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The purpose og this document is to give an overview of the results regarding
the dimension formulas for spline spaces over non-regular axis-aligned parti-
tions of rectangular domains in R¢ for arbitrary d. The document is still to
be considered as an unfinished draft, with no proof reading or quality checks.

On the dimension of spline spaces in R?

Kjell Fredrik Pettersen®

January 10, 2013

Abstract

In this paper, we define the topological structures for an arbitrary
axis-aligned box partition of a parametric d-dimensional box-shaped
limited domain in R%. Then we define the d-variate spline space over
this partition with given polynomial degrees and arbitrary continuity
constraints. We then use homological techniques to show that the di-
mension of this spline space can be split up as dimS(N) = C + H,
where the first term is a combinatorial easily calculated term that
only depends on the topological structure, polynomial degrees and
continuity constraints, while the second term is an alternating sum of
dimensions of homological terms. They are often zero, but not always,
and might even in some special situations depend on the parameteri-
zation.

We give explicit expressions for the terms in tensor product spaces,
before we look at how the homology modules are tied together during
a refinement process. Eventually we discuss the cases d = 2 and d = 3.

Introduction

*Kjell Fredrik Pettersen, SINTEF, PO Box 124 Blindern, 0314 Oslo, Norway, email:

KjellFredrik. Pettersen@sintef.no



The work is a generalization of the dimension formula in [3], and is part of
a joint work with Bernard Mourrin at INRIA, Nice, France. The dimension
formula in [3] gives the dimension of the spline space of bivariate functions
over a non-regular axis-aligned domain partition in R?. In this document,
the formula is generalized to higher dimensions, to more general and varying
continuity constraints between adjacent elements, and to non-open meshes.

The dimension formulas in this paper are used in [1], when establishing
conditions for linear independence.

In Section 2 we look at the geometry around boxes (a common term for
points, line segments, rectangles, 3D-boxes, etc.), box partitions (splitting of
a parameter domain into elements) and meshes (the "boundary” that splits
the elements, i.e. the parameter domain minus the interior of the elements).
Section 3 gives some basic homology concepts. Section 4 is a preparation for
the P-homology before introducing polynomial degrees and multiplicities.
The goal is to determine the rank of the homologies. In [3] it is shown that
that Ho(Rym (T°)) = Ry and Hy (R (T°)) = Ho(Rym (T°)) = 0.
These results are lifted to general dimensions: Hy(R?) is the polynomial
space, H, (") = 0 for ¢ < d for the open homology. For the closed homology
R, the result is the opposite: Hy(fR) is the polynomial space, H,(R°) = 0 for
q > 0. Therefore we introduce an extra vector space at the end of the chain
complex R to get the reduced homology SR where all homologies are zero,
just like what is often done in the g-simplex homology in algebraic topology.

In Section 5 we introduce the homologies J and &, and prove som basic
results. The dimension formulas are expressed and proven in Section 6. We
explicitely find the homologies for tensor product spaces in Section 7, we have
zero-dimensional homologies unless we have far too few knots in some of the
directions (actually so few that no nontrivial spline function exists). Though
this is a very simple result, it’s important as a foundation as all meshes have
their origin from tensor product meshes.

Then Section 8 shows that if we take any mesh and extend to a tensor
product mesh with zero multiplicities along the added lines in the exten-
sion process, we still get the same homologies. This is important, as we
can then assume we always work with tensor meshes (with sometimes zero-
multiplicities along some meshrectangles). It makes the subdivision process
simpler.

We look at subdivision (or multiplicity elevation) at Section 9. The idea is
to look at homology connections between meshes before further subdivision,
after the division, and the inherited mesh at the division area. In the final



work, we might approach this a bit different than what is done now.
The final two sections give some explicit results for dimension 2 and 3.
Dimension 2 is very much a repeption of the result in [3].

2 Meshes and box partitions

Many of the definitions in this section follow those of [1], except that we here
also allow zero multiplicity along a meshrectangle.

