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Abstract 

Building refurbishment works frequently require the cutting of new openings in concrete 

walls. Cutting new openings weakens the overall response of such elements, so they usually 

require strengthening. However, current design codes offer little guidance on strengthening 

walls with openings, and less still on the use of non-metallic reinforcements such as FRP 

(Fibre Reinforced Polymers) to ensure sufficient load bearing capacity. This paper proposes a 

new procedure based on limit analysis theory for evaluating the ultimate load of walls with 

cut-out openings that have been strengthened with carbon-FRP (CFRP). First, the approach is 

verified against transverse (out-of-plane) and axial (in-plane) loading for unstrengthened 

specimens. These loading types result in different failure mechanisms: transverse loading 

leads to failure due to yielding/rupture of the steel reinforcement while axial loading leads to 

failure by concrete crushing. Second, the proposed method is further developed for CFRP-

strengthened specimens under axial loading. It accounts for the contribution of CFRP 

indirectly, by updating the concrete model with an enhanced compressive strength as a result 

of confining the piers. Predictions made using the new method agree closely with 

experimental results. 
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Abstract 15 

Building refurbishment works frequently require the cutting of new openings in concrete 16 

walls. Cutting new openings weakens the overall response of such elements, so they usually 17 

require strengthening. However, current design codes offer little guidance on strengthening 18 

walls with openings, and less still on the use of non-metallic reinforcements such as FRP 19 

(Fibre Reinforced Polymers) to ensure sufficient load bearing capacity. This paper proposes a 20 

new procedure based on limit analysis theory for evaluating the ultimate load of walls with 21 

cut-out openings that have been strengthened with carbon-FRP (CFRP). First, the approach is 22 

verified against transverse (out-of-plane) and axial (in-plane) loading for unstrengthened 23 

specimens. These loading types result in different failure mechanisms: transverse loading 24 

leads to failure due to yielding/rupture of the steel reinforcement while axial loading leads to 25 

failure by concrete crushing. Second, the proposed method is further developed for CFRP-26 

strengthened specimens under axial loading. It accounts for the contribution of CFRP 27 

indirectly, by updating the concrete model with an enhanced compressive strength as a result 28 

of confining the piers. Predictions made using the new method agree closely with 29 

experimental results. 30 
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1. Introduction 33 

Precast concrete walls are commonly used as load-bearing elements for low- to mid-rise 34 

structures. The popularity of such elements is due to their efficient construction and design 35 

flexibility. Openings for doors and/or windows can be readily accommodated by carefully 36 

considering the effects of their presence during the design stage and addressing any 37 

weaknesses they may introduce by specifying appropriate reinforcement detailing around 38 

their edges. However, problems frequently arise when such structures are refurbished and new 39 

openings (i.e. cut-out openings) are introduced to facilitate changes in role, for example when 40 

apartment buildings are converted into office spaces. These openings introduce weaknesses 41 

that can reduce the wall’s overall performance in terms of flexural and/or axial strength, 42 

stiffness, and energy dissipation. Consequently, repairs (defined here as actions that fully or 43 

partially restore the structure’s load-carrying capacity) using fibre-reinforced polymers (FRP) 44 

are often required. However, before a repair method can be used with confidence, it is 45 

necessary to have reliable information on the degree to which the un-strengthened wall has 46 

been weakened. 47 

Although there have been many experimental studies on the behaviour of reinforced 48 

concrete (RC) walls, the performance of RC walls with openings has not been investigated in 49 

the same depth. The few studies that have been published in this area [1-6] have focused on 50 

structural walls subjected to seismic forces (constant axial load + lateral loading to failure). 51 

Walls designed for non-seismic applications, which must primarily withstand axial 52 

compression loads (i.e. axial loading to failure with no transverse loads between supports or 53 

lateral in-plane forces) are equally important but have received much less research attention. 54 

The literature on the behaviour of axially loaded walls was recently reviewed by Popescu et 55 
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al. [7]. It was concluded that most reported tests have focused on the behaviour of one-way 56 

walls [8-13], i.e. walls that are restrained along the top and bottom edges and thus develop a 57 

uniaxial curvature. Fewer tests have been conducted on walls under two-way action [11, 14-58 

16], i.e. walls that are restrained along all edges and thus developing a biaxial curvature, and 59 

walls with openings [17-20]. 60 

Efforts have also been made to develop design models capable of predicting the axial 61 

capacity of such elements. Most such models are empirical and calibrated using data from 62 

limited numbers of one-way and two-way action tests, with loading eccentricities of up to one 63 

sixth of the wall’s thickness. These design models account for the contribution of the 64 

reinforcement [9, 12, 16], high-strength concrete and increasing slenderness [21], material 65 

nonlinearities [13, 22, 23], and the presence of the opening [17, 18, 24]. Numerical models 66 

have been proposed in different studies, [24-26], in an attempt to investigate through 67 

parametric studies, the influence of slenderness and aspect ratios, concrete strength, 68 

eccentricities, reinforcement ratios, as well as various boundary conditions. 69 

Major design codes such as EN1992-1-1 [27], ACI 318 [28] and AS3600 [29] also offer 70 

design models. These models were initially developed for one-way walls but restraining 71 

factors were subsequently introduced into the European [27] and Australian [29] design codes 72 

on the basis of German work [30]. These restraining factors account for the effects of 73 

restraining the lateral edges (i.e. two-way action) by reducing the wall’s effective height based 74 

on the boundary conditions. 75 

A review that evaluated existing design methods using a database covering 253 tests on 76 

one- and two-way walls under axial loading (with and without openings) [7] found that 77 

“design models established in design codes provide the most conservative results, while those 78 

proposed in other studies [13, 16, 17, 31] showed a certain level of non-conservatism”. 79 

