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Abstract—In this paper, backstepping is applied as a first step
of modulation control in the abc reference frame for modular
multilevel converters (MMCs). In the second step, reduced
indirect FCS-MPC is applied where the number of inserted
modules are allowed to change by maximum one from the
rounded result of the continuous outcome from backstepping.
The backstepping method uses the ac-side current, differential
current and summation of capacitor voltages in one arm as the
state variables to form the Lyapunov functions. An established
bilinear model of MMCs is used in the proposed design. The pro-
posed approach offers similar dynamic performance as the full
indirect FCS-MPC, at a much lower computational burden. The
performance of the proposed method is validated by simulation.

Index Terms—backstepping, differential current, model pre-
dictive control, modular multilevel converter (MMC), capacitor
voltage balancing, Lyapunov stability

I. INTRODUCTION

Modular multilevel converters (MMCs) are becoming the
dominant technology for high voltage direct current (HVDC)
transmission systems [1]. This is due to their excellent features
in terms of scalability and applicability to high voltage systems
resulting from their modular nature that enables them to attain
any number of voltage levels. The higher number of voltage
levels also allows for reduced filtering requirements. Moreover,
MMCs offer redundancy i.e. faulty submodules (SMs) can be
easily bypassed.

The control of MMCs is complex due to the non-linearities
and the multi-input multi-output (MIMO) nature of the re-
sulting system. The control strategy for MMCs has to meet
multiple objectives i.e. control of the output current, the
circulating currents and balancing of SM capacitor voltages.
In the literature, many control techniques have been proposed
for MMCs [2]–[4]. These methods include linear as well
as non-linear controllers. However, with increasing research
activities on non-linear methods, specific challenges of appli-
cation to MMCs are now being considered, for instance model
predictive control [4], sliding mode control [6], feedback
linearization [7] and backstepping [8]–[10].

Model predictive control (MPC) is an effective technique to
address the MIMO nature and non-linearities of the system.
In power converters, usually finite control set model predictive
control (FCS-MPC) is used. However, for MMCs the compu-
tational complexity of FCS-MPC is very high due to the high
sampling rates and large number of SMs per arm. Therefore,

significant efforts are being done to reduce the computational
complexity of MPC [11]–[15]. However, these approaches ei-
ther suffer from slow dynamic performance or or impose very
high computational requirements when the number of SMs per
arm are high. The sliding mode control suffers from chattering
problem while feedback linearization often cancels out useful
non-linearities [16]. Among the mentioned techniques, only
backstepping does not suffer from aforementioned problems.
However, the backstepping control used in [8] studies only the
inverter operation of MMC. Moreover, a separate modulation
stage is required. The backstepping controller in [9], [10]
works in the αβ reference frame and the dq reference frame
respectively which does not directly allow for controlling each
phase independently.

In this work, backstepping is applied as a first step of modu-
lation control for modular multilevel converters (MMCs). The
solution obtained from backstepping is continuous, however,
the voltage level can only be discrete for MMC. Therefore,
the solution is rounded off to the nearest integer. In the next
step, reduced indirect FCS-MPC is applied where the number
of inserted SMs are allowed to change by a maximum of
one from the rounded result obtained by backstepping. Each
option as a result of this change is evaluated by a predefined
cost function and the option which gives the minimal cost
is then selected for the generation of MMC arm voltage
outputs. The proposed work offers high dynamic performance
at a low computational burden by combining the benefits of
backstepping and reduced indirect FCS-MPC.

The rest of the paper is organized as follows. The modeling
and operation of the MMC is presented in Section II. The
proposed method is discussed in Section III. Furthermore, for
performance validation of the proposed method, simulation
results are presented in Section IV.

