets linearize as

a(z ) aE®)

d
(P (E)(B)MAB(;“t < (B2) S (20 (BY) MPALey
0
8(2‘. ) B qu
P X2 (BE) MPAE
+ I | ) B o
a EB T a EB T -
oy A& 0 (ams’ L(B?)TMBA?nkoB
aZ ZB T ~
{(Pff CE ) @y ey A,
0
T et | 00° |0
P OEP)| eyt OBP)| s zs
b M"AQ
+ (s) PN O( o) 00° i 0==0
AB
G 6(2) CIMCHYA QO}ABB,
0 0
with the terms
XEM p>
(P)Ta@)(s) ABd;‘t d(P)T‘a(E)(B)M( oy A 99
om®
having similar expressmns Next,
B\T
0
ax®)’ dg® AE®)| eyt ngs zBys dAT°
PEYT B®)" MEABX® PP ——| (BY) MPACL :
(PF) = —(B%)' dt()amsom 0E g,
The two remaining terms are
d(q ) 5(2 ) B B BaZB quB
A" MPBPEPP} ~ (P X BS) M°AS
m 8(0() (PS) (Z5)" (Bg)' ° 30?| dt

0

(3.132)

(3.133)

(3.134)

(3.135)
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and
BN\T ia(EB)T BA\T B~BE~ B Taz(EB)T
B A i BTaZ(ZB)T BN\T BAB B
+Q, (P) 0oy ° gt +(P) 20 50° 0(Bo) MFA QAo
3 (BT 2 (3BT B\T (3136)
{QO(PSB)T% (B8 MeAeQ, + 0, (o) LED | OB | o
d0°op0e® || o0y |, 00° |
; 04(Z g OA® B
+ Q,(P?) (8)(°)M 20° OjAe.
The five terms which are quadratic in displacements are all zero.
The ten terms with coupling between displacements and positional offsets all contain
products of qB and X® or its derivatives, so to first order,
B\T
(PSB)T a(az B) (ZB)T (BB)T MBABEBqB ~
(3.137)
o(x®
GRI )@)m)MMﬁm+m)
0
and similarly for
(PSB)T 8(2 B) (BB)T MB(ZB)T ABZBqB ’ and
60
Then,
@) 2 oy (ary mmeste -
ox (3.138)
(P3) (Z5)" (BS) MPACES (a5 +Ag®),
on® 0
and similarly for
B\T
(qB)T a(Z B) (AB)T ZBMBBBEBPSB’
o0}
@) X (e e 20y 8o 2R ang
o=
q®)’ (a B) (A®)"M°B°LPE®P?.
Finally,
BTdaZBT B\T B B BN\T T B\T BBaz“3 B B
“”[a St ](A)MBZP < 0, (PF)" (Z2) (B3 MPATC 2 (gf + aq”)
(O] 0o 0
(3.139)

B\T 2 B\T
(PSB)T (ia(z ) J(BB)T MBABEBqB on(PSB)T a (Z ) (B(E;)T MBA(E)BE(E;(q(E: +AqB)

dt ow® d0°0y |
The five terms which are quadratic in the positional offsets are linearized as
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(PB)T M(EB)T (BB)TMBBBEBPB ~(PB) (2 ) (B ) MBBBEBPB
s 60)8 s = 0“0 "*s

{(Ps y o=

Ta(E)
de

(Z8) (B M°BSzP?

(0w®)* |,
BN\T BN\T
. ey ago ) a(azm ) I (B5) MEBE£2P®
0 0
BN\T B
- (Pf)Tag‘TB) (25)T(B§)TMBB§§§—B PSB}A(»B
0 0
(JJ
0
‘ (P)Ta(’:) (2)(B)MBa'; ¥°p?
0 0
az EB T
s (PSB)T# ()" (B%)" M°BELSP®
BN\T
+ (PSB)T a(Z‘ B) a(z ) | (B ) M BBZSPSB
o0® |, 0% |
B
Py a(’: ) CHMCHVE: PS}ABB
0 0

and similarly for

BN\T
(PSB)T a(aZ B) (BB)T ZBMBBBZBPSB,
(0)

(P

S

BN\T
)T 8(62 B) (BB)T MB(ZB)T BBZBPSB ' and
(O]

(P2

S

B\T
)T a(Z B) (BB)T MBBBZBEBPSB .
oM
The fifth term is

BT 2 T

G [;’taf;) j(B ) MPBSE"R? ~ 0, (P) aa‘za) (BS) MBS E2?

+| (PEY *(EP) (BE)" MEBEXEPE + ) (PE)' o' (x® ) (B T MBBB ox® PB Aw®

*T 000 |’ T TR Py |, e
3.141
+ o (PB)TM (BB)T MEBEZEPE + O (PB)T o M®B B ox® pe ( )

BT 2
o(B B) MEBEXEPE 1+ Q (PF)' 0 B°) M OB® ope |20°.
do®oy | 00 dw®oy oe°

The next group of centrifugal and coriolis terms are Imearlzed as
—(Z°)" (A®) MPAPZ®q® ~ ~(Z7)" (A]) MPAC L (a5 +Ag®), (3.142)
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and

and

—(Z%) (A®)" MPB°E°P] ~ ~(X7)" (A7) M°BoZoP;

i B\T

o= B) (AD) MPBEESP? +(X5)  (AD) MPBS —— oz’ P’ |Aw
i o® on® 0

0

i BT B
S BB Ay MeBTEe 4 (z2) (AT MoBE ) e

0 0

ve B 6B

(3.143)

v ny QA MeBgtee (22 (ALY

h PB:IAGB
0

0

B

(22 (A% MeAS S <y (Al AL,

dag®  a(z®)"|

_ EBT AB TMBAB
(X0) (Ag) 0 gt I

(A MPAEQ Aw®

b

s (AB) (3.144)

(A MEAEQ, +(Z8) MEAEQ,

~ 5‘(28 )T
00°

0 0

MB OA®

+ (X)) (AD)' QO}AOB.

