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STABLE SIMPLEX SPLINE BASES
FOR C? QUINTICS ON THE POWELL-SABIN 12-SPLIT

TOM LYCHE AND GEORG MUNTINGH

ABSTRACT. For the space of C® quintics on the Powell-Sabin 12-split
of a triangle, we determine explicitly the six symmetric simplex spline
bases that reduce to a B-spline basis on each edge, have a positive parti-
tion of unity, a Marsden identity that splits into real linear factors, and
an intuitive domain mesh. The bases are stable in the Lo, norm with a
condition number independent of the geometry, have a well-conditioned
Lagrange interpolant at the domain points, and a quasi-interpolant with
local approximation order 6. We show an h? bound for the distance be-
tween the control points and the values of a spline at the corresponding
domain points. For one of these bases we derive C°, C*, C% and C? con-
ditions on the control points of two splines on adjacent macrotriangles.
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1. INTRODUCTION

Piecewise polynomials or splines defined over triangulations form an indis-
pensable tool in the sciences, with applications ranging from scattered data
fitting to finding numerical solutions to partial differential equations. See
[3,14] for comprehensive monographs.

In applications like geometric modelling [4] and solving PDEs by isogeo-
metric methods [11], one often desires a low degree spline with C!, C? or C3
smoothness. For a general triangulation, it was shown in Theorem 1.(ii) of
[30] that the minimal degree of a triangular C” element is 4r+1, e.g., degrees
5,9, 13 for the classes C', C?, C3. To obtain smooth splines of lower degree
one can split each triangle in the triangulation into several subtriangles.

One such split is the Powell-Sabin 6-split A of a triangle /\, which has
been used for the construction of B-spline-like bases over arbitrary triangu-
lations [7,26,28]. These bases form a nonnegative partition of unity, admit
a Marsden identity and yield stable quasi-interpolants [15,29]. Moreover,
by imposing local C? smoothness across the interior edges of A, the quin-
tic spline space can be reduced while maintaining the approximation order
[1,27].

In this paper we instead focus on the Powell-Sabin 12-split A; see Figure 2.
This split is suitable for the construction of simplex splines, as it is the
complete graph of the vertices and midpoints of a triangle. Similar to the
6-split, global C! smoothness can be obtained with degree only 2 [20], and
C? smoothness with degree only 5 [13,16,24] on any (planar) triangulation.
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Once a space is chosen one determines its dimension. The space S3 and
832 of C! quadratics and C? quintics on the 12-split of a single triangle have
dimension 12 and 39, respectively. For a general triangulation 7 of a polyg-
onal domain, we can replace each triangle in 7 by its 12-split, obtaining a
refined triangulation 772. The dimensions of the corresponding C' quadratic
and C? quintic spaces (the latter with C® supersmoothness at the vertices of
T and interior edges of the 12-split of each triangle in 7) are 3|V| + |€| and
10|V| + 3|&|, where |V| and |€] are the number of vertices and edges in 7.
Moreover, in addition to providing C' and C? spaces on any triangulation,
these spaces are suitable for multiresolution analysis [6,8,16,19].

For a general smoothness, degree, and triangulation, it is a hard problem
to find a basis of the corresponding spline space with all the usual properties
of the univariate B-spline basis. One reason is that it is difficult to find a sin-
gle recipe for the various valences and topologies of the triangulations. In [5]
a basis, called the (quadratic) S-basis, was constructed for the C'! quadratics
on the Powell-Sabin 12-split on one triangle. The S-basis consists of sim-
plex splines [17,21] and has all the usual properties of univariate B-splines,
including a recurrence relation down to piecewise linear polynomials and
a Marsden identity. Moreover, analogous to the Bernstein-Bézier case, C°
and C' smoothness conditions were given, tying the S-bases on neighboring
triangles together to give C'! smoothness on the refined triangulation 7is.

In the next section we recall some background on splines and the 12-split.
Section 3 introduces dimension formulas for spline spaces on the 12-split. In
Section 4 some basic properties of simplex splines are recalled, after which
an exhaustive list is derived of the C3 quintic simplex splines on the 12-split
that reduce to a B-spline on the boundary. Section 5 introduces a barycentric
form of the Marsden identity and describes how the dual basis in [16] can be
applied to find the simplex spline bases of S satisfying a Marsden identity.
Making use of the computer algebra system Sage [22], these techniques are
applied in Section 6 to discover six symmetric simplex spline bases that
reduce to a B-spline basis on each boundary edge, have a positive partition
of unity, a Marsden identity, and domain points with an intuitive control
mesh and unisolvent for S3. The concise and coordinate independent form
of the barycentric Marsden identity makes it possible to state these results
in Table 3. Analogous to the Bernstein-Bézier case, we find CY, C', C? and
even C? conditions for one of these bases, tying its splines together on a
general triangulation. One of the latter smoothness conditions involves just
the control points in a single triangle and the geometry of the neighboring
triangles, showing that C® smoothness using 8¢ cannot be achieved on a
general refined triangulation 7i2. Finally a conversion to the Hermite nodal
basis from [16] is provided.

2. BACKGROUND

2.1. Notation. On a triangulation 7 of a polygonal domain Q C R? we
define the spline spaces

SHT)={feC(Q): fln €ZVAET}, rdeZ, r>—1,d>0,
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FIGURE 1. Domain mesh for the quintic Bézier basis (left),
the S-basis from [5] (middle) and the basis B, in this paper
(right).

where Il; is the space of bivariate polynomials of total degree at most d.
With the convention II; := () and dimII; := 0 if d < 0, one has

1
dimIg = g(d+2)(d+1);, deZ

where z; := max{0, z} for any real number z.

Any point x in a nondegenerate triangle [vy, v, v3] can be represented
by its barycentric coordinates (f31,2,33), which are uniquely defined by
x = [B1v1 + Bovs + B3vs and B1 + P2 + B3 = 1. Similarly, each vector w is
uniquely described by its directional coordinates, i.e., the triple (81—, f2 —
B4, Bs — B5) with (81, B2, B3) and (81, 85, B3) the barycentric coordinates of
two points @ and «’ such that u = x — x’. Sometimes we write x as a linear
combination of more than three vertices, in which case these coordinates are
no longer unique.

A bivariate polynomial p of total degree d defined on a triangle /A C R?
is conveniently represented by its Bézier form

da
p(x) = Z Cijsz‘djk(m)v Bzdjk<$) = Wﬁiﬁéﬂz’f,
it+j+k=d
i,j,k>0

with (81, B2, 83) the barycentric coordinates of & with respect to /\. Here
the ijk are the Bernstein basis polynomials of degree d and the coefficients
c;jk are the Bézier ordinates of p. We associate each Bézier ordinate c;jr € R
to the domain point Eijk = %vl—i—%vg—i—%’vg € R? and combine them into the
control point (&;;y, ciji) € R3. By connecting any two domain points &k
and &;, 1, by a line segment whenever [i; —ia|+ |j1 — ja| + |k1 — k2| = 1, one
arrives at the domain mesh of p; see Figure 1la. The control mesh is defined
similarly by connecting control points.