Moreover, the authors were only able to identify a single published study on the use of 80 
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carbon-FRP (CFRP) to strengthen axially loaded concrete walls with cut-out openings [20]. 81 

Unfortunately, this study only considered one-way walls, so the associated design model is 82 

only valid for such walls. 83 

Because empirical models have certain shortcomings (for example, they rely on 84 

coefficients obtained by curve-fitting using data from a specific experimental setup), their 85 

application in practical contexts is likely to give rise to considerable scatter on both the safe 86 

and unsafe sides. Therefore, there is a clear need for a theory-based method that can describe 87 

biaxial effects on panels restrained on all sides and also account for the effects of openings 88 

and the contributions of FRP strengthening materials. This manuscript describes the 89 

development of such a general analytical method based on limit analysis and concrete 90 

plasticity. Experiments conducted by the authors at Luleå University of Technology and the 91 

Technical University of Denmark provided the model’s foundations, and the results of these 92 

studies are briefly summarized here. 93 

2. Overview of the experimental tests 94 

During service, RC walls must withstand various kinds of loads, including (1) 95 

gravitational loads parallel to the mid-surface at a given eccentricity due to construction 96 

errors; (2) horizontal out-of-plane forces due to wind loads; (3) handling, transportation and 97 

erection loads, and potentially (4) accidental loads such as seismic or blast loads. Loads of the 98 

first two classes are usually the governing load cases for structures erected in non-seismic 99 

regions and are therefore the focus of this study (Figure 1). The results of experiments on two-100 

way walls under lateral (out-of-plane) bending [32] and under eccentric uniaxial compression 101 

[33, 34] will be briefly summarized in this section. Both experimental programmes include 102 

walls with symmetric openings that replicate solid walls with sawn cut-outs, i.e. no additional 103 

reinforcement was placed around the edges or corners of the openings. An overview of the 104 

main properties of the tested walls is given in Table 1. 105 
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2.1. Transversally loaded walls 106 

An experimental program was conducted in which six full-scale lightly-reinforced 107 

concrete walls (4 m × 2.6 m × 0.1 m) were subjected to uniform transverse loading. The 108 

applied force was fully distributed on the wall surface using airbags that react against a 109 

backing steel frame (Figure 2). The walls’ vertical and horizontal edges were simply 110 

supported, i.e. restrained against translation while allowing rotation. No vertical pre-111 

compression other than their own weight was applied to the tested specimens. Parameters 112 

varied across the tested specimens include the reinforcement ratio and the presence of a 113 

window opening. The reinforcement consisted of a single wire mesh of deformed bars with 114 

150 mm spacing in both orthogonal directions (6/150 for specimens A, B, C and D, or 115 

5/150 for specimens E and F); the vertical and horizontal steel reinforcement ratios resulting 116 

from this configuration are given in Table 1. The wire mesh was offset from the mid-surface 117 

towards the tension side of the wall to achieve a concrete cover of about 30 mm. 118 

2.2. Axially loaded walls 119 

Half-scale walls designed to represent typical wall panels in residential buildings, with 120 

and without cut-out openings (1.8 m × 1.35 m × 0.06 m), were constructed for testing to 121 

failure. The walls were tested in two-way action and subjected to axial loading (with no 122 

transverse loads between supports or lateral in-plane forces) with low eccentricity along the 123 

weak axis (1/6th of the wall’s thickness) to represent imperfections due to thickness variation 124 

and misalignment of the panels during the construction process. The two-way action refers to 125 

the specimens’ boundary conditions, and was imposed using a steel test rig (Figure 3). The 126 

test rig featured (1) top and bottom restraints to simulate a hinge connection that allowed full 127 

free rotation and to apply eccentric loading through a steel rod welded to each loading beam 128 

(Figure 4); and (2) lateral restraints to simulate the effect of transverse walls that permit 129 

rotation but prevent translation (Figure 4). 130 
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The test matrix can be divided into three stages, designated I-III. Three specimens were 131 

loaded to failure in stage I: a solid wall (I-C), a wall with a “small” symmetric single door 132 

opening (I-S), and a panel with a “large” symmetric double door opening (I-L). In stage II, 133 

two specimens [one with a small opening (II-S) and one with a large opening (II-L)] were first 134 

precracked and then strengthened with CFRP before being tested to failure. The precracking 135 

level was determined by loading the specimens to the point required to create a significant 136 

crack. The significance of a crack depends on many factors, including the building’s function 137 

and environmental exposure class. However, ACI 224R-01 [35] states that a crack wider than 138 

0.15 mm may require repair, so this value was used to define cracking loads. To create cracks 139 

of this width, the specimens were loaded at up to 75% of their unstrengthened axial capacity. 140 

In stage III, duplicate specimens with openings of each size were strengthened with the CFRP 141 

system in an uncracked state and then loaded to failure. It should be noted that “small” and 142 