II. MODEL OF THE MMC

The model applied in this paper is developed from [18].
The configuration of the three-phase MMC system used in
this paper is shown in Fig. 1. The MMC consists of two
identical arms i.e. an upper arm and a lower arm in each
phase which are connected to the positive and negative dc
terminal, respectively. The subscripts u and l are used for
upper and lower arm respectively. Each arm consist of N
half-bridge submodules (SM), an inductor and a resistor. The
arm resistance models the losses of the MMC and the arm



Fig. 1. Circuit Diagram of MMC

inductor is used for limiting the harmonics and fault currents.
The switching states of S1 and S2 determine the voltage
level for each SM. The voltage level can be i.e. 0 or vCmi,j

where the index m = u, l identifies the upper or lower arm,
i = 1, 2, . . . , N identifies the individual sub-module within
the arm, and j = a, b, c identifies the phase.
The mathematical model of the MMC shown in Fig 1, can be
expressed as according to Kirchoff’s voltage law:

Vdc
2
−vu,j−Riu,j−L

div,j
dt

+Rciv,j+Lc
div,j
dt
−vf = 0 (1)

Vdc
2
− vl,j −Ril,j −L

dil,j
dt
−Rciv,j −Lc

div,j
dt

+ vf = 0 (2)

where vu,j and vl,j represent the upper and lower arm voltages
of phase j, iu,j and il,j represent the upper and lower arm
currents of phase j, iv,j is the ac-side current, Vdc is the
dc-side voltage, vf is the grid side voltage, R is the arm
resistance, L is the arm inductance, Rc and LC are the
equivalent grid side resistance and inductance, respectively.

The ac-side current, arm currents and differential currents
are given by:

iv,j = il,j − iu,j (3)

iu,j = −
iv,j
2

+
idiffj
2

(4)

il,j =
iv,j
2

+
idiffj
2

(5)

where idiffj is the differential current which flows through
each of the three phases of the MMC.

By subtracting (1) and (2) and using (3) the dynamic
equation for ac-side current is obtained as:

div,j
dt

=
−(R+ 2Rc)

L+ 2Lc
iv,j +

vu,j − vl,j
L+ 2Lc

+
2vf,j

L+ 2Lc
(6)

Similarly, by adding (1) and (2) and using (4) and (5), the
dynamic equation for the differential current is obtained as:

didiff,j
dt

=
−R
L
idiff,j −

1

2L
(vu,j + vl,j) +

1

2L
Vdc (7)

The arm voltages vu,j and vl,j depend on the number of
SMs inserted in that arm. Assuming that SM capacitor voltages
are well balanced at their reference values, the arm voltages
can be expressed as:

vu,j ≈
nu,j
N

vΣ
u,j (8)

vl,j ≈
nl,j
N

vΣ
l,j (9)

where nu,j and nl,j are the insertion indices i.e. number of
SMs to be inserted in upper and lower arm respectively and
vΣ
u,j and vΣ

l,j are the summation of all capacitor voltages in
the upper and lower arm respectively.
The dynamics of the total arm capacitor voltages can be
expressed as:

dvΣ
m,j

dt
=

im,j

Ce
m,j

=
nm,jim,j

C
(10)

where Ce
m,j is the equivalent arm capacitance of inserted

SMs in arm m. Now equations (4) and (5) can be substituted
into (10) to give the following dynamic equations for total arm
capacitor voltages of both arms:

dvΣ
u,j

dt
= −nu,jiv,j

2C
+
nu,jidiff,j

C
(11a)

dvΣ
l,j

dt
=
nl,jiv,j
2C

+
nl,jidiff,j

C
(11b)

Using the definition of vu,j and vl,j from (8) and (9) into
(6) and (7) the dynamic equations for ac-side current and
differential current are modified as:

div,j
dt

=
−(R+ 2Rc)

L+ 2Lc
iv,j +

nu,jv
Σ
u,j − nl,jvΣ

l,j

N(L+ 2Lc)
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2vf,j
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(12a)
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dt
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−R
L
idiff,j −

(nu,jv
Σ
u,j + nl,jv

Σ
l,j)

2NL
+
Vdc
2L

(12b)

Using (11) and (12) the state space equation for one
phase/leg of the three phase MMC is shown by (13)

ẋ(t) = Ax(t) +

2∑
i=1

(Bixui) + d(t) (13)

where x = [iv,j , idiff,j , v
Σ
u,j , v

Σ
l,j ]

T is the state vector,
u = [u1u2]

T = [nu,jnl,j ]
T is the input vector, d(t) is the

disturbance and
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2NL
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1
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d(t) =


2vf,j(t)

(L+ 2Lc)
Vdc(t)

2L
0
0


Equation (13) shows that the MMC is a bilinear system with

multiple inputs and outputs.

