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PREFACE  

This book contains all manuscripts approved by the reviewers and the organizing committee of the 

12th International Conference on Computational Fluid Dynamics  in the Oil & Gas, Metallurgical and 

Process Industries. The conference was hosted by SINTEF in Trondheim in May/June 2017 and is also 

known as CFD2017 for short. The conference series was initiated by CSIRO and Phil Schwarz in 1997. 

So far the conference has been alternating between CSIRO  in Melbourne and SINTEF  in Trondheim. 

The conferences  focuses on  the application of CFD  in  the oil and gas  industries, metal production, 

mineral processing, power generation, chemicals and other process industries. In addition pragmatic 

modelling  concepts  and  bio‐mechanical  applications  have  become  an  important  part  of  the 

conference. The papers in this book demonstrate the current progress in applied CFD.  

The conference papers undergo a review process involving two experts. Only papers accepted by the 

reviewers  are  included  in  the  proceedings.  108  contributions were  presented  at  the  conference 

together with  six  keynote presentations. A majority of  these  contributions  are presented by  their 

manuscript in this collection (a few were granted to present without an accompanying manuscript).  

The organizing committee would like to thank everyone who has helped with review of manuscripts, 

all  those who  helped  to  promote  the  conference  and  all  authors who  have  submitted  scientific 

contributions. We are also grateful for the support from the conference sponsors: ANSYS, SFI Metal 

Production and NanoSim. 

Stein Tore Johansen & Jan Erik Olsen 
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ABSTRACT
In order to simulate the separation efficiency of gas scrubbers, we
have formulated and implemented a version of the Single-Particle
Method. The method is suitable for CFD simulations of gas-droplet
flows, and is based on using Lagrangian tracking of droplets. An
implementation of the method has been made in a commercial CFD
tool. The methodology and the CFD implementation have been val-
idated against analytical results in the literature.

Keywords: CFD; fluid mechanics; two-phase; multi-phase;
droplets; population balance .

NOMENCLATURE

Greek Symbols

β Under-relaxation factor for mass field, [-]
β(v|v′) Mass distribution, daughter droplets in breakup, [m−3]
Γ Breakup rate, [s−1]
δ Typical cell dimension, [m]
ε Turbulent dissipation rate, [W/kg]
λ Replacement rate constant for field particles, [1/s]
ξ Random number or process [−]
ρliq Liquid density, [kg/m3]
τ Residence time for droplet, [s]
ϕi Concentration of field particles, [kg/m3]
φ Particle field, [kg/m3.m3]
χ Coalescence rate, [s−1]

Latin Symbols

d Droplet diameter, [m]
F Cumulative size distribution, [-]
K Coalescence kernel, [m3/s]
k Turbulent kinetic energy, [m2/s2]
kb Parameter in Case 1 and 3, [s−1]
LE Turbulent correlation length, [m]
m(v) Size distribution on mass basis, [kg/m3.m3]
ṁ Mass flow rate of droplets, [kg/s]
M̃ Temporary field, [kg/cell]
M Mass of droplets in cell, [kg/cell]

N Number of field particles in cell, [-]
S Source term in population balance, [kg/m3.m3.s]
t Time, [s]
∆t Time step, [s]
TL Lagrangian time scale of turbulence, [s]
u Velocity in pop. balance, [m/s]
ufluid Velocity of continuous fluid, [m/s]
v Droplet volume (size), [m3]
Vcell Volume of Finite Volume cell, [m3]
x Position in space, [m]
yi Volume (size) of field particle ’i’, [m3]

INTRODUCTION

In many gas-liquid separation applications the separation ef-
ficiency is critically dependent on the particle size of the dis-
persed phase. Frequently, the use of an average particle size
is sufficient for fluid flow simulations. However, there are a
number of applications where one should consider the com-
plete particle size distribution. The motivation for the work
in this paper stems from high pressure gas-liquid separation
(scrubbers) where there is a small amount of low surface ten-
sion liquid in a gas flow. However, most of the methodology
is directly applicable to general multiphase flows as well as
population balances occurring in Chemical Engineering ap-
plications, such as crystallizers.

The most important phenomena in scrubber applications are
droplet coalescence, droplet breakup, droplet deposition on
walls and entrainment of droplets from walls. The methodol-
ogy in this paper is applicable to these, allowing a user to pre-
dict the performance of coalescence and breakup kernels and
compare the predictions to experimental data. Actual physi-
cal models and validation against high pressure data will be a
topic for a subsequent paper. Thus, in this paper we consider
a droplet population balance with coalescence and breakup
and show how it can be solved for arbitrary kernels.