The term which is quadratic in the velocities is
B\T A BN\T
_d@) a(AB) meAe 9% _gr AAT)'
dt oq dt 00°

MAQ

0
d(A® ) dAg®

dt

Q) MEAS + Q! (AZ) M® oA®
- + Q4 (A7) o (3.145)

0 0

2 (A BNT B
_ Qg 0 (A; Z MBA(E;Q QT a(AB) | ME 8AB| Q, ABE.
" (00%) o0° |, 00°|,
The three terms coupling displacements and velocities are
r O(2%)"
-@°) o

quB T /A BN\T B Baz‘B B B
2= (AR MBA ey (AZ) MPAE & (a5 +4g®), (3.146)

0

T a(A\ ) MB aAB

meas da° QT (A%)

-(°)" (2% ot

5 (ds +Ag°). (3.147)

0

BN\T A BT A BN\T
_d(@") 6(AB) MEAPEEQE ~ Q] a(AB)
dt aq o
The three terms coupling positional offsets and velocities are

MPASES (g5 +Aq®). (3.148)
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T 0(2%)

3 T 6(2 ) B dq B B\T NAB A B
(P?) (B°) MEA® = —(PF) = O(Bo) MPASQ,
T 8(2 ) B quB _ BN\T aZ(ZB)T B\T BAB B
() s O(B) P 50°), (BY) MPALQ Ao
2 BT : (3.149)
| pey ) sAsq, + poy O] a(B )| meAto
2 @0%) |, o00° |, a0 |
- 8(2 ) s OA® B
+ (P?) 0( )M OQO}AG ,
ey ety 2B B’ MEAS dj ey (zey 2B B(B DARVLY TS
PRy ) a(B )| e e 4497 peyr a(zB)Tl OB | Vi ARO Aw®
. ° dt et | 00° | om0
; ) o (3.150)
(P )T a(z‘ ) | a(B ) | MBABQ +(PB)T(EB)T 0 (B ) MBABQ
0 |0 ae |O 0=%0 s 0 (aﬂs)z 0=%0
+ (P (=)' a(B ) | BaA: QO}AGB,
and
d(q)a(A) B B ~ B\T (y'B\T (RB\T BaA_B
m aq MB):P -P;) (X)) B ) M OOBOQO
—(P)(Z)(B)MBZ?B dﬁ? (Psfa"” (8 O)MB‘Z’; Q,A0°
- (3.151)
ey AE ) | @, +(PP) (22) a(B )| e A0 g
. 0%,
0*AB
P (Z8) (Bf) ' M® ———| Q, |A0°®.
+ (P2 (Z3)" (BY)' @7, }

(On implementation, caution is needed on the above and following equatlons, as to which partial
derivative determines the column in the matrix and which determines the row.)

The two terms which are quadratic in displacements are both zero to first order. The four
terms coupling displacements and positional offsets are linearized as

Ta(z) T BBB~ Ta(z) B B
~(P?) o —oos (BT MPAE®G® ~ —(PP)T = 0<B)MA2(q0+Aq) (3.152)
and similarly for
-(@°)’ 6(2‘.8) (A®)"MPBPXPP?, and
aq
T a(A )

—(9®)" (%) =—-MP°B°Z°P’.
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The two terms which are quadratic in positional offsets are linearized as

B\T
_(PSB)T a(Z B) (BB)T MBBBZBPSB z_(]‘)B)T a(Z ) (B ) MBBEZEPSB
aq 00° 0
BN\T
e 28 ey wrezsies
B
ey 2E ey mege PSB}A(DB
0 8('0 0
| (PEY 2222 o (3.153)
T (00°)° '
a(z ) ox®
+ PB T BB TMBBB PB
(s) aeB 0( 0) anBO S
BN\T B\T
+ (PSB)T a(Z B) a(]3 B) | MBBEZEPSB
00° |, 08° |
B B
L ey dE) RGN 9B | yeps |ne®,
00 00° 0
and similarly for
(P)(E)Ta(B) M®BPXPP?.
The two remaining terms are
B B
ce d(?t ~CP dAd? (3.154)
and
v B~B BB B B aKB B
K"q” = K;q, + K;AQ™ + g,AQ, (3.155)

0
where the latter term appears due to the centrifugal stiffening effect described in Section 3.1.4; this
term may be neglected for cases in which the mean elastic blade displacements are considered to be

small. The six rows and columns of C® and K® associated with the reference node on each body
are set to zero, as the stiffness and damping do not act on the degrees-of-freedom associated with
rigid-body motions.

The linearized equations can be written in the form

(G® + K1 )d Aq

= 'EOB _Ggo _(Gﬁo + P~<B)C|(E;
(3.156)

+AE® _(GE +€° )OIAq

— (G} +KP®)Ag®.

Here Gﬁo represents steady-state terms which are dependent on €, and multiply qg, and G(B20
represents the remainder of the steady-state terms which are dependent upon ;. G¢ and G}
are terms which are dependent upon €2, and which multiply fluctuations in velocity and position,

respectively. G,\B,I accounts for the rotational acceleration terms. Also,
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M = (AZ) MBA? (3.157)

3.4.3 Comments on the Equations of Motion

If all the matrix multiplications in the terms of G(B: and Gﬁ were written out, it would be
seen that many of the terms cancel, and others are insignificantly small. This has not been pursued
further, in the initial implementation of the STAS program. It has been observed that GE and Gﬁ

have only a minor influence on the rotor dynamics of utility-scale wind turbines. With the
exception of centrifugal stiffening (Section 3.1.4), centrifugal and gyroscopic effects can be
neglected, to within the level of uncertainty expected for other aspects of the linearized analysis.
Further discussion of this point is provided in Section 5.2.2.

3.5 Static and Dynamic Analysis in the Parked State
When the turbine is parked, Q =0, and the linearized equations of motion are

2 B
(A)MAB+(P)T6(Z) (B8y" meAR [474d
ow® 0 dt
< ox® a(z ) oxt dAm®
+| (ABY MBRB +P T B MBB pB | === —
(( o) MBs oge], P TR e B ) 2o, | at (3.158)
F® _R°qP + AF® - C° dﬁ? _R®AqE.

The first term accounts for the inertia of elastic deformation, direct displacement of the reference
nodes, and joint rotation. The next two terms account for the inertia of reference node rotation.

3.5.1 Constraints

In addition to the constraints given in Section 3.3, the joint rotations are locked by providing
five additional constraint equations. The constraints are then implemented by the linear
transformation of Equation 3.104. Applying this transformation to Equation 3.158, after
partitioning the dependent and independent degrees-of-freedom, gives

AT (G +M2)A, dﬂ —ATFE — ATKEAGE
(3.159)

B
L ATAF® —ATCEA, dﬁ?