“large” are used here as convenient designations rather than clearly delimited terms with 143 

specific thresholds and implications. 144 

All specimens were reinforced with welded wire fabric (5/100 in both orthogonal 145 

directions) placed centrally in a single layer. The dimensions of the reinforcement mesh were 146 

measured from edge to edge of the concrete wall (i.e. bars were cut off with no additional 147 

anchorage provided at the specimen’s edges such as bends or hooks). The specimens’ 148 

dimensions and details of their reinforcement are presented in Figure 5. 149 

Uniaxial U-shaped CFRP laminates covering the wall’s entire surface and fixed in place 150 

with mechanical anchorages were used for strength enhancement. Before applying the CFRP 151 

strengthening, 8 mm holes were drilled through the wall at positions marked on the concrete 152 

surface to facilitate the installation of the mechanical anchorages. The concrete surfaces were 153 

then prepared by grinding to remove irregularities and the cement paste layer, exposing the 154 

aggregates, and then by cleaning with compressed air. The CFRP fabrics were applied using 155 
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the wet lay-up procedure. First, a two-component epoxy primer was applied to the specimens, 156 

followed by the application of the impregnated fibres to the concrete surface after 157 

approximately 6 hours. The fibres were wrapped around the piers in a U-shape; full wrapping 158 

was not possible due to the boundary conditions (see Figure 3). The CFRP laminates were 159 

placed along both lateral faces from one edge of the wall to the other, and bent under the 160 

bottom part of the beam. High-strength CFRP (StoFRP Sheet IMS300 C300) was used as the 161 

bonded material, and was impregnated using a two-component epoxy resin (StoPox LH). A 162 

week later, when the epoxy had cured, the anchorage bolts were inserted into predrilled holes 163 

and prestressed with a torque equal to 75% of the proof load (the estimate was based on the 164 

clamp load of 8.7 kN), as specified in SS-EN ISO 898-1 [36]. The material properties of the 165 

CFRP system are specified in Table 2. 166 

The strengthening system was designed in accordance with the FRP-confinement design 167 

model proposed by Lam and Teng [37]. An estimate of the required thickness of the CFRP 168 

jacket was obtained by arranging the mechanical anchorages in a configuration that created 169 

vertical strips with a cross-sectional aspect ratio that was limited to 2:1 (60 x 120 mm2, as 170 

shown in Figure 6). The addition of the CFRP laminates should increase the concrete’s 171 

compressive strength to the value (fcc) required to ensure that the strengthened walls’ load 172 

bearing capacity matches that of the original solid wall. Two and three CFRP plies were used 173 

to strengthen the specimens with small and large openings, respectively. The fabric 174 

architecture and the lamination schedule are illustrated in Figure 6. The results obtained from 175 

the empirical model [37] – developed for pure axial loads – may deviate from real values in 176 

cases where eccentricities exist. The authors are aware that the eccentric loading applied to 177 

the tested specimens may reduce the effectiveness of the confinement, but the lack of better 178 

models prevented the incorporation of appropriate parameters to simulate its effects. The 179 
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discussion in this section focuses on the pre-test design procedure (including its limitations); 180 

the development of a new model and post-test predictions are presented in Section 3. 181 

3. Design for ultimate strength and comparison with tests 182 

3.1. Failure mechanism 183 

The failure mechanism of unstrengthened walls under transverse loads is virtually 184 

identical to that of a slab unless the contribution of vertical loads is very important. Bailey and 185 

Toh [38] showed that two distinct failure modes can occur for transversally loaded slabs 186 

depending on the reinforcement ratio. This parameter is defined by the ultimate tensile force 187 

of the reinforcement relative to the compressive force of the concrete across the thickness of 188 

the slab [38], and is computed using the following expression: 189 

, ,, ,1

2 0.8 0.8

u y s yu x s x

c x c y

f Af A

f d f d


   
      

     

    (1) 190 

Bailey’s experimental observations yielded a threshold value for the parameter , which 191 

delineates the transition point from failure due to reinforcement fracture () to failure 192 

due to concrete crushing (). However, this threshold is only valid for square plates; 193 

further tests are required to define a suitable threshold value for rectangular plates. For the 194 

specimens tested in this work, the reinforcement ratio calculated according to Eq. (1) for 195 

transversally loaded walls is 0.05. In the case of solid walls, the failure mechanism involved 196 

the formation of cracks extending from approximately the centre of the wall towards the 197 

corners at an angle of approximately 45° to the floor; in walls with openings, failure occurred 198 

via the formation of diagonal cracks extending from the corners of the opening to the closest 199 

corner of the wall as shown in Figure 7a. The experimental results indicated that the 200 

reinforcement fractured along the yield lines, confirming Bailey’s conclusions. The failure 201 

mechanism is ductile, and the associated displacements are large (see Table 1). 202 
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Crack propagation is significantly influenced by the dominant load (transverse vs. axial 203 

loading), but the crack pattern at the ultimate load was independent of the loading strategy, as 204 

illustrated in Figure 7b. The failure process for walls under eccentric axial loads started from 205 

the corners of the wall – the concrete initially cracked on the tension side of the wall, with 206 

subsequent concrete crushing on the compression side along the major cracks. The failure 207 

mechanism (which is due to the second order effect) is brittle, and the associated 208 

displacements are relatively small (see Table 1). Double curvature in both the horizontal and 209 

vertical directions of the walls was observed in the experiments. This indicates that, in 210 

contrast to the typical assumptions of design codes, the lateral restraints make the problem bi-211 

dimensional rather than one-dimensional. The addition of CFRP (for strengthened walls) did 212 

not appear to change the position of the yield lines prior to failure. After that point, as seen in 213 

Figure 8 the failure became localized along the bottom of the piers due to crushing of the 214 

concrete, which caused the covering CFRP mesh to be torn away from the wall. The CFRP 215 

strengthening increased the axial capacity of walls with small and large openings by 34 – 50% 216 

and 13 – 27%, to 85 – 95% and 57 – 63% of their pre-cutting capacity (i.e. solid wall), 217 

respectively. 218 

The major cracks shown in Figure 7 define the geometrical models (yield lines) related to 219 

the corresponding failure mechanisms. Figure 9a shows the yield lines observed for walls 220 

under transverse loading; those for walls under axial loading are illustrated in Figure 9b. 221 