There are a number of possible strategies for population bal-
ance simulations. One approach is to apply a quadrature
rule to the integrals occurring in the population balance and
track information in an Eulerian fashion. Among such meth-
ods are the Method of Classes (Ramkrishna, 2000); Galerkin
methods; the method of Least Squares (Jiang, 1998; Dorao
and Jakobsen, 2005); Orthogonal Collocation techniques and
moment methods (McGraw, 1997). See also Morud (2011),
Attarakih et al. (2004) and Attarakih et al. (2009).
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Another way is by treating the dispersed phase as Lagrangian
particles and track them throughout the flow field. The La-
grangian approach is particularly simple to implement for
breakup dominated flows, as long as breakup events involve
only the breaking particle and not the interaction between
particles. Also aggregation events can be handled by count-
ing and computing particle statistics in the numerical mesh
(Haviland and Lavin, 1962).

In this paper we present a Lagrangian method based on the
Single-Particle method of Vikhansky and Kraft (2005) to-
gether with the steady state Discrete-Particle-Method (DPM)
in ANSYS FLUENT v13.0.0.

The paper is organized as follows: First the concept for han-
dling coalescence by means of field particles is explained
in an Eulerian framework. Then the Lagrangian formula-
tion is described, explaining how to handle coalescence and
breakup in the steady state DPM model. The methodology
is validated against analytical solutions in the literature. Fi-
nally, we demonstrate our CFD implementation using a sim-
ple test example.

MODEL DEVELOPMENT

We use a simple Eulerian population balance as a point of
departure for the formulation of our Lagrangian model. In
this manner the relation between source terms in the two for-
mulations become apparent, allowing us to translate coales-
cence and breakup kernels from an Eulerian model into the
Lagrangian model.

For laminar flow and at steady state the two stated models are
equivalent, and can be directly compared. However, our La-
grangian formulation differs from the stated Eulerian model
in that it is essentially a steady state model. Moreover, La-
grangian particles have individual velocities allowing for tur-
bulent dispersion of equal particles. The stated Eulerian for-
mulation is simpler in this respect as particles of equal size
and position have the same velocity.

Eulerian formulation

The droplet size distribution on mass basis at a given point in
time and space, m(v), is illustrated in Figure 1. Here v [m3]
is the droplet size (volume). Thus, within an infinitesimal
size range between droplet size v [m3] and v+ dv [m3], the
mass of droplets is m(v)dv [kg/m3].

m(v) 

v 
v v+dv 

Figure 1: Droplet size distribution.

In an Eulerian framework the development of the droplet size
distribution can be described by a population balance equa-

tion

∂m(v,x, t)
∂t

+∇ · (u(v,x, t)m(v,x, t)) = S (v,x, t) (1)

where v, x and t are the droplet volume, position and
time; u(v,x, t) [m/s] is the velocity field of the droplets and
S (v,x, t) is the source term consisting of birth and death of
droplets due to coalescence and breakup. In the following we
will omit x and t for convenience as they are always present.

In particular, the birth by coalescence on mass basis is

SB
coal (v) =

∫ v

0

K (v− v′,v′)
ρliqv′

m
(
v′
)

m
(
v− v′

)
dv′ (2)

where K [m3/s] is the coalescence kernel and ρliq [kg/m3] is
the liquid density. The integral combines all pairs of droplet
sizes, v′ and v− v′, that sums to droplet size v. Following
Vikhansky and Kraft (2005) this can be written formally as

SB
coal (v) =

∫ v

0

K (v− v′,v′)
ρliqv′

φ
(
v′
)

m
(
v− v′

)
dv′ (3)

where φ(v) is equal to the mass distribution m(v) at a con-
verged solution. We follow Vikhansky and Kraft (2005) and
denote φ(v) as the field (or target) particles. The basic prin-
ciple is to keep an approximation to φ(v) within each Finite
Volume cell, whereas m(v) is represented by the Lagrangian
simulation particles. An updating scheme is then introduced,
which will make m(v) and φ(v) equal at steady state.

The corresponding death term by coalescence becomes

SD
coal (v) =−

∫
∞

0

K (v,v′)
ρliqv′

φ
(
v′
)

m(v)dv′ (4)

Finally, we have the birth and death terms by breakup

SB
break (v) =

∫
∞

v
Γ
(
v′
)

βm
(
v|v′
)

m
(
v′
)

dv′ (5)

SD
break (v) = −Γ(v)m(v) (6)

where Γ(v) [1/s] is the breakage frequency and βm (v|v′) is
the mass distribution of the daughter droplets resulting from
the breakage of a droplet of size v′.