We consider finite multisets K = {v]"---v™} C R? in which the
distinct elements v1,...,v, are counted with corresponding multiplicities
my,...,my > 0. Write |[K| := my + --- + m,, for the total number of
elements in K. For any two integers i, j, the Kronecker delta is the symbol

s o1 ifi=],
Y1 0 otherwise.



F1GURE 2. The Powell-Sabin 12-split with labelling of ver-
tices and faces (left), and a scheme assigning every point in
the macrotriangle to a unique face of the 12-split (right).

For any set A C R?, define the indicator function

1 ifxeA,
]_A:R?—){O,l}, 1A(.%') :—{ 0 1fx§EA

2.2. The Powell-Sabin 12-split. Given a triangle A\ = [v1,v2, v3] with
vertices v1,vg,v3 write e; = [v9,v3], ex = [v3,v1], and ez = [vi, V9]
for its (nonoriented) edges. Connecting vertices and the edge midpoints
v4 1= (V1 +v2)/2, v5 := (v2+v3)/2 and ve := (v1 +v3)/2, we arrive at the
Powell-Sabin 12-split A of /\; see Figure 2a for the labelling of the vertices
v1,...,v10 and faces A\, ..., N\is.

To decide to which face of the 12-split points on the interior edges be-
long, we follow the convention in [25] shown in Figure 2b, which can be
quickly computed by Algorithm 1.1 in [5]. If K is a multiset satisfying
K C {v1,...,v10} as sets, its convex hull [K] is a union of some of the faces
of the 12-split, and we define the half-open convezr hull [K) as the union of
the corresponding half-open faces depicted in Figure 2b.

2.3. A basis for the dual space of a space of C3 quintics. Let A
be the 12-split of a triangle A\ with vertices V = {wv1,v2,v3} and edges
& = {[v1,v2], [v2,v3], [v3,v1]}. For any edge e = [v;,v;] € € with opposing
vertex vy, let

4 9 me : 2 ) q2,e L 4
be its midpoint and quarterpoints. With e, the point evaluation at v and
D,, the directional derivative in the direction u, let

1) A={]J | {ewDi,Dj y Ul J{eq,. D} .em.Du..eq, Do };
veY i+5<3 ec&
1,j>0

3v; + v; v +v; v; + 3vj
di,e = =



FIGURE 3. A basis for the dual space of Sg’ on a single tri-
angle. A bullet represents a point evaluation, three circles
represent all derivatives up to order three, and a single and
double arrow represent a first- and second-order directional
derivative. These derivatives are evaluated at the rear end of
the arrows, which are located at the midpoints and quarter-
points.

see Figure 3. Here, for every vertex v and edge e, the symbols x,,y,, are
any linearly independent vectors and wu. is any vector not tangent to e,
for example the outside unit normal as shown in Figure 3. It was shown
in [16, Theorem 4] that A is a basis for the dual space to S3(4), which
therefore has dimension 39.

3. DIMENSION FORMULAS

Consider a polygonal domain Q C R? with a triangulation 7 with sets of
vertices V, edges &, faces F, and 12-split refinement Tio. Let

Sg’g(Tlg) = {s€82(Th2) : s € C3}(N),/N€ F and s € C3(v),v € V}.

Here s € C3(v) means that all polynomials s| such that A is a triangle
with vertex at v have common derivatives up to order three at the point v.
Note that if T consists of a single triangle, then 852’3(7'12) = Sg(’Tlg).

Since A from (1) specifies the value and partial derivatives up to or-
der three at each vertex of 7 and the value, first- and second-order cross-
boundary derivatives at each edge of T, the following theorem is an imme-
diate consequence of [16, Theorem 4].

Theorem 1. For any triangulation T with |V| vertices and |E| edges, the
set A is a basis for the dual space of S§’3(T12). In particular

dim 82°(Ti2) = 10|V| + 3[€|.

Next, let A denote the 12-split triangulation of a single triangle /\. For
future reference, we state the following formula for the dimension of the
space of C" splines of degree d on A, which is a special case of Theorem 3.1
in [2] (also compare [23]).



dimSi(A) -1 0 ¢t ¢r 3 ¢t b S T C® (Y
12 1

36 10 3

72 31 12 6

120 64 30 16 10

180 109 60 34 21 15

166 102 61 | 39 27 21

336 235 156 100 66 46 34 28

432 316 222 151 102 73 54 42 36

540 409 300 214 150 109 81 63 51 45
660 514 390 289 210 154 117 91 73 61 55

TABLE 1. Dimensions of Sj(&), with (r,d) = (3, 5) highlighted.
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Theorem 2. For any integers d,r with d >0 and d > 1 > —1,

dim S)(A&) = %(r +1)(r+2)+ g(d— r)(d—r+1)

IS

(2)

-

3
+§(d—2r—1)(d—2r)++ (r—27+1)4.

<.
I
—

To quickly look up dim S} (&) for small values of  and d, we have listed
these first dimensions in Table 1.

4. SIMPLEX SPLINES

In this section we first recall the definition and some basic properties of
the simplex spline, and then proceed to determine the C® quintic simplex
splines on the 12-split that reduce to a B-spline on the boundary. For a
comprehensive account of the theory of simplex splines, see [17,21].

4.1. Definition and properties. The following definition of the simplex
spline is convenient for our purposes.

Definition 1. For any finite multiset K = {v]" ---v[§!°} € R? composed

of vertices of A, the (area mormalized) simplex spline QK] : R? — R is
recursively defined by

0 if area([K]) = 0,
QK](z) := 1) () 22 if area([K]) # 0 and [K| =3,
21 BiQMK\v;)(@) if area([K]) # 0 and K| > 3,
with = S1v1+- -+ Biov10, f1+- - -+ 510 = 1, and B; = 0 whenever m; = 0.
By Theorem 4 in [17] this definition is independent of the choice of the

Bj. It is well known that Q[K] is a piecewise polynomial with support
[K] € A and of total degree at most |K| — 3. One shows by induction

on [K| that [, Q[K](z)dz = area(A) - (KI) ™" Although M[K] :=
area(A)_l(m‘;l)Q[K] has unit integral and is used more frequently, our
discussion is simpler in terms of Q[K].