~AJKBA,AQC.

3.5.2 Static Analysis

Considering only the static terms in Equation 3.159, the mean displacements of the
independent degrees-of-freedom are computed by

~ ~ -1
Go = (AgK®A, ) ATF). (3.160)
The full set of displacements, including the slave degrees-of-freedom, is recovered by computing
a5, =-LL, Gg, and reordering so as to form g .

3.5.3 Dynamic Analysis
The equations of motion are
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d?Aq°

az

A} (G + Mg ) A,

~B
ATAF® -~ ATCEA, dﬁq

~ATKPAAG®, (3.161)
whose solution can be found by standard techniques of structural dynamics. The undamped
eigenvalues and mode shapes are also of interest, and are to be found by the nontrivial solutions of

ATKPAAG® - A (G, + MG ) A AG® =0. (3.162)
Alternatively, Equation 3.162 can be represented in state space, as described in the next section.

3.6 Equations of Motion in State Space

We now consider the general case, where the rotor may be either fixed or spinning. In the
case of a spinning rotor, a physically meaningful solution does not follow directly from these
equations, as the degree-of-freedom y associated with the driveshaft and rotor azimuth undergoes a
large steady rotation. Rather, the multi-blade coordinate transform of Section 3.8 is used
afterwards to eliminate the dependence of the system matrices upon .

3.6.1 Constraints

First the bodies are linked by constraints, as described in Section 3.3.1. The constraints are
implemented by the linear transformation of Equation 3.104, after partitioning the degrees-of-
freedom. Yaw and pitch rotations may be locked or free as appropriate, but driveshaft rotation is
free. The equations of motion become

~ d*Ag° » .
AL(GY + M)A, = = ATF® — ATGE, — AT (GE, + KA
dt
) dAG® ) (3.163)
CAT(GE +E0)A, 20T AT(GE 4 RB)A,AGE
For simplicity of notation, rewrite these equations as
d?Aq dAq
MF:FO_GQO_KOCIO +AF—CF—KAq, (3164)
or
2
MEA9 _AF 929 kpq (3.165)
dt dt
and
F,-Gq, — K9, =0. (3.166)

The terms in Equation 3.166 are not necessarily constant; they may have a fluctuating component
that is a function of /.

3.6.2 State Equations in Physical Coordinates

There is more than one way to write Equation 3.164 in state-space form. The most direct
way is to define

g,=9q and q, ::Z—?, (3.167)

o wlale] -l 2l

such that
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An alternate form is obtained by switching the order of the states and balancing the L matrix using
the mass matrix, for instance . The result is

o olala s )]

Here the former version, Equation 3.168, is adopted, as it is more intuitive. The potential
advantage of Equation 3.169, that the matrices may be symmetric, is not realized in the present
case, due to gyroscopic terms. In addition, the structural equations are but a part of a larger state-
space.

3.7 Modal Reduction

It is desirable to reduce the number of degrees-of-freedom in the model. One reason is to
increase the computational speed. Even more importantly, limiting the model to the lowest modes
improves the numerical conditioning of the global eigenvalue calculation [11].

Begin with the unconstrained equations of motion, Equation 3.156. These represent a series
of bodies, each of whose position and orientation is determined by a reference node. The elastic
deformation of the body is then measured with respect to the reference node. This arrangement is
ideally suited to independent modal decomposition of each body, using the Craig-Bampton method

([81.[31]).

3.7.1 Mode Shapes for Each Body
For each body, the mass and stiffness sub-matrices, associated with the elastic degrees-of-
freedom, are extracted from the full-body matrices Gf,, + I\7I§ and K® of Equation 3.156. The

reference node degrees-of-freedom are not included in the sub-matrices; in effect, this fixes the
reference node for purposes of calculating the modes.

On the tower, there is no reference node, and the modes are calculated including the soil
stiffness terms. The tower modes are calculated using an augmented mass matrix, where the 6-by-
6 block associated with the node at the yaw bearing is assigned the inertia matrix of the rotor-
nacelle assembly. This gives tower modes which closely approximate the deformed shapes
expected from the full structural model. Without the augmented inertia, the natural bending modes
do not curve enough near the free end; in comparison with the full model, a modal model
employing the first few bending modes cannot represent the internal loads on the tower side of the
yaw bearing. With the augmented inertia, the internal loads are well approximated.

If the input file indicates the appropriate number of modes for the nacelle and driveshaft (8
and 18, respectively), Ritz vectors are used to represent the mode shapes, as described below. If
the input file indicates some other number of modes for the nacelle and driveshaft, then these are
computed using an augmented mass matrix for the master nodes, as in the case of the tower.

In either case, the Ritz or natural modes are computed with fixed X% and Y¢ degrees-of-
freedom at the front bearing. To represent deformation of these two degrees-of-freedom, which are
slaved to the nacelle, the driveshaft contains two additional modes. These are Ritz vectors
computed as in Equation 3.170, with unit forces in the slave degrees-of-freedom.

The blades are represented by natural modes, computed with a fixed pitch bearing.

The above combination of body modes was found to reproduce the natural frequencies,
through at least the first 20 modes of the assembled wind turbine, obtained from the full mass and
stiffness matrices. Also, this combination of body modes reproduced the internal loads of the full
model under various combinations of static loading.

Ritz vectors are obtained by applying unit loads to each of the master degrees-of-freedom,
and solving for the static deformation, following Cook et al. [7], as

Kjoy =1y, (3.170)
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where fi contains a unit value in the appropriate degree-of-freedom and k; is the stiffness sub-
matrix associated with the body (nacelle or driveshaft). In the case of the nacelle, there are six
master degrees-of-freedom at the rear bearing node, and two at the front bearing node. The
driveshaft has 18 master degrees-of-freedom, 6 at each pitch bearing.

Otherwise, the mode shapes for body j are obtained by the eigenvectors of

(k; -o’m;)e; =0, (3.171)
where kj and m; are the sub-matrices for the body's elastic degrees-of-freedom, and ¢ are the

mode shapes. The mode shape vectors are normalized such that the maximum value in each vector
is 1, and expanded with zeros so as to include entries for all the structural degrees-of-freedom,
giving a matrix @.