Lagrangian formulation

The population balance, equation (1), can be written in a La-
grangian reference frame following a droplet:

dx
dt

= u (7)

du
dt

= f(v,u,ufluid, . . .) (8)

dv
dt

= G(v) (9)

dm
dt

= S (v)−m ·div(u) (10)

where ufluid is the velocity of the continuous fluid, f is the
force per droplet mass and G is the growth rate of a droplet
(normally zero in our models). As before, x and t are omit-
ted from the argument lists for convenience. Note that the
continuous fluid is still represented in an Eulerian reference
frame.
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The two first equations are Newton’s second law of motion
for a droplet. In our case, we use the Discrete Particle Model
(DPM) of FLUENT. Thus, we use the CFD code to track
particles for us.

The third equation describes the growth of a droplet, which
is normally zero in our models as we are considering breakup
and coalescence only1.

The last equation shows that the mass density distribution
along a droplet path varies due to (a) the source term, S, and
(b) whether droplets approach each other or move apart. The
equation is derived by applying the chain rule to m along a
droplet track, i.e.

dm
dt

=
∂m
∂t

+(u ·∇)m =
∂m
∂t

+∇ · (um)︸ ︷︷ ︸
S(v)

−m(∇ ·u) (11)

The source term for a Lagrangian material volume, Ω(v),
of droplets of size v is the same as for the Eulerian formu-
lation, namely S (v). To see this, consider a material volume
of droplets of size v, i.e. a material control volume with a
boundary that follows the droplet velocity field for this size,
u(v). There is no droplet flux of size-v droplets across its
boundary. The rate of change of the size distribution within
this volume can then be found by using the Reynolds trans-
port theorem followed by the Gauss theorem:

d
dt

[∫
Ω(v) mdV

]
=

∫
Ω(v)

∂m
∂t dV +

∫
∂Ω(v) mu ·dA

=
∫

Ω(v)
∂m
∂t dV +

∫
Ω(v) ∇ · (um)dV

=
∫

Ω(v)

[
∂m
∂t +∇ · (um)

]
dV

=
∫

Ω(v) S (v)dV
(12)

Thus, in this interpretation the source term is the same for
both the Eulerian and the Lagrangian frames.

Lagrangian simulation particles

In our method we use the concept of simulation particles,
which differs slightly from that of individual droplets. The
use of simulation particles is abundant in the literature.

One extreme would be to represent every droplet by a simu-
lation particle. We denote this as an analog simulation. This
is not commonly used due to the computational cost, as the
number of droplets in realistic cases is quite high. The other
extreme is to consider Lagrangian tracking as a form of dis-
cretization of a continuous transport equation. Thus, the sim-
ulation particles are considered to be virtual. In this sense we
can make simulation particles for any transport equation, say
the equation for turbulent kinetic energy or for the dissipation
rate.

In the present work, a simulation particle represents a group
of droplets of similar size and follows the laws of motion of a
representative droplet in the group. In the steady state model
the path of the simulation particle represents a mass flow rate

1 For the coalescence and breakage source terms, Equations (3), (4), (6),
the growth term G becomes zero. This can be seen by subtracting ρliqv
times the number density population balance from the mass density popula-
tion balance, and thus obtain an equation for the evolution of droplet mass,
d(ρliqv)/dt, in the Lagrangian frame. The breakup source term cancels.
Due to the symmetry of the coalescence kernel, K(x,y) = K(y,x), the coa-
lescence term also cancels. Thus, droplets appear and disappear but do not
grow or shrink by coalescence and breakup.

of droplets of similar size. Thus, we associate a mass flow
rate, ṁ [kg/s], and a droplet size, v [m3], with the simulation
particle.

Monte Carlo methods

We are usually only interested in the average behavior of a
large number of simulation particles, which means that tech-
niques from Monte Carlo particle methods can be used (see
Lux and Koblinger (1991)). Basically, we can choose how
many realizations of a stochastic process we use provided
that the number of realizations is large enough.

A basic Monte Carlo method is the one provided by the stan-
dard FLUENT DPM model with turbulent dispersion. We
select particles randomly at the inlet based on the inlet size
distribution and track them throughout the domain. Each of
these particle tracks is associated with a liquid mass flow, ṁ.

There are a few observations to be made that greatly simpli-
fies our Lagrangian scheme. This is discussed in the follow-
ing.

Statistical weights

The key observation is that the mass flow, ṁ, of a particle
track can be thought of as a statistical weight in the sense of
Lux and Koblinger (1991). That is, given that a track is only
one of a very large number of tracks, it results in only a small
perturbation of the solution and the expected impact on the
computed results becomes proportional to ṁ. Formally, and
as a theoretical device for the subsequent discussion only, let
us write this as

∆R = ṁ · r (z0,ξ) (13)

where ∆R is the change in the results (i.e. some value, say
the calculated separation efficiency), r is the impact on R per
unit mass flow, z0 is a state vector describing the initial state
of the particle and ξ is a stochastic process (a vector of ran-
dom numbers that decides what happens to the particle dur-
ing tracking).