Definition 1. Given an integer d > 1. A box in R? is a cartesian product
5:J1><-~><Jd§Rd (1)

where each Jy, = [agr, bsx] is a closed finite interval in RY. If agr = bay,
then Jy, is a point, and is said to be trivial. If agy < bgy, Ji is an interval
with non-empty interior, and is said to be non-trivial. The dimension of
B is the number of non-trivial intervals Jy, in (1), it is denoted dim 3. If
¢ =dim 3, we call § an C-box or ({,d)-box. If dim 5 = d, then (3 is called an
element. If dimf = d — 1, there exists exactly one k such that J, = {a}
is trivial. Then [ is called a meshrectangle, a k-meshrectangle or a
(k,a)-meshrectangle.

If F is a collection of boxes in R?, we define
Fo=A{p € F: :dimp ="/} (2)

to be the set of all /~-dimensional boxes in F for £ = 0,...,d. Sometimes it is
convenient to look at boxes with non-trivial components in specific directions.
If F is a collection of boxes in R? and for a set B C {1,...,d}, we define

IB:{ﬁefiag’k<bg’k<:>k€BVk} (3)

i.e. Fp contains all § € F such that the kth parameter direction of f is
non-trivial if and only if k£ € B. It is a subset of Fip.

Definition 2. Given an (¢,d)-box f=Jy X -+ X Jg, and let 1 <k < ... <
ke < d be the coordinate directions such that Jy, = |agx;,bsx,] is non-trivial.
For any j =1,...,0 we define the (¢ — 1,d)-boxes
8{)6 =Ji1 X...X ka—l X {aﬂvk]} X ka_H X ... X Jd (4)
NB=Ju X ..o X Jpm1 X {bg g, X Jp1 X o X Jg (5)



FEach 055 fori=0,1andj=1,...,0 is called a face of 3. The boundary
of B, denoted OF is defined as

o= |J aip (6)
If g is a (d,d)-box, then 9f is the topological boundary of 5. In general,

0 is the topological boundary of 5 in the unique linear (dim §)-dimensional
subspace of R? containing /3.

For a collection F of boxes in R? and a number k € {1,...,d} we define
Wi(F) = | {ap bsi} (7)
BEF

to be the set of all start and end points in the kth parameter direction of the
boxes in F. If F is finite, Wy (F) is finite, then there exists for every point
q=(q,---,q1) € R? a real number ¢,(F) > 0 (or just ¢;) such that

((gr — €q> qr) U (Gr> @i + €q)) N Wi(F) = 0 VE. (8)

Definition 3. Let Q C R? be a d-boz in RL. A finite collection £ of d-boxes
in R? is said to be a box partition of Q) if

1. By Bg =0 for any B1, B2 € € where By # B.
2 Upee =02

Given a box partition & of a box  C R, we want to look at the structure

of lower dimensional boxes at the boundary of the partition boxes. For a

point q € Q° and a diagnoal direction o € {—1,1}¢, there is a unique box

Xg € & such that the ray from g in direction o starts inside X7, i.e. the

line segment joining g and g + €,(€)o is contained in X7. We define the set
Bq to be

b= () Xg (9)

oc{1,1}4

It is the intersection of all boxes in £ containing q, as any box containing q

also must continue in least one diagonal direction from q. This construction

helps us to find boxes hitting the interior of €. If we also want the boundary



boxes on €2, we add surrounding boxes: With 2 = J; x ... x J; where
Ji = lax, by] for every k, we define the set Q1 by

= {Jl X...xXJg:J, € {[CLk — 1,CLk], [ak,bk], [bk,bk -+ 1]}Vl£} \ {Q} (10)
The set £ U QT is a box partition of [a; — 1,0y + 1] X ... X [ag — 1,bq + 1].

Definition 4. Given a box partition £ of Q in RY. We define the sets

F(E) = J{B, vt} (11)

FOE) = (J (6} (12)
Fo(&) = (F(E)e={B e FE):dimp =1L} fort=0,...,d (13)
FUE) = (FUE)) ={B e FUE) : dimB =L} for t=0,...,d  (14)

A bozx in F°(E) is called an inner boz of £. A box in F(E)\ F(E) is called
a boundary boz of £. These names fall natural in light of Lemma 2.