A reduced list of degrees-of-freedom is defined for each body as

_ T
°=[0}, o5, d° ..], (3.172)
where d represents the modal amplltudes. In the case of the driveshaft, the sequence is modified to
_ T
0°=[... Olyn Ol Wiy (W), d* ..], (3.173)

so as to include the two slave nodes at the front bearing.
The transform between physical and modal degrees-of-freedom is

q° = @g°. (3.174)

3.7.2 Constraint Equations

By Equation 3.174, the variation of the constraint functions, applied to the virtual
displacements, becomes

L*®oq° =0. (3.175)
Thus the matrix L® := L®® can be manipulated in the same manner as L°. The slave degrees-of-

freedom are all separate, not included in the modes, thus it is straightforward to partition Equation
3.175 in the manner of Equation 3.104,

6q, =L 54, (3.176)
where ¢ now includes only the joint rotations and modal amplitudes. The end result is the set of
relations

~ L |
L,d; T=A,a; Ap= L(E - } (3.177)
s0 0

3.7.3 Equations of Motion
Beginning with Equation 3.156, modal reduction is employed, giving

AQ
@' (G +ME)o L2 ¢’ : q

t? dAGE (3.178)

O AFE - @ (GP d? — @' (G? + K®)DAG®.
Then, the constraint relations, Equation 3.177, give the constrained equations of motion,
2 B
Ao (GE + MDA, Aq
(3.179)

— dag®
0

AT®TAF - AT@" (G®

AJ®" (GE + KP)DA AG®.
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The obvious definitions of M, C, K, and F lead to Equation 3.168 in state space form.

3.8 Multi-Blade Coordinates

The multi-blade coordinate transform is employed in the analysis of rotating systems like

helicopters [15] and wind turbines ([3],[11],[25]). It is also known as the Coleman transform, after
Coleman and Feingold [6].

Let some portion of the x, y, and u variables in Equation 1.3 be associated with the three
blades of the wind turbine. That is, such variables appear in triplets (not necessarily consecutively

in the vectors), as [x® X2 xZ]", where the subscript here refers to the blade number. We
define corresponding multi-blade coordinates [x! x? x?]", where X! represents collective
motion, X! represents motion when the blade is oriented along the cosine of the azimuth (the X'

axis), and x! represents motion when the blade is oriented along the sine of the azimuth (the Y
axis). The transforms between the triplets of variables are

X7 Xy
X [=T2 X/ (3.180)
Xg g
where
1 cosy siny
T, =|1 cos(y +27z/3) sin(y +27/3)|, (3.181)
1 cos(y +4x/3) sin(y +4x/3)
w being the azimuth angle of blade 1, and
1 1 1 ]
3 3 3
v B | 2 2 2
Ty =(T))" = gcosy/ Ecos(zp+27z/3) §cos(l//+47r/3) : (3.182)
2 . 2 . 2 .
Esmw §S|n(1/x+27r/3) Esm(z//+47z/3)
The relevant derivatives are i
5 |0 —siny cosy
dT _
5 “ =|0 -sin(y +27/3) cos(y +27/3) (3.183)
o —sin(y +4x/3) cos(y +4x/3)
and
-5 |0 —Ccosy —siny
deT, .
- =|0 —cos(y +27/3) —sin(y +27/3)|. (3.184)

dv 0 —cos(y +4x/3) —sin(y +47x/3)

The transformation of blade variables to multi-blade coordinates has the effect that the state
equations can be written in a form that is only a weak function of y . The equations are evaluated
at a number of values of i, and, subsequent to transformation, the matrices averaged. Stol et al.

[25] have shown that this gives modal dynamics which are close approximations to that obtained
by a more advanced Floquet (periodic-coefficient [15]) analysis.
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The multi-blade transform is akin to the transformation of structural degrees-of-freedom into
mode shapes, in the sense that physical quantities like an [x y z] vector are mapped to a set of
generalized coordinates. Things which are expressed in physical coordinates, like mass, will
appear in the transformed equations in the form

Ty (physical quantity or operation)fo‘” .

This can be interpreted as that the degrees-of-freedom in multi-blade coordinates are transformed
to physical coordinates, fed into the operation conducted in physical coordinates, and then the
result is transformed back to multi-blade coordinates.

The multi-blade transform converts between physical and multi-blade coordinates, which are
in essence aligned with the rotorplane coordinate system. This in turn is aligned with the nacelle
coordinate system, at an offset along the Z" axis of -L4+.? The transform forms a "barrier" between
the physical coordinates on each side. Thus quantities like airfoil forces on the blade (rotating) side
are expressed first in pitch or hub coordinates, by the standard physical coordinate transformations,
and then transformed to multi-blade coordinates for incorporation in the equations of motion. Any
quantity that its associated with each blade has an analogue in multi-blade coordinates. This
includes aerodynamic variables such as the angle-of-attack, lift and drag forces, and so forth.

Only some of the equations of motion — those associated with the blade degrees-of-freedom
— are expressed in multi-blade coordinates. The remaining equations — those associated with the
nonrotating degrees-of-freedom, plus the axisymmetric driveshaft — are expressed in physical
coordinates.

The state equations transform as

7238 wu

v oT?
Ty LT? d;‘t = [TB'”XAT.EX - QTé”XLa—‘”Xj X’ + Ty BT u”, (3.185)
/g

and the output equations

yV =Ty, CT X" + Ty DT U (3.186)
Here a distinction is made between the multi-blade transforms associated with the state (x), input
(u), and output (y) vectors.

Equations 3.185 and 3.186 are not identical to the multi-blade transform of state-space
described by Bir [3], also Johnson [15], who prefer to decompose the states as

X= B} (3.187)
and then make the substitutions
q=T,0",
d_q:i(TB ql//):TB qu/ +QdT'//Bq qy/ and
dt dt* " v dt dy (3.188)
dzq:TB d%q” +zgﬁdqw+g2 o°TE, W+anT;q o
> "% dt? oy dt ol dt oy

giving for the state-space

2 The rotorplane and nacelle coordinate systems are not exactly aligned due to elastic displacements
and rotations of the driveshaft.
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{qu 0 }L{qu 0]d {qq:
B s v
0 Ty | [0 T |dijg

- aTB
B q
0 T 0 Qﬁ 0 o
oq Tv AQaT;q o -L FT0 4o ot o |l (3.189)
L Bg | oy vq 0? wzq+ va oy v
oy dt ow oy
o
+| B BT2 u”.
0 Ty 4
Here the relationship
d
_ql//:ql//
dt

is preserved.
Consider again the transformation of Equation 3.185. For the present illustration, which is
not representative of the entire STAS state space, let the state vector be decomposed in the manner

X { .|j| .