Monte Carlo splitting

Assume that we choose to realize a given simulation particle
by two particle tracks instead of one. We split the mass flow,
ṁ, of the particle between the two realizations as ṁ = ṁ1 +
ṁ2 and simulate them independently. We then get an impact
which is the sum of the two.

∆R∗ = ṁ1 · r (z0,ξ1)+ ṁ2 · r (z0,ξ2) (14)

Note that the stochastic processes ξ1 and ξ2 are now different
as there are two different realizations. Also note that two
realizations use the same droplet size as the original particle;
only the associated mass flow rates differ.

The expected value of r is independent of any actual real-
ization ξ since it is the average of all possible realizations
starting at state z0.

E [r (z0,ξ)] = E [r (z0,ξ1)] = E [r (z0,ξ2)] (15)

Thus, the expected value stays the same as before:

E [∆R∗] = ṁ1 ·E [r (z0,ξ1)]+ ṁ2 ·E [r (z0,ξ2)]
= (ṁ1 + ṁ2) ·E [r (z0,ξ)]
= E [∆R]

(16)
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In summary, expected values do not change if we split a sim-
ulation particle into two and use different realizations for the
two.

Monte Carlo selection

Another modification is selection between two different par-
ticle tracks with mass flows ṁ1 and ṁ2. We consider two
different simulation particles with initial states, z1 and z2.
The impact of the two becomes

∆Rs = ṁ1 · r (z1,ξ1)+ ṁ2 · r (z2,ξ2) (17)

Now, consider realizing only one of the particles. With prob-
ability p1 = ṁ1

ṁ1+ṁ2
we simulate only particle 1. Otherwise,

we simulate particle 2. We use the total mass flow for the
selected particle. Thus with probability p1 we get

∆Rs1 = (ṁ1 + ṁ2) · r (z1,ξ1) (18)

otherwise, with probability p2 = 1− p1 we get

∆Rs2 = (ṁ1 + ṁ2) · r (z2,ξ2) (19)

The overall expected value of this operation becomes

E [∆Rs∗]
= p1E [∆Rs1]+ p2E [∆Rs2]
= p1E [(ṁ1 + ṁ2) · r (z1,ξ1)]+ p2E [(ṁ1 + ṁ2) · r (z2,ξ2)]
= p1 (ṁ1 + ṁ2)E [r (z1,ξ1)]+ p2 (ṁ1 + ṁ2)E [r (z2,ξ2)]
= ṁ1E [r (z1,ξ1)]+ ṁ2E [r (z2,ξ2)]
= E [ ∆Rs]

(20)

Thus, the expected value stays the same as if both parti-
cles were simulated. In summary, we are at liberty to pick
two simulation particles (with mass flows ṁ1 and ṁ2), se-
lect one of these with probabilities p1 = ṁ1/(ṁ1 + ṁ2) and
p2 = 1− p1 respectively and simulating only the selected par-
ticle using a mass flow ṁ = ṁ1 + ṁ2.

Application of splitting to coalescence events

Using Monte Carlo splitting, a simulation particle can be
split into several simulation particles at any point of the par-
ticle track as long as the total mass flow rate of droplets
stays the same. In particular, this means that the resulting
droplet from a binary coalescence event can be represented
by two simulation particles, with mass flows corresponding
to the droplets entering the coalescence event. This simpli-
fies book-keeping, since a binary coalescence can then be
modeled as an interaction between two particle tracks where
the simulation particles preserve their mass flows but change
diameters in the interaction. In the actual implementation of
the single-particle method, each of these simulation particles
interacts only with the field particles, simplifying the book-
keeping even further.

The model development proceeds in four stages, as illus-
trated in Figure 2.

(a) We start with the coalescence event. Two particles with
mass flows ṁ1 and ṁ2 collides, and a daughter particle
with mass flow ṁ1 + ṁ2 is produced. The droplet size
becomes v1 + v2

(b) We could use two realizations to simulate the daughter
particle. The realizations would have mass flows ṁ1 and
ṁ2. As explained in section this modification does not
change expected values of the Monte Carlo simulation.
That is, we obtain the same result on average as if we
use scheme (a). Note that both daughter realizations
have droplet size v1 + v2.

(c) This is the same as (b), but illustrates that we could
reuse the simulation particles entering the collision to
simulate the two realizations of the daughter particle.
Thus, the book-keeping becomes simpler as we con-
sider a coalescence as an interaction between two simu-
lation particles. The simulation particles change droplet
size to v1 + v2 during the interaction, whereas the mass
flow, ṁ, stays the same.