III. PROPOSED CONTROL METHOD FOR THE MMC

A. Backstepping Design

In this work, the ac-side current iv,j , differential current
idiff,j , summation of upper and lower arm capacitor voltages
vΣ
u,j , v

Σ
l,j are used as the state variables. Then based on these

state variables, the error variables for backstepping are given
as follows:

e1 = idiffref,j − idiff,j (14)

e2 = Vdc,ref − vΣ
u,j (15)

e3 = Vdc,ref − vΣ
l,j (16)

e4 = ivref,j − iv,j (17)

Based on above errors, the following four Lyapunov func-
tions (LF) were formed for backstepping design:

V1 =
1

2
e2

1 (18)

V2 = V1 +
1

2
e2

2 (19)

V3 = V2 +
1

2
e2

3 (20)

V4 = V3 +
1

2
e2

4 (21)

Before proceeding with backstepping design, it is noted that
the reference for summation voltages are constant. Moreover,

the reference for differential current is also constant for a fixed
power. Therefore, their derivatives would be zero in steady
state. Only the reference of ac-side current would be varying
and its derivative would exist.

It can be observed that the LFs are positive in (18-21).
Based on Lyapunov theory, the time-based derivative of these
functions must be negative. Using (11) and (12) and taking
derivatives of the LFs the following expressions are obtained:

V̇1 = e1(
R

L
idiff,j +

(nu,jv
Σ
u,j + nl,jv

Σ
l,j)

2NL
− Vdc

2L
) (22)

V̇2 = e2(
nu,jiv,j
2C

− nu,jidiff,j
C

) + V̇1 (23)

V̇3 = e3(−
nl,jiv,j
2C

− nl,jidiff,j
C

) + V̇2 (24)

V̇4 = e4(i̇vref,j +
(R+ 2Rc)

L+ 2Lc
iv,j −

nu,jv
Σ
u,j − nl,jvΣ

l,j

N(L+ 2Lc)

− 2vf,j
L+ 2Lc

) + V̇3 (25)

The LF in (25) includes the effect of all the LFs. Therefore,
ensuring negativity of (25) would guarantee that the system is
indeed stable. So, the designed controller should ensure that
V̇4 is negative.

It is noted that there are two control inputs for each phase
of the MMC i.e. nu,j and nl,j for each arm. However, there
is only one equation i.e. (25), therefore a relation between
these two controllers is required to proceed further with the
design. In [17] different control choices for these controllers
are shown. In this work, the following relation between the
two controllers is utilized.

nu,j = N − nl,j (26)

It is noted here, that (26) may not result in optimal per-
formance of the MMC. This is because (26) is the ideal case
for continuous approximation of insertion indices and does
not consider the need for controlling the differential current.
Therefore, an idea from indirect FCS-MPC is presented later
to deal with this. By using (26) in (25) and after some
simplification the following expression is achieved.

V̇4 = nu,jH +
e1v

Σ
l,j

2L
+ e3N(

−iv,j
2C

− idiff,j
C

) +
e4v

Σ
l,j

L+ 2Lc

+e1(
R

L
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Vdc
2L

)+e4(i̇vref,j+
(R+ 2Rc)

L+ 2Lc
iv,j−

2vf,j
L+ 2Lc

)

(27)

where

H =
e1v

Σ
u,j

2NL
+ e2(

iv,j
2C
− idiff,j

C
)−

e4v
Σ
u,j

N(L+ 2Lc)

−
e1v

Σ
l,j

2NL
− e3(

−iv,j
2C

− idiff,j
C

)−
e4v

Σ
l,j
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(28)