However, the velocity variables are defined so that they transform as
dq dg _ s
V=T —; — =T, V", 3.190
® dt d (3.190)
where V¥ is used to emphasize that this is not the rate of change of q” ; rather, it represents the

velocities of the blade degrees-of-freedom, expressed in multi-blade coordinates. Equation 3.185,
if the state vector is decomposed in this manner, gives

T 0 T 0 ]dfar]_
0 T4l |0 TE |dt|v

T,

i ; 0

™ 0 T 0 d v

- A{ va B:I—QL v i {qw} (3.191)
o Tl o T ate |[|v

dy

+ Ty O BT u”.

o TL|

Either Equation 3.189 or Equation 3.191 is a valid transformation of the state space. STAS
implements Equation 3.191: it makes the transformations to and from multi-blade coordinates
simpler. The full state-space of a wind turbine contains a variety of states, inputs, and outputs
associated with the blades: forces, turbulence, induced velocities, pitch actuator commands, and so
on. Itis desireable from a practical standpoint to be able to transform these in one consistent
operation, on the global state-space.

The distinction between Equations 3.189 and 3.191 may be illustrated with a trivial example.
Let the deflection of a particular triplet of blade degrees-of-freedom vary about the azimuth as
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4, cosy
g, |=|cos(y +2x13) |, (3.192)
s cos(y +4x13)
such that the velocities are
! —siny
% q, |=Q|-sin(y +2x/3)|. (3.193)
0, —sin(y +4x13)
Transforming the deflections gives, for either method,
1 1 1
o 3 3 3 cosy 0
d. gcosz// %cos(y/ +27/3) %cos(z// +47/3) || cos(y +2713) |=| 1| (3.194)
ds _ 5 5 cos(w +4r/3)| |0
3siny 53m(l/l+2ﬂ/3) §Sln(l//+4ﬂ'/3)

It is clear that tht_e time derivative of the multi-blade coordinaté transformed deflections is zero; and
indeed, Bir and Johnson's definition of the transformed velocity gives

0 0 0
qle 2 2 2 cosv
ol % =Q —gsinz// —Esin(z//+2;z/3) —gsin(z//+4zr/3) cos(y + 27 1 3)
qs 9 2 9 cos(y +4n 1 3)
ECOSV/ Ecos(y/+27r/3) §COS(W+4”/3)
1 1 1
3 3 3 ;
) —siny (3.195)
+ Q gcosw gcos(y/+27z/3) gCOS(l//+47Z/3) —sin(y + 27 /3)
9 5 —sin(y + 4z /3)
=siny  =sin(y +27/3) =sin(y +47/3)
|3 3 3 |
0 0
=Q| 0 0.
1-1 0

The simpler definition of the transformed velocity gives
1

1 1 1 |
q G, 3 5 3 5 3 —siny
v’ =T§’E q, |=Q 3008V gcos(z//+27z/3) gcos(z//+47r/3) —sin(y + 27 /3)
Us 2 —sin(y +4x 1 3)
3sinv gsin(z// +27/3) gsin(z// +47/3) (3.196)
0
=Q| 0|
-1

This is understood as the velocities, expressed in multi-blade coordinates; it is not the time
derivative of the multi-blade coordinate deflections. The key point, however, is that Equation
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3.185 also eliminates azimuth-dependence from the equations, and is thus also an effective means
to make the state-space matrices time-invariant.

4 Manipulation and Solution of the State Equations

Equations 3.185 and 3.186 are combined with the aerodynamic state equations into a unified
state space, in the form of Equation 1.3. This is thereafter reduced, via Equation 1.4, to the form of
Equation 1.2. A complete list of states, inputs, and intermediate variables (considered to be
outputs) is given in Section 1.5.

The coupling of the aerodynamic and structural equations is, on the one hand, by way of the
aerodynamic forces on the blade degrees-of-freedom, and on the other hand, by the structural
displacements and velocities of the blade elements, which are fed back to the aerodynamic
equations.

Equation 1.2 can be solved in a variety of ways. For instance, in the time domain, the
equations can be integrated numerically, or a solution can be written as [23]

t
X(t) = exp[LA(t —t,)] x(t,) + j exp[L'A(t—7)] LB u(r) dr. (4.1)
to
In the frequency domain, stability and damping properties can be evalutated and transfer functions
can be computed between quantities of interest.

4.1 Augmenting the State Space

The expansion of the state-space matrices to accommodate other functions, such as controls,
is illustrated by two examples. First, an induction generator response is added to a wind turbine
with a free driveshaft degree-of-freedom. This illustrates how to interface with the applied force
entries in the u vector, and the procedure is applicable to other actuator loads, wave loads, and so
forth. Next, a blade pitch controller is implemented, where the pitch angle degrees-of-freedom are
driven directly. Rather than modelling the actuator forces, which would be identical to the case of
the generator torque, directly driving degrees-of-freedom requires that the state matrices be
restructured.

4.1.1 Generator Torque
In this example we wish to implement the relationship
T= KgQ, 4.2)
where T is the generator torque and Ky is a characteristic stiffness. The torque is defined such that

a positive torque will tend to resist rotation of the driveshaft and rotor. A torque across the air gap
is equivalent to a moment

d(o!

(Md)z :_Kg ( ;:/n)z (43)
applied to the driveshaft reference node, and the reaction
0

MY = T/T] 0 (4.4)

d
K, d(©7y,), /dt
applied to the (0),,), nodal degree-of-freedom on the nacelle master node. The nacelle is not
represented by nodal degrees-of-freedom, these having been transformed to a modal representation,
however the conversion to modal coordinates is contained in the B matrix, derived from Equation
3.179.
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Consider the vectors of nodal forces F® and nodal velocities qu/dt . By adding zeros,

Equations 4.3 and 4.4 can be expanded to fill these vectors, taking the form of a new (or
alternatively augmented) output equation

where C then contains Kq and the transform matrices. The state equation is augmented by
partitioning the columns of B as

L%=AX+B u+B, F®. (4.6)
dt ’ !