Whenever m7; = mg = mg = myg = 0, we use the graphical notation

&, = Qvivivivierop)

Example 1. The linear S-spline basis in [5] only uses vertices vy, ..., vg,
v19, while the quadratic S-spline basis only uses vy, ...,vg. It is given by

6

3) 552 = area(A)

M[K372] = Q[Kj,2]7 ] = 17 B ]-27

where by (2.5) in [5], as (unordered) sets,

QK2 QKo = { ) AR SR e AR SR
S 4 R o 8 )

Example 2. If K = {vé‘iﬂv?"ﬂv’,{f”l} has three distinct elements with

area([K]) > 0, then, with (5;, 5;, Bx) the barycentric coordinates of x with
respect to [v;,v;,vy], it follows by induction that

(4)

area(D) (pi + pj + )
area([K])  pilp;!pu!

which is, up to a scalar, a Bernstein polynomial on [K).

! Wi ol ok
6@'15]'] k

QK]|(z) = 1k)(z)

Continuity. For any edge e of A, if K has at most m knots (counting multi-
plicities) along the affine hull of e, then Q[K] is |K|—m—2 times continuously
differentiable over e. For instance, every C? quintic simplex spline on 4 has
at most three knots along the affine hull of any interior edge e.

Differentiation. Let K = {v]"" --- v[{'°} be a finite multiset. If u = v +
-+ + a19v19 is such that a1 +--- + a0 = 0 and «; = 0 whenever m; = 0,
then one has a differentiation formula

10
(5)  DuQ[K] = (K| -3)> o;QK\vj].
j=1

Knot insertion. If y = pivy + - + B1ovio is such that g1 + -+ B =1
and 3; = 0 whenever m; = 0, then one has a knot insertion formula

10
6) QK=Y BRIKUY)\v,.

j=1
For instance, if v1, v € K, then, since v4 = %Ul + %’02,

QIK] = SQI(K Uva)\v] + 5K Uwi)\ws),

and for example

Bl L
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Restriction to an edge. Let e = [v;,vy] be an edge of /A with midpoint v;
and let @ik (t) := (1 — t)v; + tvg. By induction on |K|,

(7) Q[K] oo (t) B 0 if m; +m; +my < |K‘ — 1,
PIRT el B(1) i i+ my g = K] - 1,

where B is the univariate B-spline with knot multiset {0™¢ 0.5™7 1}

We say that Q[K| reduces to a B-spline on the boundary when B is one
of the consecutive univariate quintic B-splines BY, ... ,Bg’ on the open knot
multiset {0°0.5%16}; see Table 5. Similarly a basis B = {S1,...,S39} of
S3(A) reduces to a B-spline basis on the boundary when

1 1 .
{S100ik, ..., Ss900ut = {(B}) -+ (BR) 0%}, 1<i<k<3,
as multisets. This scaling of B ensures simple C° conditions for connecting

two adjacent patches expressed in terms of B.

Symmetries. The dihedral group S3 of the equilateral triangle consists of
the identity, two rotations and three reflections, i.e.,

(3 (D (2 (2 (D
O AN ¥vAX A 4n
0""“@ @"‘rA@ 8""“0 0""“9 8""4“@

-— —v

The affine bijection sending vy, to (cos(27k/3),sin(27k/3)), for k = 1,2, 3,
maps A to the 12-split of an equilateral triangle. Through this correspon-
dence, the dihedral group permutes the vertices vy,...,v19 of &A. Every
such permutation ¢ induces a bijection Q[v{" ---v](!°] — Q[o(vy)™ ---
o(v10)™°] on the set of all simplex splines on A. For any set B of simplex
splines, we write

[Bls, :=={Q[c(K)] : QK] € B, 0 € S3}

for the S3 equivalence class of B, i.e., the set of simplex splines related to B
by a symmetry in S3. For example,

& )
£ -8 s it )

S3

and (4) takes the compact form

& o o)

We say that B is Ss-invariant whenever [Blg, = B.

4.2. C® quintic simplex splines on the 12-split. Any simplex spline
Q[K] of degree d = 5 on A is specified by a multiset K = {v]" --- 0]}
satisfying

(8) mi1+mg+---+mip=d+3=8.



9

Lemma 1. Suppose a quintic simplex spline QK] on A is of class C3.
Then

9) my =mg = mg = mig = 0,

and

(10)  mq +ms, mg+my, mo+ mg, my—+ mg, mg—+ ms, ms+mg < 3,
whenever both multiplicities are nonzero.

Proof. In the 12-split certain knot lines do not appear, leading to the con-
ditions

mimg = mimnmg = Mmgng — 0,
(11)  mamz7 = mamg = mzmgy = 0,

mamy = mamg = mymg = 0.

To achieve C® smoothness over the remaining knot lines, the sum of the
multiplicities along each line in the 12-split has to be at most three,

mi + ms + mz +mi < 3, my + me +mz < 3,
(12) mg 4+ me + mg + mig < 3, my +ms +mg < 3,
ms3 + my + mg + mig < 3, ms + mg + mg < 3,

whenever the line contains at least two knots with positive multiplicities.
Suppose m7 > 1. Then (11) implies mg = m3 = mg = mg = 0, and by
(8) and (12), 8 = (my1 + ms + m7 + mio) + (ma + mg) < 3 + 2, which is a
contradiction. It follows that m7 (and similarly mg and mg) must be equal
to zero. Moreover, by (8) and (12), 8 = (my +ms+my +mig) + (ma +me +
mg + mlo) + (m3 +my +mg + mlo) —2myg < 9 —2mqg. Therefore miyg =0
and (9) holds, and (10) follows immediately from (12). O

In addition we demand that QK] reduces to a B-spline on the boundary.
By (7), if m; +mj; +my, < 7, then Q[K]|. = 0 and this condition is satisfied.
The remaining case m; + m; + my = 7 yields the conditions

not(my + mg + mgo = 7 and my > 3),

not(my + mg +me =7 and my > 1 and mg > 1 and my # 2),
(
(
(

not(my + me + mg = 7 and mg > 3),

not(msg + ms + mg = 7 and ms > 3),

not(msg + ms + mg =7 and mg > 1 and mg > 1 and ms # 2),

not(my + mg + mg =7 and m; > 1 and ms > 1 and mg # 2).

Adding the entries in the second column of (12) and using (9) gives 2my+
2m5 + 2m6 < 97 1mp1y1ng7 by (8)7

(14) mi1 + mg +ms > 4, myg +ms +mg < 4.

Theorem 3. With one representative for each Ss equivalence class, Table 2
is an exhaustive list of the C? quintic simplex splines on A that reduce to a
B-spline on the boundary.



10

Q@ Q" Q@ @

Qe Q@ @ @ @
& b £ o dbo b B A A b

e Q& @ Q @ @ @ Q@ @ Q

oo ddo oo ddb Mo oo doe Po ot SBb

TABLE 2. The C? quintic simplex splines on A, one rep-
resentative for each S3 equivalence class, that reduce to a
B-spline on the boundary.

Proof. Recall from (9) that m7 = mg = mg = mig = 0. We distinguish
cases according to the support [K] of Q[K], up to a symmetry in Ss.