A boxmesh in R? is a set M of meshrectangles given as M = Fq_1(E)
for some box partition £ in RY.

Some examples of box partitions and meshrectangles for dimension 1, 2
and 3 are shown in Figure 1.

Lemma 1. Given a box partition € on a d-box €2 and a point q € Q°.
1. For any point v € B4\ 084, we have 5, = [,
2. q € Bg\ 0Bq

Proof.

1. By coordinate permutations, we way assume

qujlx...XJgX{Qg_H}X...X{qd} (15)

where each Jj, is nontrivial. Given r € 4\ 084, then

’r':(7"17--'77%(]4—&-17-~7Qd) (16>



LA WA,

Figure 1: Box partitions and meshrectangles. To the upper left, a box
partition in R, with a different color for each of the four elements. The ele-
ments are line segments. Below are the meshrectangles, with different colors
for the three inner and two boundary meshrectangles. Meshrectangles in R
are points. To the upper right, a box partition in R? and the meshrectangles
below. The elements are 2-dimensional rectangles, the meshrectangles are
line segments. At the bottom line, a box partition in R? to the left where
the elements are 3-dimensional. Then three figures of inner and boundary
meshrectangles, one for each parameter direction. The meshrectangles are
2-dimensional



where 7, € J? for each k. Given a direction o € {—1,1}%, we then
have the boxes

Xg =K x...x Ky (17)
X7 =L x...x Ly (18)

If £ > ¢, then both ¢ and g, + o) min(eq, €,) lie in both K}, and Ly,
and so Kp N LY # 0. If k < ¢, then rp € J? C K and rp € Ly,
hence again K? N L # (. This means that (XZ)°N (X7)° # 0, and
because different boxes in £ have disjoint interior, we have X7 = X7.
Intersecting this over all o yields 8, = 4.

2. Suppose q € 983, We can transform to 8, = [0,1]* x {0}¢~¢ and
¢1 = 0. Because the first component of 3, starts at 0, then the first
component of X7 must start at 0 for some o such that oy = 1. If

we put o' = (—1,05...,04), we must have X7 # X,‘I". Then the first
component of X7 " must end at 0 because the kth component of X g and

Xq " have the interval between ¢ and g + €q0% in common for k£ > 2.
This contradicts that the first component of 3, is [0,1]. Therefore

q € g\ 0fq.
O
Lemma 2. Given a box partition € on a d-box €.
1. Every boz in F(E) is contained in .

2. FUE) C F(E). A boxin F(E) is an inner box if it intersects nonempty
with Q°, and a boundary box if it lies on OS2.

3. FUE) = Fu€)=E.
Proof.
1. Given q € (2, then at least one box 3 € £ contains g, then 54 C 5 C Q2

2. Given an inner box [4(€) where g € Q°. As g is not contained in any
box in Q7 we must have ,(E) = B,(EUNT). Also, since q € Q°NJ, we
see that F°(€) C F(€) and any inner box in F(€) intersects nonempty
with Q°. If B,(E N Q) is not in FO(E), we must have g € 99, then g
lies in at lest one box in Q7F, therefore 5,(€ N Q7T) is contained in 0.

7



3. FI(E) C Fu(€) is obvious from the above. Given 34(E U Q) € Fy(€),
it lies in at least one box in f € £. Two different boxes in a box
partition have disjoint interior and therefore intersect down to a box of
dimension < d. Therefore, since dim 5, = d, 8 is the only box in EUQ™
containing q. Hence 5, = § and so F4(€) C £. Finally, for abox § € &,
pick a point g € 5°. No other box in £ can contain g, and so 54 = 3
giving £ C FI(&). Alltogether we have F2(E) C Fy(€) C € C FI(E)
givng the result.