3.2. Yield conditions 222 

This section describes the yield conditions for all of the constituent materials included in 223 

the analysis, i.e. concrete, steel reinforcement and FRP. Qualitative depictions of the real and 224 

idealized stress-strain laws for each material are presented in Figure 6. However, the use of 225 

limit analysis requires the implicit assumption that materials exhibit perfect plasticity with 226 
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idealized failure criteria, as shown in Figure 6. Elastic displacements are neglected, which 227 

implies rigid behaviour until the plastic plateau is reached. 228 

3.2.1. Concrete 229 

The concrete is assumed to behave according to the modified Coulomb criterion with 230 

tensile strength accounted for using a zero tensile cut-off but otherwise neglected (see Figure 231 

6a). The ultimate strength of concrete under uniaxial stress state must be reduced to an 232 

equivalent plastic compressive strength (Level I in Figure 10a) using an effectiveness factor 233 

 because of the material’s brittleness and the influence of transverse strains on the 234 

concrete’s strength [39]. According to the fib Model Code 2010 [39], the effectiveness factor 235 

can be expressed as the product of fc and  – strength reduction factors reflecting the 236 

brittleness of concrete and the influence of transverse cracking, respectively. The equivalent 237 

plastic compressive strength for unconfined concrete is the product of fc and : 238 

fc          (2) 239 

where fc is defined as: 240 

1/3

0 1.0c
fc

c

f

f


 
  
 

      (3)  241 

with fc0=30 MPa, and for compression bands with reinforcement running obliquely to 242 

the direction of compression. 243 

3.2.2. Steel reinforcement 244 

The steel reinforcement was also assumed to behave in a rigid-plastic manner in both 245 

tension and compression, as shown in Figure 10b. Two values for the plastic plateau were 246 

selected, representing two different cases. In the first case, the plateau corresponds to the 247 

yielding point reached in uniaxial tensile tests on reinforcement coupons (see Table 1). In the 248 

second case, the plastic plateau is defined as the tensile strength reached in uniaxial tensile 249 
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tests on reinforcement coupons (see Table 1). The reason for using the tensile strength as the 250 

plastic plateau rather than the yield strength of the material will be discussed later.  251 

3.2.3. Fibre-reinforced polymers 252 

The real behaviour of the non-metallic reinforcement, i.e. CFRP, is linear elastic, with no 253 

plasticity or softening branch (Figure 10c). Consequently, the assumption of rigid-plastic 254 

behaviour becomes questionable. In an attempt to account for the contribution of CFRP in 255 

strengthened slabs with openings, Floruţ et al. [40] used the strength corresponding to the 256 

debonding strain as observed in experimental tests. An alternative procedure proposed in this 257 

paper is to update the concrete model using an enhanced confined compressive strength (fcc) 258 

due to FRP confinement. The procedure is based on the following expressions, as discussed 259 

previously [37]: 260 

1 11 l
cc s c

c

f
f k k f

f

 
  
 

     (4) 261 

where k1=3.3 is the confinement effectiveness coefficient, ks1 is a parameter used to account 262 

for the effect of the non-uniformity of confinement according to Eq. (5), and fl is the confining 263 

pressure defined by Eq. (6). 264 

2

1
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c

b A
k
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     (5) 265 
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and, 267 
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  (7) 268 
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where b and h are width and height of the cross-section, respectively, Ae is the effective 269 

confinement area, Ac is the total area of the cross-section, R is the corner radius, sc is the 270 

cross-sectional area proportion of longitudinal steel, and Ag is the gross area of the column 271 

section with rounded corners. 272 

The model discussed above is valid only for pure axial loads, but the specimens in this 273 

work were loaded with small eccentricities to simulate the effects of the imperfections that 274 

occur in normal construction practices. Therefore, the effectiveness factor should incorporate 275 

an additional parameter to account for eccentricity and slenderness effects. The impact of 276 

these effects is demonstrated by the difference between the strain readings obtained on the 277 

tension (e.g. F1-T) and compression (e.g. F1-C) sides of the specimens, as shown in Figure 278 

11. To illustrate this point, ultimate strain readings are presented for specimens II-S (Figure 279 

11a) and II-L (Figure 11b). 280 

The transformation factor from non-uniform confinement to uniform confinement was 281 

calculated as the ratio of the average and maximum strain at each measurement point 282 

according to Eq. (8): 283 

,

,

1.0
avg

frp

u frp max






 

       (8) 284 

where, 285 

 
, ,

2

u frp max u frp min

avg

 
  

      (9) 286 

It should be noted that these values are locally measured strains that may be affected by stress 287 

concentrations or by being offset from the maximum values of the strain path. Therefore, the 288 

transformation factor due to eccentricity was averaged over points F1-F4 for all specimens 289 

tested, yielding values of approximately 0.75 and 0.55 for walls with small and large 290 
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openings, respectively. A new expression for the equivalent plastic compressive strength that 291 

incorporates the new strength reduction factor (,frp) was then defined: Eq. (10). 292 

 ,Level II fc c frpf f            (10) 293 

Here, f is the difference in compressive strength between unconfined and CFRP-confined 294 

concrete. 295 

Unlike ,frp, the other two strength reduction terms in Eq. (10) are calculated in the same 296 

way as for un-strengthened walls. The difference is that the compressive strength is replaced 297 

with the confined compressive strength in Eq. (3) and the effect of transverse strain is 298 

conservatively treated as being unchanged. However, the addition of extra reinforcement (i.e. 299 

CFRP) means that transverse strains are unlikely to produce the same internal damage in 300 

concrete. It would therefore be useful to further calibrate the model in future studies. 301 

3.3. Limit analysis approach 302 

The limit analysis theory for slabs (i.e. the yield line method) has been extensively 303 

investigated in recent decades. However, there are only a few published examples of its use to 304 

predict the ultimate capacity of plain or lightly-reinforced elements with limited ductility. 305 