Case 0, no corner included, [K] = [v4,vs5,v6]: By (8), my+ms+mg = 8,
so that the sum of two of these multiplicities will be at least 5, contradict-
ing (10). Therefore this case does not occur.

Case 1a, 1 corner included, K] = [v1,v4,v¢]: For a positive support
mq,myg, mg > 1, and since my4 + mg < 3 by (10), we obtain

W%f{gg],@%fﬂaé}

S3 S3

Case 1b, 1 corner included, (K| = [v1,v4,v5,v6]: By (8) and (14) one
has m; = 8 — my — ms — mg > 4, contradicting m; + ms < 3 from (10).
Therefore this case does not occur.

Case 2a, 2 corners included, K| = [v1,v9,v¢]: If my € {0,1}, then
me > 2 by the second line in (13), and since mg < 3 —mg by (10), it follows
that ms = 1 and mg = 2. We obtain

@, = | gy - 105 = | bl

53 SB
If my > 2, then, since my4 + mg < 3 by (10), one has my4 = 2 and mg = 1.
Since mg < 3 —mg = 2 by (10), we obtain

@5 = | g - 1015~ | S

Case 2b, 2 corners included, [K] = [v1,v2, v5, vg]: Since ms + mg < 3 by
(10), one has 1 < mgs,mg < 2. Suppose mg = 2. Then ms = ms = 1 and
my4 < 1 by (10), and m; +mz = 8 — ma — my — mg > 4, contradicting (10).
We conclude that mg = 1 and similarly that ms = 1. Then m; +mo+my =
8 —ms — mg = 6, and since (10) implies mq,mo, my < 2, one obtains

[Q%]s, = [%}

Case 3, 3 corners included, [K| = [v1,v2,v3]: We distinguish cases for
(ma4, ms, mg), with mg > ms > meg, first by my, and then by my +ms +me,
which is at most 4 by (14).

N .
Sg SS

S3



11

(0,0,0) One has my, mg, mg > 2 by (13), and we obtain

@' = || @15 = | )

S3 L 1S3
(1,0,0) One has 2 < mg3 <3 —my by (13) and (10), yielding
@~ | ]+ 1215~ | o]
S3 L 153
(1,1,0) One has my, mg < 2 by (10), yielding

@5 = | o) L@ = Py 5 (Sl = o

(1,1,1) One has my, mg, mg < 2 by (10), and we obtain

Qs = %

_ S3
(2,0,0) One has mg =1 by (10), yielding

@15 = | ofe] - @15 = | fw

4 53 L - SS
(2,1,0) One has m3 =1 and m; < 2 by (10), yielding

@15~ || - @1~ | o)

J 53 L - 53
(2,1,1) One has mg = 1 and my, mg < 2 by (10), yielding

Q's, = [.%@] 0

S3

S3

5. SIMPLEX SPLINE BASES FOR S3

Let A as in (1) be a basis of the dual space of S§(A). In this section we
describe a recipe for determining the Ss-invariant simplex spline bases that
reduce to a B-spline basis on the boundary, having a positive partition of
unity and a Marsden identity with only real linear factors.

5.1. Potential bases. Of the C? quintic simplex splines in Table 2, only
Q’ QP Q1

Q° Q Q° Q°
b B & e B B oo

are nonzero on [v, v2]. Any Ss-invariant basis reducing to a B-spline basis
on the boundary should therefore contain the S3 equivalence class of one of
the eight possible combinations in the Cartesian product

()16 o | {dbooBo) * | b o]

This determines 3 4+ 6 + 6 + 6 = 21 of the 39 basis elements.
Of the 13 remaining S35 equivalence classes in Table 2 of simplex splines
that are zero on [v1,vs], there are 6 of size 3,
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and 7 of size 6,

d Q] Qk Qm Qr Qs Qt

&&&&&&iﬁ&

For each of the above 8 choices of 21 simplex splines that are nontrivial on
the boundary of /A, we complete the basis by adding S5 equivalence classes
with together 18 elements, resulting in

[0+ 0O () ()] -

potential Ss-invariant simplex spline bases B of 82 that reduce to a B-
spline basis on the boundary. One selects the linearly independent sets B
by checking that the collocation-like matrix {A(Q)}gen rea has full rank.

5.2. Positive partition of unity. Let B = {Q1,...,Q39} be an ordered
simplex spline basis of S3(A\) that reduces to a B-spline basis on the bound-
ary. We desire that B has a positive partition of unity, i.e., that there exist
weights w1, ..., wsg > 0 for which

39
(15) > wiQi(w) =1
i=1

holds identically. Applying the functionals in A = {Aq,..., A3g} yields

39
D owidi(Qi) = X(1),  j=1,...,39,
=1

which has a unique solution (w1, ..., wsg) € R3 by the linear independence
of B and A. One then checks whether the weights w; are all positive.

5.3. Marsden identity. More generally, we would like B to satisfy a Mars-
den identity

(16) (1 +axTy)® Zlel Ui zel, yeR?

for certain dual polynommls ¢; and dual points p;,. of the form

5
vily) = [[0+pFy), P, €R? r=1,...,5, i=1,...,39.
r=1
In particular one recovers the partition of unity by setting y = 0. Similarly
one can generate all other polynomials of degree at most 5. For instance,
differentiating (16) with respect to y and evaluating at y = 0 yields

39 . .
E : 1 Pl + 4D
=1

y=0

where &; is the domain point associated to Q;.
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While the Marsden identity (16) is the form commonly encountered in the
literature [9, 10], we instead present a barycentric form that is independent
of the vertices of the macrotriangle.

Theorem 4 (Barycentric Marsden identity). Let 5; = B;(x),j = 1,2,3, be
the barycentric coordinates of © € R? with respect to /\ = [vq,va,v3]. Then
(16) is equivalent to

(18)  (Bicr + Paca + Bacs)’ Z w;iQi(Brv1 + Bav2 + P3v3) Vi(er, ez, c3),

=1

where & € 1\, ¢1,c2,¢c3 €ER, and, fori=1,...,39,

5
Wi(cr,c2,c3) H B1(p;)er + Ba(pi )2 + B3(pj,)es).-

Proof. Let X; := (1,v;)" € R3, j = 1,2,3. Since {X;, X3, X3} is linearly
independent, there are Y; € R3?, i = 1,2,3, such that X;FYZ- = ;5. Given
x € A and c1,co,c3 € R we define X, Y € R? by X := (1,2)T and Y =
(1, y)T =c1Y1+ Y9+ c3Y3. Since X = B1($)X1 + 52(%)){2 + Bg(%)Xg,

1+ xTy = XTY = 51 (:L‘)Cl + ﬂz(w)CQ + 63(113)03,
and in particular with = p; . and Pj . := (1,1);“7,,«)1“7
1+ piyy =PiLY = Bi(p},)e1 + Ba(pi )2 + Bs(p,)es
It follows that (18) is equivalent to (16). O

For a compact representation of the dual polynomials, we introduce the
shorthands (compare Figure 2a)

o c1+ ¢ - c2 +c3 - c1+cs

(19) 4 - 2 9 5 - 2 ) 6 - 2 )
. __Ca+tce - c4 + C5 c __cs+ce c __ca+tc+tces
7= 2 ) 8 -— 2 ) 9 -— 2 ) 10 -— 3 .