So, now the control law nu,j that will guarantee system
stability and negative time derivative of the LF is selected
as:

nu,j =
1

H
(−
e1v

Σ
l,j

2L
− e3N(

−iv,j
2C

− idiff,j
C

)−
e4v

Σ
l,j

L+ 2Lc

−e1(
R

L
idiff,j−

Vdc
2L

)−e4(i̇vref,j+
(R+ 2Rc)

L+ 2Lc
iv,j−

2vf,j
L+ 2Lc

)

− c1e2
1 − c2e2

2 − c3e2
3 − c4e2

4) (29)

The above control law will give the following expression:

V̇4 = −c1e2
1 − c2e2

2 − c3e2
3 − c4e2

4 (30)

Therefore, to ensure that (30) is negative all the coefficients
ci must be positive. These coefficients can also impact the
control design. In this work, no specific criteria is used to
determine them. However, it was noted that by increasing the
values of these coefficients (up to a certain limit) the errors
were reduced. In this paper, all coefficients are kept equal to
a value of 250 as increasing beyond this value resulted in
increase in the errors. It is also noted that if the expression H
results in a very small number then there is a possibility of
using excessively large control inputs. On analyzing H , it is
noted that only e4 terms will have significant contribution.
Therefore, whenever the absolute value of e4 is small, its
absolute value is increased by 1 or -1 depending on the
sign of e4, to avoid excessively large input values. It is also
worth mentioning here that the above design can be simplified
further by only considering e1 and e4 and setting e2, e3 equal
to zero. This can be seen from (11) where the summation
voltages are depending on the other two state variables and
control input. Therefore, if the other two state variables are
well regulated then summation voltages should automatically
regulate themselves. The same is done in this paper. This
simplifies (29) significantly.

The controllers returned by above design would be con-
tinuous. However, the voltage levels of the MMC can only
be discrete. Therefore, the above solutions are rounded off
to the nearest integer. Then (26) can be utilized to find the
other controller. However, as previously mentioned, (26) will
not necessarily result in optimal performance. Thus, the idea
from indirect FCS-MPC is utilized.

B. FCS-MPC

In FCS-MPC, all possible switching combinations of the
power converter are used to evaluate a predefined cost func-
tion. The switching combination that minimizes this cost
function is then applied to the power converter over the next
sampling interval [5]. In this work, the idea from indirect FCS-
MPC is utilized where the optimized voltage level is used
to minimize the cost function instead of optimum switching
combination [5]. However, instead of considering all the
possible voltage levels only the voltage levels in the vicinity
of inputs returned by backstepping controllers are considered.
This vicinity is limited to a maximum change of 1 as in [5].
This results in a total of 9 options in each time step. The

Fig. 2. Block diagram for Proposed Method

TABLE I
COMPARISON OF DIFFERENT FCS-MPC STRATEGIES

Methodology
(N=20) Comparison

No. of Control Options
p=3

No. of FLOPS
p=1

Elapsed Time
(ms) p=1

Full Indirect
FCS-MPC 85,766,121 55,338 6.7

Reduced Indirect
FCS-MPC 729 1242 3.4

Modified Reduced
Indirect FCS-MPC 2025 3450 3.8

Proposed 729 1413 3.5

comparison of different approaches for a prediction horizon
(indicated by p) for an MMC with 20 SMs per arm is shown
in Table-I. It is noted that the elapsed time was calculated
using MATLAB R2019b on Intelr Core i7, 3.20 GHz, with 16
GB RAM. Therefore, the computation times would be lower
for all cases with efficient implementation on a dedicated real
time platform (without much of the overhead of the operating
system on a general purpose computer). It can be seen that the
proposed approach has much lower computational burden as
compared to full indirect FCS-MPC and similar computational
complexity as reduced indirect FCS-MPC. However, the pro-
posed method has similar dynamic performance as full indirect
FCS-MPC which will be demonstrated by simulation results.
It is further noted that the proposed approach is relatively
insensitive to the number of SMs per arm. For MMCs with
a large number of SMs, reduced indirect FCS-MPC and it’s
variants would require considering more levels in the first step
for better dynamic response [18], leading to corresponding
increase in calculation requirements.