]

We introduce the notion of homology-suitable box sets. The reason for
this naming will become clear when we later show how we can impose a
homology structure based on a homology suitable set.

Definition 5. A finite collection F of bozes in R? of various dimensions is
homology-suitable f

1. For every { > 1 and 8 € Fy there is a sequence Yy, ...,Vn € Fo_1 such
that 08 =y U ... U,

2. For two different By, Bs € F such that dim $; > dim Sy, we have By N
(51 \ op) = 0.

3. Fq is a box partition of a d-box.
The d-box being partitioned by F4 is denoted Q(F)

Lemma 3. Given a box partition € of Q in RY. Then F(&) is homology
suitable.

Proof.

1. By linear transformations and coordinate permuations, it sufficies to
show that the boundary of 8 = [0, 1]* x {0}¢~* is a union of boxes in
Fi-1(E). Define the set

X = {0} x ([0, 1]\ Wy) x ... x ([0,1] \ W) x {0}** (19)
Given g € X. Then 3, C /3 because q € 3, therefore

By =T x Jox...x Jyx {0} (20)

8



where J, C [0,1] when k < . For k =2,...,/, J; is nontrivial because
qx ¢ Wi, so we have dim 8, > ¢ — 1. Assume J; is not trivial. Since
q € (Bq \ 0B4) by Lemma 1, we must have 0 € J{. Then there is a
ri € JPN(0,1). But then the point 7 = (ry,qs,...,qq) lies both in
Bq \ 0Bq and S\ 08, then (by Lemma 1 again) S, = 5, = 3, which is
impossible as g € d5. Therefore J; = {0} and dimf, = ¢ — 1. We
have inclusions

XclJs,cans (21)

qeX

The union is finite (beacuse F(&) is finite) and of closed sets, and X
is dense in 9)3, therefore Ugex Sy = 9Y3. This holds for any face of j,

and so 0f is a finite union of boxes in Fy_1(E).

2. Given two different 3, 52 € F such that dim 8; > dim 5, and suppose
there exists a point g € S N (61 \ 961). Then B; = 4 by Lemma 1.

Also q € By gives 1 = B4 C [, hence 51 \ 061 C P \ 0P because
dim £ > dim 5. Then for any point r € 5\ 9p; we get £y = B, = Pa.
But this is impossible because [, # (5. Therefore no such q exists,

hence 8, N (81 \ 9B1) = 0.
3. Fa(&) = &€ is a box partition of .
[

Lemma 4. Let F be a homology-suitable collection of boxes in R?. Then

U s=9rx\ U~ (22)

BEFa-1 YEFq

Proof. Clearly, the righthand side of (22) is the same as | J .z 07. The result
then follows easily from the definition of homology-suitable. m

Let £ be a box partition in R? and M = F; () be the boxmesh.
The box €2 being partitioned by £ is given as the smallest box containing
every meshrectangle in M. From Lemma 4, we see that each topologcal
connection component of Q\ (Ugcr B) is the interior of a box €. This way

we can reconstruct £ from only knowing the boxmesh M. If M is a boxmesh,
we use £(M) to denote the unique box partition such that M = M(E(M)).



We also define the sets

F(M) = F(EM)) (23)
Fo(M) := Fo(E(M)) for any £ =0,...,d (24)
Bg(M) := B4(E(M)) for any q € Q (25)

Definition 6. Let M be a boxmesh in R, and given a box f € F(M).
Define the sets

Ds(M) ={ye M: 8 C~} (26)
DE(M) = {v € Dg(M) : v is a k-meshrectangle} (27)

for1 <k <d.