Example 3. The barycentric Marsden identity for the quadratic S-basis in
[5, Theorem 3.1] (cf. Example 1) is

2
(c181 + c2Ba + c3B3)? = <61€é) + 62& + Ca&) =
—1—102 +§cc —1—100 —i—lcc
g joendle t 20 ifbe T 2 e
3 % 1 % 1 §
+ 02 &—i— 405610 + 20205 + 20365
3 1 1
+ ch @ + 10661()% + 50306‘@ + 5@6(}% ,

where the weights follow from (3).
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For every basis B = {Q1,...,Q39} with a positive partition of unity (15),
we apply the functionals in A to (16) with respect to @, which gives

M(Q1) - AM(Q39) w11 (y) M ((1+2zTy)?)

A39<Q1) >\39(Q39) ’w39¢.39(y) >\39((1+.90Ty)5)

This system has a unique solution in the module R[y]3, with each compo-
nent w;1;(y) a polynomial of degree at most 5 by Cramer’s rule. The basis
B has a Marsden identity (16) if and only if these polynomials split into real
linear factors.

6. MAIN RESULTS

Some of the remaining computations are too large to carry out by hand. We
have therefore implemented the above computations in Sage [22]. From the
website [18] of the second author, the resulting worksheet can be downloaded
and tried out online in SageMathCloud.

6.1. Six bases for S3. Checking linear independence for each of the 3648
potential bases, we discover that there are 1024 Ss-invariant simplex spline
bases that reduce to a B-spline basis on the boundary. There are 243 such
bases with a nonnegative partition of unity, of which there are 47 bases with
a positive partition of unity. Of these there are 9 with all domain points
inside the macrotriangle, of which there are 7 with precisely 8 domain points
on each boundary edge. Of these there are 6 bases Bq, By, B, By, Be, By
for which each dual polynomial only has real linear factors. These bases,
together with their weights wy, dual polynomials ¥,, and domain points &,,
are listed in Table 3. For instance, the highlighted rows in the table yield
the set

B i i 36B0 1dBe 18 o 36l 1o,

We summarize these results in the following theorem.

Theorem 5. The sets B = By, By, Be, By, Be, By are the only sets satisfying:

(1) B is a basis of S2(A) consisting of simplex splines.

(2) B is Ss3-invariant.

(3) B reduces to a B-spline basis on the boundary.

(4) B has a positive partition of unity and a Marsden identity (18), for
which the dual polynomials have only real linear factors; see Table 3.

(5) B has all its domain points inside the macrotriangle /\, with precisely
8 domain points on each edge of /\.

Remark 6. Table 3 shows that, for the simplex splines

.0, = | Sy ol iR .

the weights and dual polynomials depend on the entire basis, and they
cannot be determined directly from the corresponding knot multiset.



15

Q“ QP Q° Q' Q7 Q'
Bo, w.¥, 1} 9%0‘11164 %ci’ci %30%52031 0 10%044051
£ (1,0,0)  (35:3:0) (5.5.0) (5.5.0) X (6% 10)
By, w,¥, ic‘;’ 9%0411164 %c‘i’cﬁ %Sc%ggci 0 10%044051
£, (1,0,0) (10010:9)  (5.5.0) (5.5.0) X (1% 10)
B, w,, }Lc‘;’ 9;110‘11104 %ci{’cﬁ %36%52@21 ‘%?16270‘216110 162044651
£, 1,000 (w9 (59 (39 (56 (o350
Bqg w,¥, 18 9%6411164 %c‘%’ci 0 0 10%044051
£ (1,0,00  (35:75:0) (550 x X (165 10)
Be w¥, 18 9%0‘111@1 %cifci 0 0 1(:%044051
£, (1,0,0) (16-16:0)  (5:50) x X (105 10)
Bf ’U)*\I/* %C? 9%0111164 %C?Ci 0 ic210226316121 10%644051
& (10,0 (10 (5350 x (335 (1575 10)
Q" Q° Q1 Q" Q* Q'
B, w,¥, 3216%036410 0 0 %36,163%64105 %101101%7646110 0
£ (5 1501s) X X (105 1) (35036 1) X
By, w.¥, 0 %0111621Ci364flo 0 %??10?%04105 %10110%640110 0
£, X (35> 300 15) X (3605 10) (55036 1) X
Bc ’U)*\If* 0 0 0 %glc§04105 0 26%1020;1051010
£ X X X (353> 10) X (350 15: 8)
By wV, %2105703c£0 0 3%0220?1 %glc§04lc5 i?cgﬁrﬁ&l 0
& (i 1515) X (3309 Go3w) (o533 X
Be w,V, 0 %011102105,644610 g?(;z@% %5103%04105 i%103103lc4 0
3 X Gozws) (5309 (i) (o335 X
By w,V, 0 0 3%022031 %glc§C4C5 0 %017020230408
1 1
£, X X (330 (%35 1w) X 300 57 1)
TABLE 3. For the six bases By, ..., By and for each contained

representative (Q* in Table 2, the table lists the weight wy
times the dual polynomial W, using the shorthands in (19),
and the barycentric coordinates of the domain point &,.

Dual points and domain points. One immediately reads off the dual points
from the dual polynomials in Table 3, simply by replacing ‘¢’ by ‘v’. For
instance, in each basis the simplex spline

o b
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FI1GURE 4. For the six bases in Table 3, the figure shows the
domain points ® and, for each S3 equivalence class, the label
of a representative in Table 2.

has dual polynomial ! = c3cycs, and therefore dual points {v3v4vs}. By
(17) the corresponding domain point is (3va + v4 + v5)/5 = 5v1 + Fv2 +
1—10113. Thus one obtains for each basis all domain points, which are listed
in Table 3 and shown in Figure 4. The domain points of the basis B, are
connected to form the domain mesh in Figure 1c. To preserve the symmetry
of A, the domain points are forced to form a hybrid mesh with triangles,

quadrilaterals, and a hexagon in the center.

Polynomial reproduction. Following [12], we define for any nonnegative in-
tegers i1, 12,73 the “coeflicient of” operator

1 df

i1li2lig! Ol Dl ocy

] f = (0,0,0)

for any formal power series f(c1,co,c3). Substituting the dual polynomials
from Table 3 and the shorthands from (19) into (18) and applying [clf b cég} ,
with i1 + 79 4+ 43 = 5, we recover the Bernstein polynomials

39

50 o

il BB = E w; Qi (B1v1 + Pava + Pav3) [Cﬁlc?c?} ;.
liglis) P

Thus one sees immediately from the monomials in the dual polynomials
which simplex splines appear in the above linear combination. For example,
the Bernstein polynomial 37 corresponds to the lattice vector (iy,iz,i3) =
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K, K, K. Ky K. Ky
922.8254  471.0175  72.7901  105844.1657  2461.1688  359.0043

TABLE 4. Numerical approximations of the constants K.