(d) Finally, we replace one of the simulation particles with
the mean field, φ, which is a statistical representation of
the particles. In the present scheme, we sample simula-
tion particles that pass through the Finite Volume cells
and pick collision events randomly from this sample.

ṁ1 ṁ2 

ṁ1+ṁ2 

(a) Unmodified
situation

ṁ1 ṁ2 

ṁ1 ṁ2 

(b) Splitting
daughter into two
realizations

ṁ1 ṁ2 

ṁ1 ṁ2 

(c) Same as (b),
but simplify book-
keeping

ṁ1 

ṁ1 

φ 

(d) Using field
particles

Figure 2: Development of coalescence scheme

Application of selection to breakup events

In the same manner, we can simplify breakup events. When
a droplet breaks into daughters we select one of the daugh-
ters by sampling a random droplet size, v, from the daughter
distribution, βm(v|v′). The mass flow of the simulation parti-
cle is thus kept during breakup events, whereas the diameter
becomes that of the selected daughter. Expected values are
preserved in this operation, meaning that the average behav-
ior of a large number of tracks is the same as if every daugh-
ter were tracked. As before, we re-use the simulation particle
entering the breakup event to simulate the selected daughter
particle.

The situation is illustrated in Figure 3.

(a) We start with a breakup event, illustrated by a binary
breakup into droplets of size v1 and v2.

(b) Using Monte Carlo selection we realize only one of the
daughters. We select a random droplet size by sampling
the daughter distribution, βm(v|v′), and using the total
mass flow ṁ. This method is a continuous extension of
the selection procedure explained in the section "Monte
Carlo selection" above; thus this modification does not
change expected values in the simulation.

The FLUENT DPM model

To simulate particle tracks following Newton’s second law
of motion we use the Discrete Particle Model (DPM) of
Ansys FLUENT. For turbulent flow, we use their standard
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v1,ṁ1 v2,ṁ2 

v',ṁ 

(a) Breakup of a
droplet

? 
v~βm(v|v'),ṁ 

v',ṁ 

(b) Select one daughter ran-
domly from β(v|v′).

Figure 3: Development of breakup scheme

k−ε model together with the Discrete Random Walk (DRW)
model. The DRW model simulates the interaction of a par-
ticle with a succession of discrete stylized turbulent eddies
(Ansys Inc., Nov. 2010). Fluid velocity fluctuations are
sampled from a Gaussian probability distribution assuming
isotropic turbulence and a turbulent kinetic energy k provided
by the k− ε model. The interaction lasts for a duration that
is the minimum of the Lagrangian time scale, TL = CLk/ε,
of the fluid and an eddy crossing time explained in the cited
reference.

Thus, we write our population balance model on top of the
existing DPM model in FLUENT by handling the population
balances at the end of each time step of the DPM model.
In this manner, our formulation inherits all the functionaly
of the DPM model. All we do is to add population balance
functionality to the existing model.

Lagrangian formulation for simulation particles

Thus, to simulate particle tracks we perform the following:

1. At the fluid inlet, pick simulation particles randomly
from the inlet size distribution. The inverse distribu-
tion method is suitable, i.e. generate droplet volumes
according to v = F−1 (ξ) where ξ is a uniform on [0,1]
random number and F (v) is the cumulative size distri-
bution, i.e. the fraction of the droplet mass below size
v.

2. Simulate particle tracks according to Newton’s second
law of motion, and handle coalescence, breakup and de-
position events at each time step. The actual tracking of
the particle is handled by FLUENT’s DPM model. All
we do is to handle breakup and coalescence.

The details of the particle tracking are given in the following
sections.

Tracking particles

At each time step, perform the following tasks:

1. Update the overall mass holdup of droplets in the cur-
rent FV-cell.

2. Update the field particles in the current cell.

3. Handle coalescence.

4. Handle breakup.

Each of these is described subsequently.

Updating the overall mass holdup of droplets

As each particle track represents a mass flow rate, ṁ, of
droplets, the mass holdup represented by one time step, ∆t,
of a simulation particle becomes ṁ∆t. Define a mass field of
droplets, M [kg/cell], and a temporary field M̃ [kg/cell].

Before each particle track: Set M̃ = 0.

At each particle time step during a track: Add the holdup
contribution ṁ∆t to the temporary field M̃ of the current Fi-
nite Volume cell. If the cell differs from the previous cell,
split the holdup contribution equally between the new and
the previous cell (Nothing is gained by interpolating individ-
ual tracks linearly as the expected value of the split ratio is
50-50, which means that an equal split is correct on average
for a large number of tracks).