Such elements are typically strengthened with a single layer of reinforcing material, which is 306 

used to control cracks formed due to creep, shrinkage and erection/transportation loads. 307 

Because of their limited plasticity, the applicability of the limit analysis approach could 308 

potentially be questioned. However, it may be relevant in cases where the walls are 309 

predominantly subject to out-of-plane bending. The method was first described by Ingerslev 310 

[41] and further developed by Johansen [42]. The analysis is performed by means of “virtual 311 

work” or using the “equilibrium method”. In this paper the virtual work method is used, in 312 

which a possible plastic collapse mechanism occurs along predefined yield lines as shown 313 

schematically in Figure 9. Usually, multiple collapse mechanisms are tested and the yield line 314 
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solution is defined as the solution with the lowest load at failure (in assessments) or the 315 

highest moments (during design processes). The process in this work was simplified by 316 

considering only the collapse mechanism observed in the tests, which involves the formation 317 

of wide cracks (fracture lines) as shown in Figure 7. These fracture lines indicate the positions 318 

of the positive yield lines that divide the plates into rigid disks and thereby dissipate energy. 319 

The method assumes that the work dissipated along the yield lines (i.e. the internal work) is 320 

equal to the work done by the applied loads (i.e. the external work). This assumption yields a 321 

work equation of the following form: 322 

   
each  region each  yield  line

u bS dxdy m ds        (11) 323 

where the integrals on the left- and right-hand sides represent the external and internal work, 324 

respectively, with Su denoting the uniformly distributed load per unit area,  the virtual 325 

displacement, mb the bending moment, and  the rotation of the region about its axis of 326 

rotation. Equation (11) represents the classical solution valid for plates loaded perpendicular 327 

to the elements’ mid-plane. In walls where vertical forces will affect the external work and the 328 

corresponding strength components, the out-of-plane loads may be accompanied by in-plane 329 

loads. A diagram used to develop a work equation applicable to such situations is presented in 330 

Figure 12. 331 

The work equation now becomes: 332 

     ,
each boundaryeach region each yield line

,u ux uy bS dxdy n dx y m ds        (12) 333 

where nux and nuy are the uniform in-plane compressive forces per unit length applied in the x- 334 

(horizontal) and y- (vertical) directions, respectively. To compare the predicted loads to the 335 

available experimental data, these compressive forces are applied eccentric to the mid-plane 336 

of the wall along its weak axis while forces acting in the x-direction are assumed to be non-337 
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existent. Depending on their magnitude, these compressive forces can either increase the 338 

wall’s capacity or govern its ultimate failure. Two cases were therefore investigated: (1) 339 

nuy<<Su, corresponding to dominant transverse loads, and (2) nuy>>Su, corresponding to 340 

dominant in-plane vertical loads. 341 

3.4. Case I: Dominant transverse loads 342 

Practical examples of transverse loadings include wind loads, blasts, snow avalanches, 343 

and lateral earth pressure. Such loadings are typically unlikely to occur; where they do occur 344 

frequently in mid-rise concrete structures (as may be the case for, e.g., wind loads), they are 345 

unlikely to become dominant. In addition to the uniformly distributed loads acting 346 

perpendicularly to the wall mid-plane, the walls may be subjected to other loads such as 347 

gravitational loads. These are expected to increase the walls’ ultimate capacity due to the 348 

favourable contribution of non-negligible and constant gravitational loads. However, in cases 349 

where the axial load derives solely from the self-weight, the additional contribution tends to 350 

be small. Previous investigations on masonry walls [43] found that self-weight accounted for 351 

less than 10% of the ultimate load in simply supported walls, so the self-weight contribution 352 

was disregarded when comparing theoretical predictions to experimental data. 353 

The external and internal work can be obtained using Eq. (12) and used to derive a failure 354 

load, leading to the following expressions: 355 

 for the solid wall 356 
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 for the wall with an opening 358 
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The unknown term, Lx, defines the theoretical position of the inclined yield lines. For the solid 360 

walls, an exact solution was found by differentiating equation (13) over the term Lx, ∂Su/∂Lx= 361 

0, that is, 362 

 

   

22

2 2

12 4 3 4
0

2 3

b x x

x x

m H L HL L L

L L L H

  
  

 
    (15) 363 

which leads to a quadratic solution for Lx with the following positive root: 364 

 2 231

2
x

H H L H
L

L

  
     (16) 365 

Solving Eq. (16) provides the slope of the yield line, which is predicted to intersect with the 366 

corners of the wall at 40º; this is consistent with the average angle observed experimentally in 367 

the crack patterns at failure. Openings, when present, tend to attract yield lines [44]. Thus, in 368 

specimens with openings, the yield lines of a solid wall are interrupted by cracks connecting 369 

the corners of the wall to the closest corner of the opening, as shown in Figure 9a. 370 

The reinforcement contributes to the internal work. It is accounted for in the work 371 

equation by first considering the equilibrium condition shown in Figure 13 to determine the 372 

bending moment mb. 373 

   sin sin cos cosb x ym L m L m L          (17) 374 

2 2sin cosb x ym m m        (18) 375 

where mx, my are the moment capacities per unit width in the x- and y-directions, respectively, 376 

expressed as follows: 377 

,

,

1
1
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sx sy y s y

x y
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A f dA f
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sdf s

 
  