(5,0,0), and

1 1 1 1 1 1
&_4(% +8$ +8$ +8€%3+8¢% +4&%¥3'
Quasi-interpolation. For each basis B = {5, ..., S39} with dual points pj .,
consider the map Q : CO(A) — S2(A) defined by Q(f) = 3222, Li(f)S; and

5k5 ;kr++ ;(7“
L= et Y g (Bt ),

k=1 1<ri<-<rp<5

Note that this is an affine combination of function values of f, i.e.,

5 15
LTSI (2) -1,
k=1
implying that Q reproduces constants. Moreover, using the Marsden identity
it is easily checked [18] that Q reproduces polynomials up to degree 5, i.e.,
Q(Bf’jk) = ijk, whenever ¢ + j + k = 5. Furthermore, Q is bounded
independently of the geometry of A\, since, using that B forms a partition
of unity,

275
1Ny < max LI < == fll )

Therefore, by a standard argument, Q is a quasi-interpolant that approxi-
mates locally with order 6 smooth functions whose first six derivatives are
in Ly (4\). Note that Q does not reproduce all splines in S3(A).

Lo stability and distance to the control points. The next theorem shows
that each basis is stable in the L., norm with a condition number bounded
independent of the geometry of A\.

Theorem 7. Let B, = {Si,...,S539} be one of the bases By, ...,By, and
f=8%c e S3(A) with ST = (S,...,539) and ¢ = (c1,...,c30)T. Then
there is a constant K, > 0 independent of the geometry of /\, such that

(20) K Melloo < Nfllz ) < lelloo-

Proof. Let &4, ...,&39 be the domain points of B,. A calculation shows that
the collocation matrix M, = (mij)f’f;:l, with m;; = S;(§;) is nonsingular,
and its elements are rational numbers independent of the geometry of A\.
Using the Lagrange interpolant, the coefficients take the form ¢ = M_ ! f,
where f = (f(&,),..., f(€39))". Hence, since S forms a partition of unity,

(20) holds with K, = ||[M |- a

Note that K is an upper bound for the condition number of the basis Bx,
and is in fact the infinity norm condition number of the matrix M,, because



18

| My]|oo = 1. Numerical approximations of the constants || M || are listed
in Table 4, the smallest of which is obtained for B,, in which case

_1 60866923187443943219194678615331
Ke=I1M: lloo = 836197581250152380489105335680 ~ T2.7901.
Hence, there is a well-conditioned Lagrange interpolant at the domain points
of the basis B..
We can now bound the distance between the Bézier ordinates and the

values of a spline at the corresponding domain points.

Corollary 1. Let h be the longest edge in /\, and let f = STe with Hessian
matriz H and values f = (f(&,),..., f(€39))T. Then

le = Flloo < 2Kh° max || H (2)]|oo-
zel

Proof. Consider the first-order Taylor expansion of f at x,
f(®) = f(mo) = (® — x0)V f(w0) + g(x).
As the error term g € S3(A), it takes the form g = 25’31 b;S;, with

c¢i — f(zo) = (& — o)V f(zo) + bi.
In particular for &y = §;, we obtain

i = f(&)] = |bi| < K. max|g(x)|
e

< 3K oy [l - )T H) @ - €0,

from which the Corollary follows. U

6.2. The basis B.. While the remainder of the paper can be carried out for
all six bases, we now restrict our discussion to the basis B, = {wiQi}f’gl for
several reasons. First of all, the condition number K, is smallest. Secondly,
this basis has the most localized support, because it contains the splines

e 68|

as opposed to splines with full support. Finally, for £ = 0,1,2 and any
direction u not parallel to the edge e of /\, the number of additional splines
QQ; for which DﬁQi]e is nonzero corresponds to the dimension of the space of
univariate splines of degree 5 — k on the knot multiset {0¢+1=%(0.52 14+1-F1,
This allows for relatively pretty smoothness conditions analogous to the
Bernstein-Bézier case.

Derivatives on the boundary. For d = 5,4,3,2 and ¢ = 1,...,d + 3, let
B¢ be the univariate B-spline in Table 5. Let (a1, a2, a3) be directional
coordinates of a vector u with respect to the triangle v, va, v3]. Denote by
|e the substitution of & by (1 — t)vy + twa.

In Figure 5 and Tables 6, 7 we order the simplex splines in B. by the
number of knots outside of e = [vy,v2]. Applying (5), (6), and (7) we can
express, for any simplex spline @;, the restricted derivative DEQ;|. of order
k=0,1,2,3 as a linear combination of B?fk, j=1,...,8 — k. These linear
combinations are listed in Tables 6, 7 for Q1, ..., Q25 and, by (5), are zero
for the remaining simplex splines Qog, . - . , Q39.
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B} := B[0°0.5'] B} := B[0°0.5'] B} := B[0*0.5}] B? .= B[0?0.5']
Bg := B[0°0.5%] B4 := B[0*0.5%] B3 = B[0%0.5?] B2 := B[0%0.5?]
B := B[0*0.5%11] 33 = B[0%0.5%11] B3 := B[020.5%1'] B3 := B[010.5%1}]
B} := B[0°0.5%1%] B} := B[020.5%17] B3 := B[0'0.5%1?] B3 := B[0.5?1?]
B2 := B[0%0.5213] B#:= B[0'0.5%1°] B3 = B[0.5%1%]  B?Z:= B[0.5' 19]
BR := B[0'0.521%] B} := B[0.5%1%] B3 = B[0.5' 19

B2 := B[0.5215] B4 := B[0.5! 1°]

B} := B[0.5' 1]

TABLE 5. Shorthands for univariate B-splines of degree d on
the open knot multiset {09F10.52 1941} for d = 5,4, 3, 2.

FIGURE 5. The domain points of the bases B, and B, or-
dered by an increasing number of knots outside of [v1, v2],
i.e., 1 knot for Q1,...,Qs, 2 knots for Qo,...,Q15, 3 knots
for Qig, - ..,Q21, 4 knots for Qa9, ..., 25, and more than 4

knots for QQG, ce ,Qgg.

Example 4. We derive the first two entries in the third row in Table 6.
By (7),

& _ area(X\) B} — 28],
. area([vi,v2,vg))



i Qi Qile £D (0 09,08) Qile ﬁDfa17a27a3)Qi|e

1 (% AB? 8a B 16a2B?