At the end of a particle track: Update the mass field of
droplets as M := βM̃ + (1−β)M where β is an under-
relaxation factor. A typical value of β in our simulations is of
the order of β ≈ 0.01, which means that the mass field M is
an exponential average of roughly the previous 100 particle
tracks.

Updating the field particles of the current cell

Updating the field particles in a Finite Volume (FV) cell is
based on keeping statistics of the simulation particles that
have visited the cell so far. This can be done in several ways,
e.g. by means of histograms (Haviland and Lavin, 1962).
Here, we follow Vikhansky and Kraft (2005) and represent
the field particle ensemble in a FV cell by N particle groups
with sizes y = [y1,y2, ...yi, ...yN ]. A simple updating scheme
is to pick a random number n using a Poisson distribution
with parameter λ∆t where ∆t is the time step and λ is a con-
stant parameter. Replace n of the field particles in the current
cell by the simulation particle. Store the size and the velocity
of field particles.

Note that the number N of field particles in a FV cell is fixed.
Moreover, this number can be small if the FV cells are small
as long as the number of field particles per fluid volume is
sufficient.

We choose the number of field particles per cell, N, to have a
sufficient density of field particles. I.e. N/δ3 should be suf-
ficiently large, where δ [m] is a typical cell dimension. The
appropriate value of N should be selected from a sensitivity
test.

We choose the parameter λ in the field particle replacement
by setting the ratio λτ/N to a small value, say 0.01, where τ

is a typical residence time for a simulation particle in a cell.
The ratio represents the fraction of the field particles in a cell
that is replaced by a simulation particle on average.

Handling coalescence

In the current scheme, simulation particles collide with field
particles. There are N field particles in a FV cell with a total
mass M, i.e. the mass of each field particle in a cell is M/N.

The field particles can be thought of as a discrete particle
density distribution

φ(v) = ∑
i

ϕiδ(v− yi) = ∑
i

(
M

NVcell

)
δ(v− yi) (21)
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where ϕi =
M

NVcell
is the mass concentration of field particle i

in the cell, δ(v− yi) is a Dirac delta function at droplet vol-
umes yi and Vcell [m3] is the cell volume.

The death term for coalescence can then be written as:

SD
coal (v) = −

∫ K(v,v′)
ρliqv′ φ(v′)m(v)dv′

= −
∫ K(v,v′)

ρliqv′ [∑i ϕiδ(v′− yi)]m(v)dv′

= −m(v)∑i ϕi
K (v,yi)

ρliqyi︸ ︷︷ ︸
χi(v)

(22)

It follows that coalescence of a simulation particle against
field particles is a Poisson process and that the the rate of
coalescence events, χi (v) [1/s], for a simulation particle, v,
against a particular field particle, yi, is:

χi (v) =
(

M
NVcell

)
K (v,yi)

ρliqyi
(23)

The total coalescence rate against all field particles becomes:

χ(v) = ∑
i

χi (v) =
(

M
ρliqNVcell

)
∑

i

K (v,yi)

yi
(24)

This leads to the following scheme for coalescence events:

1. In a time step, ∆t, select the number of coalescence
events, n, randomly from a Poisson distribution with pa-
rameter χ(v)∆t .

2. Pick n values, y j, j=1,2..n, randomly with probabil-
ity Pi = χi (v)/χ(v) from the field particles (with re-
placement). Then update the simulation particle size as
v := v+∑

n
j=1 y j

Note that more than one coalescence event during a time step
should be a rare event. If not, the time step is too large and
should be decreased.

Handling breakup

There are a number of published breakup kernels in the lit-
erature (Liao and Lucas (2009)). Thus, select a breakup fre-
quency model, Γ(v). Select the number of breakages, nbreak
during a time step from a Poisson distribution with parameter
Γ(v)∆t. Again, the time step should be sufficiently small that
0 and 1 events during the time step dominate.

For each breakup event we use Monte Carlo selection,
and sample one daughter from the daughter distribution,
βm(v|v′), as explained in the section "Application of selec-
tion to breakup events" above. The cumulative daughter dis-
tribution is given by

F(v) =
∫ v

0
βm(v|v′)dv (25)

The distribution can then be sampled by the inverse distribu-
tion method as v/v′ = F−1(ξ) where ξ is a uniform on [0−1]
random number.

VALIDATION OF THE METHODOLOGY

The methodology has been validated against analytical re-
sults for breakup and coalescence in Continuous Stirred Tank

Reactors (CSTR). A CSTR is similar to a single Finite Vol-
ume cell in the CFD code, and the methodology can be di-
rectly applied. For the validation we have used simple Mat-
lab scripts.