Equations 4.5 and 4.6 are reduced to the standard state-space form, by use of Equation 1.4. This
results in redefined state matrices which include the effects of the generator torque response.

4.1.2 Direct Specification of Blade Pitch Angle

Suppose that one wishes to implement a simplified model of blade pitch control, such as that
described by Jonkman et al. [16], which ignores the details of the actuator dynamics, and simply
prescribes a blade pitch angle. This in effect reassigns the blade pitch degrees-of-freedom from
states to inputs. The state equations can then be partitioned like

|:L11 L12:|i|:xlj|=|:All A12:||:X1:|+|:Bl:|ul, (47)
I_21 LZZ dt u2 A21 A22 u2 BZ

resulting in the modified state equation, for frequency-domain analysis, of

dx . u
L”d_tl = A X + [Bl A, - |a)L12]Ll} . (4.8)

2
(Time domain analysis would retain duz/dt as an additional input.) The output equation becomes

y=Cx, +[D Cz]Bl} (4.9)

2

With Equations 4.8 and 4.9 as a starting point, the control is implemented in the manner of Section
4.1.1, albeit with the prescribed pitch angles instead of forces.

4.2 Natural Modes, Damping, and Transfer Functions
To obtain frequency transfer functions, one can substitute
X =X, exp(iot), y =y, exp(iot), and u = u, exp(iot) (4.10)
into Equation 1.2 to obtain
(oL — A)x, =Bu,. (4.11)
Selecting desired inputs by setting elements of U, to one — or, in effect, picking columns of B —
gives transfer functions between these inputs and the states
(oL -A)X, =B. (4.12)
Here X, is solved numerically as a system of linear equations; (iwL — A) is, in the present case,
sparse, while its inverse is nearly full. Transfer functions between outputs and inputs follow from
Y, =CX, +D, (4.13)
where, if only a subset of the transfer functions is desired, Y, C, and D may be reduced by picking
rows, and D again reduced by picking the same columns as B.

Natural modes and damping ratios can be computed by setting the input to zero and solving
Equation 4.11 as an eigenvalue problem
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AX, =ioLX,. (4.14)

5 Verification

Where possible, the simple functions in the STAS program have been double-checked and
verified by hand. The more complex, higher-level calculations are verified by comparison against
other programs.

5.1 Aerodynamics

The aerodynamic modules have been verified by comparison against the nonlinear quasi-
steady BEM method, and nonlinear time-domain simulations using the FAST software [17].

5.1.1 Mean Aerodynamic Loads

The mean aerodynamic loads are computed by a script, called speedyBEM.m, implementing
the quasi-steady blade-element momentum method. This script was derived from the Fortran
subroutine speedyBEM.f90, which was implemented by Merz [20], and extensively validated. As
an illustration, Table 1l compares the rotor power and thrust obtained from speedyBEM.m against
the same values obtained from the BEM method in HAWCStab2, as reported by Bak et al. [2].

The agreement is not perfect, especially at high windspeeds. This is to be expected, as above the
rated windspeed the aerodynamic loads are very sensitive to the blade pitch angle, and details of
the airfoil modelling; a small change in the pitch angle brings the results in line. For instance, at 25
m/s, changing the pitch angle from the nominal 22.98° to 22.63° results in speedyBEM.m output of
10.66 MW power and 576 kN thrust.

Table 11: A comparison of power and thrust obtained from two different BEM analyses.

V.. (m/s) P (W) Fy (N)

speedyBEM Bak eral. speedyBEM Bak eral.
5 8.130E+05  7.991E+05 3.400E+05 3.515E+05
7 2.549E+06 2.506E+06 6.307E+05  6.434E+05
9 5.434E+06 S5.312E+06 9.945E+05 1.009E+06
11 9.921E+06 9.698E+06 1.486E+06 1.507E+06
13 1.047E+07 1.065E+07 1.052E+06 1.082E+06
15 1.018E+07 1.068E+07 8.497E+05 8.908E+05
17 9.891E+06 1.064E+07 7.274E+05 7.740E+05
19 9.736E+06 1.065E+07 6.501E+05 6.984E+05
21 9.583E+06 1.064E+07 5.934E+05 6.421E+05
23 9.426E+06 1.064E+07 5.504E+05 5.998E+05
25 9.230E+06 1.064E+07 5.158E+05 5.672E+05

5.1.2 Fluctuating Aerodynamic Loads

The aerodynamic portion of the STAS linearized state equations was isolated, effectively
making the structure rigid, and deactivating all control actions. The aerodynamic properties were
defined based upon the DTU 10 MW Reference Wind Turbine [2]. Frequency transfer functions
were computed by Equation 4.12; transfer functions were computed for the sensitivity of the axial
and tangential aerodynamic forces, with respect to axial and tangential turbulence, at a radius of
80.8 m (where the blade tip is at a radius of 89.2 m). These are shown as solid lines in Figure 11,
for mean windspeeds of 7, 11, 15, and 19 m/s. The turbine was given a rotational speed and blade
pitch angle corresponding to the nominal operating schedule at each windspeed.
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Using speedyBEM.m, the force/turbulence sensitivities were computed using a two-sided
finite-difference scheme. The speedyBEM.m script performs a quasi-steady analysis, and thus
represents the limit at zero frequency. The results are shown in Figure 11 as white dots, and agree
with the linearized blade-element momentum equations at the zero-frequency limit.

In order to verify the linear model at higher frequencies, nonlinear time-domain simulations
were performed using the FAST/AeroDyn program [17]. AeroDyn, the aerodynamics module,
employs a quasi-steady blade-element momentum method at windspeeds below 8 m/s, and a
generalized dynamic wake (also known as acceleration potential [5]) method at windspeeds above
8 m/s. This latter method solves for the pressure drop across the rotorplane, as a function of radial
and azimuthal coordinates, based upon a linearization of the Euler equations of inviscid fluid flow;
it is thus more advanced (though not necessarily more accurate) than the basic blade-element
momentum analysis.

The FAST/Aerodyn simulations were run with a spatially-uniform, time-varying wind field
input. The wind was given a sinusoidal fluctuation about a mean windspeed. The frequency of the
oscillation was set to 0.005, 0.2, or 1.0 Hz. For each frequency, three simulations were run, with
different amplitudes. The smallest amplitude was set to 1% of the mean windspeed, and represents
a perturbation about the mean value. The next amplitude was set to 10% of the mean windspeed,
which is in the vicinity of the standard deviation due to turbulence. Finally, the amplitude was set
to 50% of the mean windspeed, which represents a severe gust, being more than three standard
deviations above and below the mean.