2 % AB3 8(ca B + ) BY) 320109 B? 4 1602 B3

3 & 2B] 4ayBi +2(201 + a)BY  8a2B3 + dan(day + a) B + 2(2a; + as)2B3
4 % 2B 20nBi 4 2(2a1 + an)BY  402B3 + 405201 4 a2) B3 + 2(201 + a2)2B3
5 e& 2BZ  2(ay + 2a9)Bi + 201 BY  2( + 202)? B3 + 4y (a + 202) B} + 402 B3
6 (& 2B 2(on 4 200)BE + 4oy BE 2(0 + 209)2B3 + 4oy (o) 4 4a) BE + 802 B3
T AR 4B 8(avyBE + ay BY) 1602 B2 + 32102 B3

8 AR 4B 8ag B2 1602 B3

9 % 0 8as Bl 3203 B3

10 q%) 0 a3(2B3 + B3) 8asas B + a3(3a; + as)(2B3 + Bj)

11 %} 0 203 B3 8aza3 B3 + 2a3(3aq + a2) B3

12 % 0 do3BY dovs(o + 302) B3 + dag (30 + arg) B?

13 ‘& 0 203 B3 2a3(o + 3ag) B} + 8aja3BE

14 ‘% 0 as(B2 +2BE) asg(aq + 3az2) (B} + 2B3) + 8aya3 By

15 Ao 0 8as Bl 320,03 B3

16 4% 0 0 8a3 B3}

17 %\3 0 0 203(2B3 + B2)

18 '% 0 0 403 B3

19 % 0 0 403 B3

20 (&) 0 0 203 (B3 + 2B3)

21 % 0 0 8a3 B}

22 c% 0 0 0

23 e%; 0 0 0

24 (% 0 0 0

25 % 0 0 0

TABLE 6. Restriction of the splines Q1,...,Q25, and their
directional derivatives, to the boundary edge e = [v1, v2].



1 3 .
3.4.5D(a17a27a3)Q1’e

Qi
1 & 32043 B3
2 S 9603as B} + 3203 B3
3 & 8a3(6a1 + ) B? + das (1202 + 6agas + a3) B3 + 2(2a + 042)3B§
4 c%b 803 B2 + 8a2(3ay + a) B2 + 602(201 + 2)2B2 + 4(2a; + ap)? B2
5 e&, A0y + 2002)3 B2 + 601 (a1 + 2002)2 B2 + 802 (g + 302) B2 + 83 B2
6 ‘%’ 2(a1 + 202)3 B3 + 4y (o + 6a1az + 1203) B + 8a2(ay + 6ag) B2
T AR 3203 B} + 960103 B2
8 % 3203 B?
9 ‘% 96020 B2
10 %b 36a10003B? + a3(7a? + 5aras + o3)(2B3 + B3?)
11 %} 24a3as B + 36a1asa3 B3 + 2a3(7ad + bajas + ) B3
12 % 8as(a? + 5ajas + Ta3) B3 + 8as(2a2 + Tayag + 20[%)332) + 8as(7a2 + bajag + a2) B}
13 (&) 2a3(a? + bajag + 7a3) B3 + 36a1agas B 4 2403 a3 B2
14 ‘% as(ad + bajas + 7a3) (B3 + 2B%) + 36a;aza3 B2
15 Ao 96023 B2
16 (‘% 8a3(bay — ag) BY
17 %b 240903 B? + 203 (5a1 + 2a0)(2B3 + B3)
18 % 8a3(ay + dae) B3 + 4a3(4ay + az) B3
19 ‘% 403(aq + 4a2) BE + 8a3(4aq + a2) B}
20 (& 203(5a + 201) (B2 4 2B3?) + 24a102B?
21 %’ 8a3(5az — ay) B2
22 G% 8 B}
23 ,%. 403(2B3 + B3)
24 (% 403 (B3 +2B3)
25 & 8a3B?

TABLE 7. Restriction of the third-order directional deriva-
tives of the splines Q1,...,Q25 to the boundary edge e =

[v1,va].
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Since u = 2a1v1 + 2a0v4 + 20006, differentiation and knot insertion yields

;DU&L — %20 &‘ + 209 %b‘ +2a3-0
:me%b\jag (%ﬁ% & \)
= (2a1+a2)$) +a2$

e

= 2(2a; + a)Bj + 4a2B;.

e

In the next section we apply Tables 6 and 7 to derive smoothness condi-
tions for splines on adjacent 12-splits expressed in the basis B.; see Figure 5.
Analogously, these tables are useful for deriving smoothness conditions with
tensor-product, Bézier, and more exotic patches.

Smoothness conditions. Let A\ := [v1,v2,v3] and A = [v1,v2, V3] be trian-
gles sharing the edge e := [v1, vs]. Figure 5 shows the domain points of the

bases B. = {w;Q;}; and B. = {w;Q;}; of S3(A) and S2(A). Let
39 ) 39 i 3
(21)  f(v):= Z cwiQi(v), v €A, fv) = Z@'MQz‘(”% ve,
=1 =1

be splines defined on these triangles. Imposing a smooth join of f and f
along e translates into linear relations among the Bézier ordinates ¢; and ¢;.

Theorem 8. Let (81, B2, B3) be the barycentric coordinates of v3 with respect
to the triangle /\. Then f and f meet with

C° smoothness if and only if ¢ = c;, fori=1,...,8;

C' smoothness if and only if in addition
g = Pre1 + Paca + Bsco, ¢15 = Prer + Pacs + Bacis,
¢10 = Picg + Pacs + Bacio; c1a = Pice + Pacr + Bacia,

¢11 = P1(2c3 — c2) 4 Paca + P3ci1,  ¢13 = Pics + B2(2¢6 — c7) + B33,
Cp = B 264k 4 By E25 4 Bacyy;
C? smoothness if and only if in addition
16 = Bic1 + 261B2c2 + Bics + 261 B3¢0 + 2B2f3¢10 + Bicie,
&17 = Bica + Pyea + Bieir + 201822952 4 21 8354552 - 2, g otign=ca,
618 — 5% 203—}-2304—02 4 I@% 04-%205 + 53018 4 25152 02—203—(};604-‘,—05
+2ﬁ163 02*203+264*665+ c11+3ci2 + Qﬂgﬁg 9012*26057011 ;
519 — /8% 264;-65 + 5% 205—1—2306—07 + 53619 + 2/81B2 C4+6C5E2CG+C7
+239033 C7_206+205_GC4+3013+3012 + 25183 9012—2604—C13 ;
G0 = Bics + Bier + Biean + 28182365 + 231 B3 A6 4 93y g Sericr
o1 = Bice + 2B1 8207 + B3cs + 281 B3c1a + 2B283¢15 + B3ca1;
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C3 smoothness if and only if in addition
Go2 = Bicy + 3PP 220 4 3B, B3 2022 4 B3¢, 4 333 By lo=caticn
+305 52010 016+3017 +,33622—|—3,33,31 5016 2¢9 + 383 52409 C1