Case 1. CSTR with pure breakup

First, we demonstrate that the Monte Carlo selection proce-
dure results in a correct daughter distribution. As a test case,
we use ’Case 1’ of Attarakih et al. (2004), for which there is
an analytical solution.

Consider a Continuous Stirred Tank Reactor (CSTR). As-
suming no spacial gradients, the population balance (1) can
be integrated over the CSTR volume. Assuming no coales-
cence the population balance becomes

∂m(v)
∂t

=
m f eed (v)−m(v)

τ
−Γ(v)m(v)

+
∫

∞

v
Γ
(
v′
)

βm
(
v|v′
)

m
(
v′
)

dv′ (26)

where m f eed is the feed distribution and τ is the CSTR resi-
dence time.

The test case is:

m f eed (v)
ρliq

=
1
v0

exp
(
− v

v0

)
(27)

Γ(v) = kb
v
v0

(28)

βm
(
v|v′
)

=
2v
v′2

(29)

where v0 [m3] and kb [1/s] are parameters.

Applying the described methodology, we arrive at the fol-
lowing algorithm. We select a fixed time step ∆t that is suffi-
ciently small compared to 1/Γ.

1. New simulation particle. Select the size, v, of the
simulation particle randomly from the feed distribution,
m f eed (here: the exponential distribution with parameter
v0).

2. Outlet flow. Particle can leave the CSTR during the
time step ∆t. This is a Poisson process. Thus, select a
random number, n, from the Poisson distribution with
parameter ∆t/τ. If n > 0 the particle left the tank. Pick
a new particle by restarting at step 1. Otherwise, n = 0
and we continue with the next step.

3. Particle breakage. Select the number of breakages dur-
ing the time step ∆t from a Poisson distribution with pa-
rameter Γ∆t. The time step should be so small that two
or more breakages during ∆t happens rarely2. Zero and
one events should dominate.

4. Splitting into daughters. By Monte Carlo splitting, se-
lect one daughter randomly from the βm-distribution. In
the present case we can select v=

√
ξv′ where ξ is a uni-

form on [0− 1] random number3. Continue from step
2.

2In the present example we could select the time between events from
an exponential distribution with parameter 1/Γ, resulting in a variable time
step ∆t. However, in the CFD application this becomes impractical.

3The cumulative distribution of βm is F (v) =
∫ v

0 βm (v|v′)dv = (v/v′)2.
The inverse distribution method yields v/v′ = F−1 (ξ), or v =

√
ξv′.
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The analytical solution of Attarakih et al. (2004) at steady
state can be written as

m(v)
ρliq

= Cv

(
1
a
+

2kbτ

a2 +
2(kbτ)3

a3

)
(30)

a = 1+ kbτ
v
v0

(31)

where C is a normalization constant.

Figure 4 shows a comparison between the cumulative mass
distribution in our approach4 and the analytical solution us-
ing N = 10 000 simulation particles, τ = 100 s, kb = 1 s−1,
∆t = 1 s and v0 = 1 mm3. As can be seen, the correspondence
is excellent.
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Figure 4: Case 1. Validation of daughter distribution from breakup.
N = 10 000 simulation particles, τ = 100 s, kb = 1 s−1,
∆t = 1 s and v0 = 1 mm3.

Case 2. CSTR with coalescence

We consider coalescence in a CSTR. Assuming no breakup
and a constant breakup kernel, K(v,v′) = K0, the population
balance becomes

∂m(v)
∂t

=
m f eed (v)−m(v)

τ

+
∫ v

0

K0

ρliqv′
m
(
v′
)

m
(
v− v′

)
dv′

−
∫

∞

0

K0

ρliqv′
m
(
v′
)

m(v)dv′ (32)

where m f eed is the feed distribution and τ is the CSTR resi-
dence time. The inlet mass distribution of the test case is

m f eed (v)
ρliqN0v0

=
v
v2

0
exp
(
− v

v0

)
(33)

where N0 and v0 are parameters.

An analytical solution to this problem is given in Nicmanis
and Hounslow (1998) as

m(v) = ρliqN0
v
v0

I0

(
−tv

v0(1+2t)

)
+ I1

(
−tv

v0(1+2t)

)
√

1+2t exp
[

(1+t)v
(1+2t)v0

] (34)

4As all simulation particles represent the same amount of mass in
our formulation, the plot is simply the accumulated mass fraction F =
[1/N,2/N, . . . ,N/N] against a sorted vector of the simulation particles leav-
ing the reactor, [v1,v2, . . . ,vN ].

where t = K0N0τ and I0, I1 are modified Bessel functions.
Nicmanis and Hounslow (1998) also explain how to avoid
overflow/underflow when evaluating this expression by using
the asymptotic expression

m(v) = ρliqv
exp( −v

2v0t )√
π(2t)2[ v

2v0t ]
3/2 (35)

which is used when

−tv
v0 (1+2t)

> 700 (36)

We apply the algorithm given in sections through using N =
50000 simulation particles, τ = 200 s, K0 = 1 mm3/s, N0 = 1
mm−3, v0 = 1 mm3, ∆t = 2 s, β = 0.01, N f ield = 100 field
particles, λ = 0.01N f ield/τ = 0.005.