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    (19) 378 
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where Asx, Asy are the areas of the reinforcement per unit width in the x- and y-directions, 379 

respectively, fy is the yield strength of the reinforcement, d is the effective depth, and s is the 380 

reinforcement spacing. In the isotropic case (i.e. mx=my), Eq. (18) reduces to mb=mx=my. For 381 

simplicity, the minor differences in the effective depths along the principal directions of the 382 

reinforcement are neglected in the following calculations. 383 

The failure capacities predicted by yield line analysis are given in Table 3. These 384 

predictions underestimate the capacity in all cases; the average ratio of the theoretically and 385 

experimentally determined capacities was 0.85. This may be because the inclusion of lightly 386 

reinforced specimens in the tests resulted in some large deflections at failure (see Table 1) 387 

with rupture of the steel reinforcement, which limits the applicability of the rigid-plastic 388 

approach. The method is most useful when the maximum deflection recorded at failure does 389 

not exceed half the wall’s thickness, or more precisely, 0.42× the wall’s thickness based on 390 

the expression of Wang et al. [45] (Eq. 20). 391 

2

0

0.1 3

8

y

s

f L
w

E
       (20) 392 

Better predictions could be obtained by considering two hidden capacities: (1) strain 393 

hardening of the reinforcement, and (2) tensile membrane action (TMA) due to large 394 

deflections. While the former only requires updating the yield condition (refer to Figure 10b), 395 

i.e. substituting the yield strength with the ultimate strength of the reinforcement, the latter 396 

approach would require a more advanced analysis that accounts for the effect of geometric 397 

changes. For plates with a central deflection, w, greater than w0, Wang et al. [45] proposed a 398 

model that explicitly considers the TMA by including in the equilibrium equation the vertical 399 

component that develops in the reinforcement. The use of TMA is usually neglected in 400 

common cases on the basis of the lower bound theorem, and is only considered when design 401 

is performed against accidental loads, e.g. structures subjected to fire [46]. Consequently, the 402 
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underprediction of the experimentally measured capacities was addressed by considering the 403 

effects of reinforcement strain hardening. Improved predictions taking this factor into account 404 

are presented in Table 3. 405 

3.5. Case II: Dominant in-plane vertical loads 406 

In cases where the walls are part of a structure with regular floor plans that carry mainly 407 

axial loads, the main contribution to the ultimate capacity comes from the concrete in 408 

compression (compressive membrane action - CMA) and the reinforcement. There are few 409 

published experimental studies that could shed light on the real contribution of reinforcing 410 

materials to the ultimate capacity when applied in a single layer. Moreover, design codes 411 

usually neglect the contribution of reinforcement for lightly-reinforced elements where the 412 

main purpose of reinforcement is to control cracking due to creep, shrinkage and 413 

erection/transportation loads. Given the limited understanding of these issues and the lack of 414 

relevant experimental data, the contribution from the reinforcement in such cases was 415 

neglected. 416 

Because of the small displacements of the element at failure, a compressive membrane 417 

effect develops that depends solely on the concrete’s plasticity. This effect can be attributed to 418 

the in-plane restraints provided by the vertical edge supports. The membrane moment can be 419 

determined by considering a horizontally restrained unreinforced one-way strip that is 420 

transversally loaded by two symmetrical line loads as proposed by Nielsen [44]. By 421 

considering the maximum deflection exhibited by the experimentally studied walls before 422 

undergoing plastic collapse (peak) as presented in Table 1, the membrane moment can be 423 

expressed as: 424 

 
21

4
c c peakm f t        (21) 425 
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The derivation of this equation has been presented elsewhere [44] and, for the sake of brevity, 426 

will not be reproduced here. The compressive strength of concrete in Eq. (21) is modified by 427 

the effectiveness factors calculated according to Eqs. (2) and (10) for unstrengthened walls 428 

and walls strengthened with CFRP, respectively. To verify the model against the 429 

experimentally tested specimens, the maximum out-of-plane displacements at peak load 430 

(peak) obtained in the experiments are used in the following calculations. In practice, such 431 

parameters are usually difficult to determine accurately without using an iterative process that 432 

accounts for material and geometrical nonlinearity as well as the relevant boundary 433 

conditions. However, the Australian code [29] provides some practically useful guidance; the 434 

theoretical basis of this guidance is outlined elsewhere [11]. The procedure for estimating the 435 

deflection at the critical wall section that is described in AS3600 [29], Eq. (22), applies a 436 

sinusoidal curvature using deflections obtained from bending-moment theory [47]. These 437 

deflections only account for the element’s initial stiffness and therefore do not include the 438 

nonlinear deflections. 439 

 
2

8

eff

m

H
       (22) 440 

Here, m is a function of the elastic modulus for concrete and the uncracked depth of the 441 

cross-section.  442 

/c c
m

E

x


       (23) 443 

The elastic modulus of normal strength concrete is assumed to be Ec=1000fc [11]. Limiting 444 

the stress in the concrete (c) to 0.8fc, and the uncracked depth of the cross-section (x) to t/4 445 

furnishes the following expression for the out-of-plane deflection: 446 

 
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effH

t
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with Heff=βH being the effective height. Values for the effective height factor β are given for 448 

the most commonly encountered restraints [29]: 449 
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   (25) 450 

Equation (24) is valid for unstrengthened specimens, but confining the wall-piers with 451 

CFRP laminates will increase the flexural rigidity and thus reduce the deflections. The ratio of 452 

the enhanced concrete compressive strength due to confinement relative to the unconfined 453 

concrete strength was 1.35 and 1.53 for walls with small and large openings, respectively. By 454 

substituting the new values for elastic modulus, Eq. (24) can be rewritten as: 455 

 

 

2

2

CFRP-strengthened wall with small opening
3375

CFRP-strengthened wall with large opening
3825

eff

eff

H

t
Δ

H

t


 


 





  (26) 456 

As in the case of transversally loaded walls, the work done by the external loads must be 457 

balanced by the virtual internal work. As suggested by Nielsen [44], the internal work is 458 

determined by replacing the bending moment mb in the usual yield line solution with the 459 

membrane moment mc. It is difficult to determine exact solutions for the inclined yield lines in 460 

such cases; in this work, such solutions were obtained by considering experimental evidence 461 

in the first case, and subsequently validated using advanced computational simulations. 462 