The results indicate that the linearized state equations give a reasonable estimate of the
fluctuation in aerodynamic forces, even for windspeeds which depart significantly from the point of
linearization. An important caveat is that the comparisons in Figure 11 do not include pitch control
actions, nor the elastic response of the structure.
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Figure 11: The magnitude of the sensitivity of aerodynamic forces (per unit spanwise length) with respect to sinusoidal
fluctuations in the incoming axial and tangential components of the windspeed. Lines show the results for the linearized
state space representation of the aerodynamics in the STAS program. These are compared with a nonlinear quasi-steady
BEM calculation (speedyBEM.m) and, for the axial velocity component, nonlinear time-domain analyses using
FAST/AeroDyn.

5.2 Structural Dynamics

The structural dynamic analysis has been verified by comparing with the Fedem finite
element analysis program, as well as published results obtained with the FAST, Adams, and
HAWCStab2 programs.

5.2.1 Parked Condition

A static analysis was conducted in order to compare the displacements obtained using the
full set of degrees-of-freedom against those obtained with modal reduction. A force of 100 kN in
the Z P direction was applied to each of the three blades at the 6" node from the hub. The modal
analysis employed 20 modes for the tower, 8 for the nacelle, 18 for the driveshaft/hub, and 20 for
each blade. The full model had 575 degrees-of-freedom, while the reduced model had 100.
Displacements were observed to be nearly identical.

Natural frequencies obtained with the present analysis were compared with those from the
Fedem finite-element analysis program, for the DTU 10 MW wind turbine, and from Jonkman et
al. [16], for the NREL 5 MW wind turbine. The results are shown in Table Ill and Table IV. A
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brief description of each mode is given; the higher modes become more complicated and difficult
to identify.

In Table 111, the Fedem and STAS models were nominally of the same turbine geometry, to
the extent that this is specified by Bak et al. [2]. The specification of the foundation was also the
same. However, the models were created independently by different analysts, and no effort was
made to equalize them, for example, by using an identical element distribution. It is suspected that
some of the details of modelling, especially of the driveshaft, monopile, and seabed properties, are
responsible for the observed differences. The same can be said for the comparison in Table IV.
Overall, the results indicate that there are no gross errors in the structural portion of the model.

Black line: undeformed
Gray nodes: full DOFs
Gray line: modal DOFs 0.4
e  Full DOFs
Displacements magnified x 20 Modal DOFs o
035 .t
L ]
L ]
0.3 $
-
E -
— 025 5
) .
0.2 :
0.15 s *
(F)7= 100 kN
0.1
110 120 130 140 150 160 170 180 190

: z (m)

Figure 12: A comparison of full and reduced models under static thrust loading of the rotor. At left: the (exaggerated)
displaced shape relative to the undeformed position, looking at the turbine from the side. At right: a plot of blade 2
flapwise displacements (relative to the global coordinate system, and with blade pitch set to zero) versus z° coordinate;
the location of the applied load is shown.

Table 111: A comparion of natural frequencies obtained with the present program, with full and reduced degrees-of-
freedom, with those from the Fedem finite element program. Results for Fedem and the present analysis were obtained
for the DTU 10 MW wind turbine, installed atop an offshore monopile foundation in 30 m water depth. Selected
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frequencies, published by DTU for a land-based turbine, are also shown. Fedem results courtesy of L. Eliassen, NTNU.

19
20

Table IV: A comparison of natural frequencies obtained with the present program against those published by Jonkman et

Fedem
0.212
0.212

0.582
0.604
0.634
0.952
0.962
1.003
1.077
1.519
1.730
1.820
2.337
2.605
2.734
2.961
3.016
3.060
3.665

S (Hz)
DTU Full DOFs
0.237
0.238
0.502 0.504
0.547 0.562
0.590 0.584
0.634 0.632
0.922 0.909
0.936 0.913
0.959
0.989
1.376 1.477
1.550 1.615
1.763 1.810
2.068
2.538
2.590
2.875
2.897
3.006
3.328

al. [16] for the NREL 5 MW wind turbine.

S0 ~1 O L s W =

e e et
W D = o D

FAST
0.324
0.312
0.621
0.666
0.668
0.699
1.079
1.090
1.934
1.922
2.021
2.900
2.936

/ (iz)

ADAMS
0319
0.316
0.609
0.630
0.669
0.702
1.074
1.088
1.651
1.856
1.960
2.859
2.941

(Present)
0.304
0.301
0.617
0.643
0.675
0.723
1.112
1.128
1.736
1.857
2.052
2.721
2.703

5.2.2 Operating Conditions

Analysis under operating conditions includes the coupling between aerodynamic and
structural loads, as well as the multi-blade coordinate transformation, and is therefore far more

Modal DOFs Description

0.237
0.238
0.505
0.562
0.584
0.632
0.909
0.913
0.959
0.988
1.477
1.615
1.810
2.068
2.540
2.592
2.879
2.900
3.008
3.368

Description

1st tower side-to-side

1st tower fore-aft

Ist driveshaft torsion

1st rotor flapwise yaw

1st rotor flapwise tilt

1st rotor collective flapwise

1st rotor asymmetric edgewise 1
1st rotor asymmetric edgewise 2
2nd tower fore-aft/rotor tilt

2nd tower side-to-side

2nd rotor flapwise yaw

2nd rotor flapwise tilt

2nd rotor collective flapwise
Rotor edgewise

Rotor flapwise

Rotor flapwise/edgewise

3rd rotor asymmetric edgewise
Rotor flapwise/edgewise

3rd rotor flapwise tilt

3rd tower fore-aft/rotor flapwise

1st tower fore-aft

1st tower side-to-side

1st driveshaft torsion

Ist rotor flapwise yaw

Ist rotor flapwise tilt

Ist rotor collective flapwise

Ist rotor asymmetric edgewise |

Ist rotor asymmetric edgewise 2

2nd rotor flapwise yaw

2nd rotor flapwise tilt

2nd rotor collective flapwise

2nd tower fore-aft/rotor tilt

2nd tower side-to-side/rotor edgewise

demanding than analysis under parked conditions.
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Table V lists the natural frequencies and damping ratios of the NREL 5 MW wind turbine,
when rotating at its operating speed, at a windspeed of 19 m/s. The values are open-loop, including
no generator torque or blade pitch response. The windspeed of 19 m/s was chosen as this is
directly between the operating conditions for which Stol [25] and Sgnderby [26] reported natural
frequencies and damping ratios.