+6B1525375Cm R
oz = 63 02+263 +352/8 —202+265+3C4 + 38 62 c2— C3+804+05 +53 C4+265

+362IB c10+15c19—c3—2cq4—4csy +3B ﬁQ 6612+2617+12018 cq+2cs

9 9
2c10+3c11—3cia+5c17+3ci8+¢ 20 +c 2 8ci10+3c11—2c¢
_|_36 ﬁ 10 11—9C12 17 18 TCo—2C31C5 3/6 /B 10 911 2

+65152ﬁ3 361o+6011+3012+02 4cztca—cs + ﬁ3 23,

024 — 53 204+C5 4 362/8 C4+8059 cetcr 4 3,8 ,82 305+856 2c7 4 63 2063+C7
+362/B 3613+8014 2c7 + 30, 52 3012+3013+614+3619+5020+C4 2cetcr

_|_3B 52 6012+12619+2620+204 cs +3526 15612+014 5164 2¢c5—cg

+6/31 8233 3012+6015+3C14 catcs—4ceter +/33024;

G5 = Bcs + 3B7Ba 206520 + 3183202 + Blcg + 33383 1058
"‘SB /325621 2c15 +3B2IB Cl4+3620 c21 _|_3ﬁ l823613+614 06
+651 82033 5014# + 530257

0= (36152 _ 35 62)02 2c3+2c4—2c5+2c6—cy
+362/B c11— 3612+013+02 203—|—23C4

2 2
_1_3525 ci1— 3612+C13+C7 ce+2c5

+36 62 5C11+6012+C13+9c18 9c19—2c2+4c3—4cy

6
+3ﬁ /82 561;+601g+011:961é) 90218 22C7+4206 4265
—2c11+6¢c12—2c13—ca+2c3—2cqa —2c5+2c6—C
+6B152/83 11 12 13 2 s 3 4 5 C6 7 i

Proof. By the barycentric nature of the statement, we can change coordi-
nates by the linear affine map that sends vy — (0,0), vo — (1,0), and
v3 — (0,1). In these coordinates,

o3 = $1(0,0) 4 B2(1,0) + £3(0,1) = (B2, B3).

Let u := v3 —v1 = (B2, B3). For r =0,1,2,3, the splines f and f meet with
C™ smoothness along e if and only if D f(-,0) = DE f(-,0) for k=0,...,r
Substltutlng (21), this is equ1valent to

chwl uQZ ;0 Zczwz qu ) ), k=0,...,r

which, using Tables 6 and 7, reduces to a sparse system

8—k
> B =0, k=0,...,r
j=1
where 7 is a linear combination of ¢; and ¢; with ¢ = 1,...,n,11, where

n1 = 8,no = 15,n3 = 21, and ng = 25. This system holds identically if
and only if rp; = 0 for j = 1,...,.8 =k and &k = 0,...,r. Let ng = 0.
For k = 0,1,2,3, one solves for ¢y, 11,...,Cpn,,,, each time eliminating the
Bézier ordinates ¢; that were previously obtained, resulting in the smooth-
ness relations of the Theorem; see the worksheet for details [18]. O

As for the Bézier basis and the S-basis from [5], each smoothness rela-
tion also holds when replacing each Bézier ordinate by the corresponding
domain point. The smoothness relations therefore also hold between the
corresponding control points.
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The final C? smoothness condition only involves the Bézier ordinates in
a single triangle and the barycentric coordinates of the opposing vertex in
a neighboring triangle. It follows that C® smoothness using S5 cannot be
achieved on a general refined triangulation 712. However, if T is a regular
tessellation consisting of equilateral triangles (as in Example 5 below), then
(51, 82,B3) = (1,1, —1) and this condition vanishes.

Conversion to Hermite nodal basis. Let A be as in (1) with @, := v; — v
and y, = v; — v for any vertex v € V with opposing edge [v;,v;] € &,
and u, = vy — m, for any edge e with opposing vertex vy. In addition to
the basis B. = {w;Q;}32,, the spline space S2(A) has the (Hermite) nodal
basis A* = {Af}39, dual to A = {\;}32,, i.e, A\j(A}) = &;;. In this section
we express A* in terms of B.. For details we refer to the worksheet [18].

Write Q; = CL7;71)\T + -t CL7;739)\§9 fori=1,...,39, so that )\j(QZ) = Qjj.
Multiplying by the inverse of the matrix (a;;);j, we can express the nodal
basis functions A7, ... A3 in terms of Q1, ..., Q3.
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o> (oo oBo) 3 (o o)
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FIGURE 6. The nodal function e, (left) and its control mesh
(right) on the triangulation from Example 5.

7 1
2\x " -
Ca Du)” =55 240

(€m.Du)* :1%(%4% <’% +(%> .

Note that the coefficients in these linear combinations are independent
of the geometry of the triangle. The remaining nodal functions in A* are
obtained by applying a symmetry in S3 to the above equations. For instance,

88 2
2\« b =
(o )" = 31 240 66©

Example 5. Let v; := (cos(27rz'/6),sin(27m'/6))7 withi=1,2,...,6, be the
vertices of a regular hexagon centred at the origin vy := (0,0). Consider the
triangulation 7 with triangles [vg,ve,v1], [vo, v1,v2],. .., [vo, V5, v6]. The
nodal functions &3, on these triangles patch together to a spline in Sg ’3(712),
which is rendered in Figure 6 together with its control mesh.

7. FINAL REMARKS

Remark 10. The C! quadratics from [20] and the space from [16] can be
viewed as the cases n = 1,2 of a sequence of locally C?"~1, globally O™
spaces of degree 3n — 1. There is a natural generalization to general n of
a set of nodal functionals that on a single triangle has size equal to the
dimension %nQ + %n of this space. As remarked in [16], these do not form
a basis for n > 2. However, it is plausible that one can instead construct
simplex spline bases for higher degree and smoothness.

Remark 11. A case-by-case analysis, and a computation in the worksheet,
show that the C' quadratic simplex splines on the 12-split are

B b it B o B Bo B

The quadratic S-basis of Si comprises the first three types and was shown to
have local linear independence. Taking any other combination will overload
some of the triangles in the 12-split, and the S-basis is therefore the unique
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simplex spline basis with local linear independence. Moreover, it reduces to
a B-spline basis on the boundary.

For the quintic splines, a case-by-case analysis shows that each of the
outer faces A1,/ N\a, ...,/ \g will be covered by at least 9 of the 21 simplex
splines that are nonzero on the boundary, and by at least 14 of the 18
remaining simplex splines. Thus each outer face is covered by at least 23 >
(5+1)(5 + 2)/2 simplex splines, showing that S§ admits no locally linearly
independent Ss-invariant simplex spline basis that reduces to a B-spline
basis on the boundary.
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