Results obtained based on a three-dimensional nonlinear finite element model [48] 463 

implemented using ATENA-Science [49] are illustrated in Figure 14. The figure shows the 464 

calculated principal plastic strains in concrete on the compression side at failure to support the 465 
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validity of the plastic mechanism adopted in Figure 9b and the close agreement between 466 

predictions based on this mechanism and the experimental observations. No further results 467 

based on the computer simulations will be presented in this paper because they have already 468 

been described in a separate publication [48]. At ultimate, the magnitude of the principal 469 

plastic strains in concrete was capped at a predefined level during post-processing to highlight 470 

the possible plastic mechanism. For ease of visualisation, finite elements with strains above 471 

this threshold value (50% of the ultimate compressive strain in the concrete, where cu=3.2‰) 472 

are not displayed. A median line is then drawn through the crushing band, indicating the yield 473 

line’s inclination. The angles predicted were in close agreement with the experimental 474 

observations. The external and internal work for the different kinds of axially loaded walls 475 

can be computed using the following expressions: 476 

External work: 477 
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Internal work: 479 
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  (28) 480 

where for the solid wall 1 2 2 / H     and / xL  ; for the wall with small opening  481 

1 2 2 / H     and / xL  ; and for  the wall with large opening 1 / yH  ;482 

2 0/ ( )H H    and / xL  . 483 
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Equating the internal and external work done gives the following expressions for the uniform 484 

in-plane compressive force per unit length: 485 

 For the solid wall 486 
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 For the wall with small opening 488 
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 For the wall with large opening 490 
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    (31) 491 

The predicted ultimate axial load is calculated according to Eq. (32): 492 

   0u uyN n L L       (32) 493 

The test results are summarized in Table 4, together with the failure loads predicted by 494 

the yield-line method. Although the average ratio of predicted to experimental loads was 495 

conservative in most cases, the ratios for the CFRP-strengthened walls were somewhat un-496 

conservative. It should be noted that the predicted values were evaluated using a safety factor 497 

of 1; in practical applications, the safety factor should be optimized carefully. 498 

4. Concluding Remarks 499 

Design codes treat walls reinforced with minimal amounts of reinforcing material as 500 

being unreinforced and predict their ultimate capacity using empirical expressions that assume 501 
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uniaxial behaviour. As demonstrated by a literature review conducted by the authors of this 502 

work, this approach yields very conservative results. Studies on the failure mechanisms of 503 

such elements have shown that their lateral restraints transform the failure problem from a 504 

one-dimensional problem into a bi-dimensional problem (plate mechanism). Additionally, 505 

existing design codes offer limited guidance in situations where new openings must be cut 506 

into an existing wall, or where there is a need to apply strengthening using externally bonded 507 

reinforcement (i.e. FRP). There is a need for more rigorous treatment of these cases because 508 

their inadequate description in current design codes often leads to uncertainties in the 509 

design/assessment process. 510 

The paper uses the limit analysis approach to evaluate the failure loads of in- and out-of-511 

plane loaded RC walls with and without openings. The predictions obtained using this 512 

approach agree well with experimental data for walls subject to dominant out-of-plane 513 

bending. Reasonably good agreement was also achieved for walls under gravitational loads, 514 

although some of the predictions in these cases were on the un-safe side because the 515 

compressive struts are the main strength component in walls under axial loads (a more 516 

complex phenomenon). To account for the effects of transverse strains and material 517 

brittleness, the calculated strength must be modified using an appropriate effectiveness factor. 518 

The problem of estimating the elements’ strength becomes more complicated if they are 519 

strengthened with FRP because the reinforcing fibres exhibit linear-elastic behaviour with no 520 

plasticity. As such, their behaviour cannot be described using the plasticity theory. The 521 

authors therefore propose an alternative approach whereby the yield criteria for the concrete 522 

are updated based on the confined compressive strength due to CFRP-confinement. However, 523 

because slender elements and load imperfections are usually encountered in practice, the 524 

confinement is generally non-uniform, which limits the effectiveness of the CFRP. An 525 

effectiveness factor intended to account for these additional effects was computed based on 526 
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the experimental observations. However, because this factor was determined using 527 

experimental data for only six strengthened walls, further work will be required to validate it. 528 

Further work will also be required to validate the model, including tests on walls with 529 

different slenderness values, aspect ratios, opening sizes, and opening locations, all of which 530 

may affect the yield-line patterns that emerge. In addition, studies could be conducted on 531 

walls strengthened with bi- or multi-axial fibres to increase the reliability of the proposed 532 

procedure and make it practically useful in assessments. 533 

Notation 534 

Ac cross-sectional area of concrete 

Ae effective confinement area 

Ag gross area of the cross-section with rounded corners 

Asx, Asy areas of the reinforcement per unit width in the x- and y-directions, respectively 

Ec elastic modulus of concrete 

Efrp elastic modulus of CFRP 

Es elastic modulus of reinforcement 

H height of the wall 

Heff effective height 

H0 height of the cut-out opening 

L length of the wall 

L0 length of the cut-out opening 

Lx, Ly projection of the yield lines onto its axis of rotation in both orthogonal directions 