The resulting cumulative mass distribution is shown in Fig-
ure 5. The match between our scheme and the analytical
result is excellent.
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Figure 5: Case 2. Validation of coalescence using N = 50 000 sim-
ulation particles, τ= 200 s, K0 = 1 mm3/s, N0 = 1 mm−3,
v0 = 1 mm3, ∆t = 2 s, β = 0.01, N f ield = 100 field parti-
cles, λ = 0.01N f ield/τ = 0.005.

VALIDATION OF THE FLUENT IMPLEMENTATION

In order to validate the FLUENT implementation, we have
simulated a simple plug flow reactor, as shown in Figure
6. Since this is a very simple problem it can be compared
against the Matlab scripts that was validated in Case 1 and 2.

We emphasize that our implementation inherits all the func-
tionality of the FLUENT DPM model. I.e. it works for un-
structured 3D meshes, with momentum coupling between the
particles and the continuous fluid, various boundary condi-
tions etc. See the FLUENT theory guide (Ansys Inc., Nov.
2010) for details about functionality.

Figure 6: Case 3. Simple FLUENT mesh for plug flow test
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Validation of breakup implementation

The plug flow parameters used to validate the breakup imple-
mentation in FLUENT are identical to Case 1 above except
for the plug flow aspect. The residence time in the reactor is
100 s as before.

As a comparison, we use the algorithm in section except that
we replace the residence time in step 2 with the fixed value
τ. We reuse the Matlab script that was used for the Case 1
validation.

Figure 7 shows a comparison between the outlet size distri-
bution by the FLUENT model and the corresponding Matlab
result. The correspondence is excellent.
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Figure 7: Case 3. Validation of daughter distribution from breakup
using FLUENT. N = 10 000 simulation particles, τ= 100
s, kb = 1 s−1 and v0 = 1 mm3.

Validation of coalescence implementation

The plug flow parameters used to validate the coalescence
implementation in FLUENT are identical to Case 2 above
except for the plug flow aspect. The residence time in the
reactor is 200 s as before. We use 10 field particles per cell;
parameters β = 0.001 and λ = 0.01 in FLUENT.

As a comparison we couple 20 CSTR’s in series. We reuse
the Matlab script for coalescence in a CSTR that was vali-
dated in Case 2.

Figure 8 shows a comparison between the outlet size distri-
bution by the FLUENT model and the corresponding Matlab
result. The correspondence is quite good. Note that there is
inevitably a discrepancy at the tails of the distribution. Since
we use 10000 particles, there are only 100 particles below
an accumulated mass fraction of 10−2, and only 10 particles
below 10−2.

DISCUSSION AND CONCLUSION

One of the nice properties of the scheme presented in this pa-
per is that there is global conservation of mass and momen-
tum. A simulation particle has the same mass flow along the
particle track even when there is breakup and coalescence.
Thus, droplet mass will never appear or disappear.

The present paper focus on the general methodology, and not
on actual kernels for coalescence and breakup. This is a sub-
ject of a subsequent paper. In turbulent flows one inevitably
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Figure 8: Case 4. Validation of FLUENT daughter distribution
from coalescence. N = 10 000 simulation particles,
τ = 200 s, K0 = 1 mm3/s, β = 0.001, N f ield = 10 field
particles per cell, λ = 0.01 and v0 = 1 mm3.

has to make closure models when modelling coalescence and
breakup. One of the purposes of our FLUENT model is
to enable us to compare the predictions of coalescence and
breakup kernels against experimental data.

In conclusion, the Monte Carlo, Single Particle method de-
veloped in this article can predict the solution of population
balance equations. It is applicable to population balances in
general, and in particular to droplet breakup and coalescence
in gas-liquid flow. It has been shown how methods devel-
oped for Neutron transport, such as Monte Carlo splitting
and selection, is directly applicable to population balances in
Chemical Engineering applications.

The method has been implemented on top of the existing
Discrete Particle Model (DPM) in FLUENT. Thus we have
added population balance functionality to the DPM model
without limiting the functionality of the DPM model.

The method has been validated against analytical solutions
for breakup and coalescence.
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