Fig. 3. Control Block Diagram of MMC

The cost function utilized for this purpose is given as
follows:

Jj = λ1|iv,j,ref − iv,j |+ λ2|idiff,ref − idiff,j | (31)

where λ1 = 1 and λ2 = 0.5.
The flowchart for the proposed approach is shown in fig. 2

where (13) is discretized using forward Euler approximation.
The reference for differential current, summation voltages

and ac-side current are as in [18] and the conventional sorting
algorithm is used for SM capacitor voltage balancing task as
in [18]. However, for the sake of completeness the references
selection is repeated here. The power equations in the dq frame
are used to obtain the reference value for the ac-side current
as follows:

id =
2

3

Pvd +Qvq
v2
d + v2

q

(32a)

iq =
2

3

Pvq −Qvd
v2
d + v2

q

(32b)

Then by dq to abc transformation, the abc frame reference
current can be obtained. The reference for the differential
current is given as:

Idc,ref = − P

Vdc,ref
, Idiff,ref = −Idc,ref

3
(33)

However, it is noted here that differential current reference
needs to be adjusted to regulate the summation voltages [1].

IV. SIMULATION RESULTS

The block diagram for calculation of insertion indices
through the proposed methodology is shown in Fig. 3. The
scenario used for simulation is such that, at t=0s the reference
values of active and reactive power are set to 25 MW and
0 MVar , respectively and at t = 0.12s a real power reversal
command is applied by changing active power set point to −25

MW. The parameters used for simulation are summarized in
Table-II.

TABLE II
SIMULATION PARAMETERS

Parameter Value
MMC nominal power (base power) 50 MVA
AC system nominal voltage (base voltage) 138 kV
Short circuit ratio at PCC 5
AC source inductance (Ls) 150 mH
Nominal frequency 60 Hz
Arm inductance (L) 7 mH
Arm resistance (R) 1Ω
Submodule capacitance (C) 14000µF
Transformer voltage rating (T) 138 kV / 30 kV
Transformer power rating 55 MVA
Transformer inductance 0.05 pu
Transformer resistance 0.01 pu
Grid side converter inductance (Lc) 5 mH
Grid side converter resistance (Rc) 0.03Ω
DC side reference voltage 60 kV
Number of SMs per arm (N) 20
Sampling time (Ts) 100µs

Figure 4 shows the performance of all the state variables
being controlled by the proposed method under active power
reversal command. In Fig. 4(a) the changes in the active and
reactive power are shown. In Fig. 4(b) the phase-a current is
shown. It can be observed that the dynamic response is very
good. The differential current performance of phase a is shown
in Fig. 4(c) which shows that it tracks it’s reference both in
steady-state as well as in transient state. The summation of
capacitor voltages in the upper arm of phase a are depicted in
Fig. 4(d). It can be seen that the average value of summation
voltages is around their reference.

In fig. 5, the d-axis current component of the ac-side current
is shown where dynamic response of the proposed method is
compared with three other strategies i.e., reduced indirect FCS-



MPC [5], full indirect FCS-MPC [5] and modified reduced
indirect FCS-MPC [18]. This validates the superior dynamic
performance of proposed method in comparison to the reduced
indirect FCS-MPC in [6] and shows nearly the same dynamic
performance to full and modified indirect FCS-MPC at a much
lower computational complexity.

Fig. 5. Comparison of Results for d-axis component of ac-side current

V. CONCLUSION

In this work, a method based on combination of backstep-
ping and reduced indirect FCS-MPC is proposed for MMC.
In the proposed strategy, the number of inserted SMs are
allowed a maximum change of one from the rounded off
result obtained from backstepping. A single cost function per
phase was designed to select the optimal insertion index of
each arm in order to minimize the error in ac-side current
tracking and to minimize the ac-component of differential cur-
rent. The conventional sorting algorithm was used to perform
the voltage balancing task. Simulations demonstrate that the
proposed method gives a very good steady-state and dynamic
performance. Moreover, as compared to conventional FCS-
MPC techniques the computational burden of proposed method
is significantly reduced and is relatively independent of nunber
of SMs/arm, while offering comparable dynamic response.
This allows the proposed method to be used with an extended
prediction horizon.
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