Nexp, Nu experimental/predicted ultimate load for walls under axial loading 

R corner radius 

Sexp, Su experimental/predicted ultimate load for walls under transverse loading 

WE external work 

WI internal work 

b width of the virtual cross-section 

d effective depth 

fc compressive strength of unconfined concrete 
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fcc compressive strength of confined concrete 

fc0 default value of compressive strength 

fct tensile strength of concrete 

ffrp tensile strength of CFRP 

fl confining pressure 

fy yield strength of reinforcement 

fu tensile strength of reinforcement 

h height of the virtual cross-section 

k confinement effectiveness coefficient 

ks1 shape factor for strength enhancement 

l length of the yield line 

mb  moment resistance per unit length of the yield line 

mc membrane moment 

mx, my moment capacities per unit width in the x- and y-directions, respectively 

nplies number of CFRP plies 

nux, nuy uniform in-plane compressive force per unit length applied in the x- and  y-direction, respectively 

s reinforcement spacing 

t thickness of the wall 

tfrp single-ply CFRP thickness 

w, w0 experimental/theoretical displacement at the formation of yield-line pattern 

x uncracked depth of the cross-section 

 yield line’s inclination relative to the reinforcement 

 effective height factor 

 virtual displacement 

peak out-of-plane displacement at peak load for specimens under eccentric axial loading 

avg average strain on CFRP between measurements on the tension and compression side 

cu ultimate compressive strain in concrete 

frp elongation at break of CFRP 

ufrp-max, 

ufrp-min

maximum/minimum strain registered on CFRP on a specific location 

m curvature 

fc factor accounting for brittleness of concrete 
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 factor accounting for influence of transverse cracking 

frp factor accounting for non-uniform confinement 

 effectiveness factor 

 angle of disk rotation 

h / v horizontal/vertical reinforcement ratio 

sc cross-sectional area ratio of longitudinal steel 

c / c stress/strain in concrete 

s / s stress/strain in steel reinforcement 

f / f stress/strain in FRP 

 theoretical out-of-plane displacement under eccentric axial loading 
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Table 1. Summary of tested specimens 

Wall L H t L0 H0 
a)

 fc
  b)

 h v fy fu peak
  c)

 Sexp Nexp 

 (m) (m) (m) (m) (m) (MPa) (%) (%) (MPa) (MPa) (mm) (kN/m
2
) (kN) 

Walls under transversal load 

A 

4.0 2.6 0.1 

- - 49.7 0.196 0.190 600 662 81.81 21.2 

- 

B - - 49.7 0.196 0.190 600 662 73.08 21.8 

C 1.3 1.0 49.7 0.196 0.190 600 662 125.19 15.3 

D 1.3 1.0 49.7 0.196 0.190 600 662 109.51 17.0 

E 1.3 1.0 49.7 0.136 0.133 651 701 115.85 11.0 

F 1.3 1.0 49.7 0.136 0.133 651 701 108.74 12.3 

Loads under eccentric axial load 

I-C 

1.8 1.35 0.06 

- - 62.8 0.339 0.327 632 693 18.96 

- 

2363 

I-S 0.45 1.05 62.8 0.339 0.327 632 693 26.67 1500 

I-L 0.90 1.05 62.8 0.339 0.327 632 693 11.18 1180 

II-S 0.45 1.05 62.8 0.339 0.327 632 693 22.35 2241 

II-L 0.90 1.05 62.8 0.339 0.327 632 693 5.84 1497 

III-S1 0.45 1.05 64.4 0.339 0.327 632 693 21.73 2178 

III-S2 0.45 1.05 64.4 0.339 0.327 632 693 17.41 2009 

III-L1 0.90 1.05 64.4 0.339 0.327 632 693 12.34 1334 

III-L2 0.90 1.05 64.4 0.339 0.327 632 693 7.31 1482 

a) Heights of window- and door-type openings in walls under transverse and axial loading, respectively 

b) Mean compressive strength determined based on cylinder and cube tests for walls under transverse and axial loading, 

respectively. A conversion factor of 0.83 is used in later calculations to convert the cube compressive strength into cylinder 

compressive strength. 

c) Maximum out-of-plane displacements at peak load: measurements in the mid-point location for solid walls and at the 

opening edge for specimens with openings  
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Table 2. Characteristics of the CFRP and its adhesive 

Property Epoxy adhesive   

(StoPox LH) 

CFRP ply  

(StoFRP IMS300 C300) 

Single-ply thickness, tfrp (mm) - 0.17 

Tensile strength, ffrp (MPa) >60 >5500 

Elastic modulus, Efrp (GPa) 2 290 

Elongation at break, frp (%) 3 1.9 
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Table 3. Experimental ultimate transverse loads and yield line predictions obtained with and 

without consideration of the effects of strain hardening  

Wall Ultimate transverse load (kN/m
2
) 

Experimental (Sexp)  Predicted (Su) 

  No strain 

hardening 

Accuracy 

Su/Sexp 

Strain 

hardening 

Accuracy 

Su/Sexp 

A 21.2  18.37 0.87 20.23 0.95 

B 21.8  18.37 0.84 20.23 0.93 

C 15.3  13.24 0.87 14.59 0.95 

D 17.0  13.24 0.78 14.59 0.86 

E 11.0  10.10 0.92 10.86 0.99 

F 12.3  10.10 0.82 10.86 0.88 

Average 0.85  0.93 

CoV (%) 5.5  5.2 
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Table 4. Comparison of measured ultimate axial loads and yield line predictions 

Wall Ultimate axial load (kN)  Accuracy 

 Experimental (Nexp) Predicted (Nu)  Nu/Nexp 

I-C 2363 1872  0.79 

I-S 1500 1325  0.88 

I-L 1180 1046  0.89 

II-S 2241 1979  0.88 

II-L 1497 1527  1.02 

III-S1 2178 2072  0.95 

III-S2 2009 2567  1.28 

III-L1 1334 1198  0.90 

III-L2 1482 1464  0.99 

Average  0.95 

CoV (%)  14.6 
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