Table V: A comparison of natural frequencies and damping ratios while operating at a high windspeed. Results are
shown with and without the gyroscopic and centrifugal terms in the equations of motion. The calculations are performed
"open-loop", that is, with no control system, a free driveshaft, and locked pitch and yaw bearings. The damping of
driveshaft torsion is low, as the present model does not consider the rather high damping associated with a geared
drivetrain; in reality this mode will be even more highly damped by the generator torque. (*) The specification of the
NREL 5 MW turbine does not include the bending properties of the driveshaft. The present driveshaft was given
reasonable dimensions, but these should not be interpreted as final values for the driveshaft modes.

[/ (Hz) ¢
Senderby  Stol  (Present) No Ge,Gk |Senderby  Stol  (Present) No Ge,Gk |Description
(20m/s) (18 m/s) (19 m/s) (19 m/s)
1 0.320 0.320 0.308 0.307 0.006 0.006 0.010 0.008 |Tower side-to-side
2 0.330 0.330 0.312 0.312 0.080 0.081 0.099 0.101 |Tower fore-aft
3 0.630 0.290 0.798 0.804 0.800 0.873 0.825 0.824 | 1st rotor flapwise regressive
4 0.800 0.880 0.908 0.925 0.006 0.013 0.013 0.012 |1st rotor edgewise regressive
5 0.840 0.520 1.001 1.003 0.714 0.702 0.761 0.761 |1st rotor flapwise collective

6 1.010 0.700 1.202 1.189 0.652 0.607 0.693 0.694 |1st rotor flapwise progressive
7 1.200 1.150 1.284 1.303 0.008 0.009 0.015 0.012 |1st rotor edgewise progressive
8 1.530 1.720 1.678 1.668 0.217 0.217 0.267 0.260 |2nd rotor flapwise regressive

9 1.620 1.680 1.710 1.721 0.031 0.025 0.007 0.006 |First driveshaft torsion (free-free)
10 1.940 2.120 1.939 1.986 0.163 0.174 0.203 0.222  |2nd rotor flapwise progressive
11 1.930 2.000 2.086 2.086 0.166 0.178 0.212 0.212  |2nd rotor flapwise collective
12 2.216 2.222 0.048 0.048 |Driveshaft bending (*)
13 2.217 2,222 0.048 0.048 |Driveshaft bending (*)
14 2.620 2.890 2.711 2.709 0.021 0.019 0.039 0.022  |2nd tower fore-aft
15 2.850 2.940 2.729 2.737 0.006 0.012 0.019 0.026 |2nd tower side-to-side
16 2.730 3.222 3.230 0.039 0.019 0.018 |2nd driveshaft torsion
17 2.750 6.080 3.676 3.700 0.037 0.045 0.038 0.036 |1st tower yaw

It is observed that the centrifugal and gyroscopic terms make little contribution to the
response. (The effects of centrifugal stiffening are included in both cases.)

Figure 13 shows the open-loop transfer function between the collective rotor-average
windspeed and the driveshaft rotational speed. This was obtained by setting the collective
amplitudes (in multi-blade coordinates) of u, velocity inputs to 1, at all the blade elements. Two
sets of results were generated: one using the baseline structural damping expected for a gearless
drivetrain, and the other using a weak induction-generator-type reaction of the driveshaft torsion, to
match the damping of the first torsional mode assumed by Sgnderby [26]. The equivalent transfer
function obtained by Sgnderby, using the HAWCStab2 program, is also shown. The transfer
function matches closely in the range between 0.25 Hz and 1.75 Hz. Above this frequency, the
results diverge due to differences in the driveshaft model, as evident in the different frequencies
obtained for the second driveshaft torsional mode. (The specification of the NREL 5 MW turbine,
Jonkman et al. [16], does not include the driveshaft design, so it is not surprising that different
modelling assumptions were made.) Differences in the low-frequency response approaching 0 Hz
are also evident. The reason for the discrepancy at low frequencies is not known; it was found not
to be related to the model of dynamic inflow, nor is it related to the gyroscopic or centrifugal terms.
It is noted that a linear model might not give meaningful results for the open-loop response of a
rotor to low-frequency fluctuations in the wind, which could lead to large variations in speed. In
reality, the generator torque response would govern the dynamics at low frequencies.
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Figure 13: The open-loop transfer function between collective rotor-average windspeed and driveshaft speed, compared
with values from the HAWCStab2 program, published by Sgnderby [26]. Upper row: windspeed of 14 m/s, lower row:
windspeed of 20 m/s. NREL 5 MW turbine. Results are shown for the baseline damping, representative of a direct-drive
generator, and a damping value which approximates that used by Sgnderby for the first drivetrain torsion mode.

6 Conclusions

A set of Matlab/Octave scripts have been developed, which output the state matrices
describing a linear aeroelastic model of an offshore wind turbine. The model is open-loop;
controls, actuator models, and environmental loads can be added by augmenting the given matrices.

The model has been verified by comparing natural frequencies, damping ratios, and

frequency transfer functions against results obtained from other programs. It appears to give

adequate results for the design and analysis of control systems for offshore wind turbines. The
model is intended to be incorporated into the STAS wind power plant analysis program, as the
basis for evaluating the turbines' dynamic response under actions of the local and supervisory

control systems.

In future work, the model could be improved in several ways. To increase the speed of
computation, the aerodynamic modes could be reduced, following Segnderby [26]. Center-of-
gravity and shear-center effects could be accounted for in the blade element cross-sections, which
would allow the model to be used to predict flutter instability. The present model is fully linear; if
combined with a nonlinear quasi-static solution, the model could be linearized about the deformed
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position of the turbine structures. There is a need to develop a version of the multi-blade
coordinate transform that can account for a first-order perturbation or a stochastic fluctuation in the
rotational speed. The response at low frequencies should be verified against nonlinear time-domain

simulations. Finally, the computation of the G, and G, terms should be revisited, as it was
observed that many of these evaluate to zero, and thus could be eliminated from the computation.
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