Clearly Dg(M) = Ui_, DJ(M). If the kth component of § is non-trivial,
then Dj(M) = 0. In particular if dim = d then Dg(M) = 0. If dim 3 =
d — 1 then Dy(M) = {5}

Definition 7. Given a sequence My, ..., M, of boxmeshes, where My, is a
boxmesh in R* fork =1,...,n. We define My x---x M, to be the bormesh
given by

EMi x - x M) ={B1 x -+ X B, : B € E(My)Vk}, (28)
this is a mesh in R%ttdn

Definition 8. Given a sequence a = (ay,...,a,) of length > 2 where a; <
a1 for 1 <i<n-—1. We define M(a) to be the mesh in R where the points
{a;} are the meshrectangles. The set E(M(a)) is the set of all intervals
la;, a;11] in R, it is a box partition of a1, ay).

Given a sequence aq, ..., aq where each a, = (am, . ,aknk) is a finite
increasing sequence. The tensor product mesh M(aq,...,a,) is the d-
dimensional mesh

Mlay,...,aq) = M(ay) x ... x M(ay) (29)

Definition 9. If M is a mesh in R?, we define the tensor expansion of
M to be
M = M(W1(EM)),..., Wa(E(M))), (30)

it is the “smallest” tensor product mesh containing M.

10



Figure 2: To the left a box partition M in R?, and the tensor expansion M7
of M. To the right a box partition and its tensor expansion in R3.

Two examples of a box partition and its tensor expansion is shown in
Figure 2.

We are going to look at the spline functions on a boxmesh. First we
need the set of polynomial functions. We define I1¢ = R[zy, ..., x4] to be
the polynomial ring in d variables over R. For a sequence p = (py,...,pa) of
positive integers, we define I, C II¢ to be the vector space spanned by the
monomials ' ... 2% in TI? such that 0 < i), < p; forall k =1,...,d.

For a box partition € of Q = [ay,b1] X -+ X [ag, bg] and a box § € £ on
the form (1), we let § be the set J; x ... x J; € R? where J;, = [ag, bsx)
if by, < by and Jy = [agg, bsk] if bgr = br. The only reason for this mix
of closed and half-open intervals is to get a valid definition of spline spaces
below in case of C'~!-continuities.

Definition 10. A spline mesh is a tripple N' = (M, u, p) where M is a
boxmesh from a box partition of a box Q@ C R, p = (pi1,...,pa) is a sequence
of positive numbers and 1 : M — Z is a map such that 0 < p(5) < prp + 1
for every k-meshrectangle 5 € M.

The spline space defined by N, denoted S(N') is the set of all functions
f:R? — R such that

1. f is zero outside ().

2. For each box v € E(M), the restriction of f to 7 is a d-variate polyno-
mial function in I1,.

3. For each k-meshrectangle B € M, f has CP*~*®) _continuity along /3.

Point 3. above could also be formulated as follows: For every (k,a)-
meshrectangle 3 € M, and every pair 7;,7» of sets containing 3 in R¢ such
that each ~; is either a box in £(M) or the set R\ Q(M)?, let f; and f, be

11



the polynomial expressions for f on v, and s respectively, then f; — fo =
F - (), — a)P*#®*! for some polynomial function F.

The purpose of this paper is to give an expression for the dimension of
the spline space S(N).

Definition 11. A spline mesh N = (M, u, p) is open if u(8) = pr, + 1 for
every boundary k-meshrectangle 5 in M.

Definition 12. Given a spline mesh N' = (M, u, p) and a box 5 € F(M).
We define

pe(B) = max({0}, {u(7) : v € DE(M)}) (31)
for1 <k <d.

Notice that if the kth component of § is non-trivial, then p(8) = 0. If
B is a k-meshrectangle, then p(8) = u(p).

Definition 13. Given an increasing sequence a = (ay, ..., a,) of real num-
bers, a positive integer p and a sequence b = (fi1, . .., ftn) such that 0 < p; <
p+1 for all i. Then we define the univariate spline mesh N (a, p,p) by

Nla, p,p) = (M(a), {ai} — pi, (p)) (32)

If N1, ..., Ny are univariate spline meshes such that Ny, = N (ay, py, pr) for

some sequences @y = (A1, ..., 0n,) and p, = (We1,- .- fen, ), we define
the tensor product spline mesh

N:le---XNd (33)

to be the spline mesh N = (M, u, p) where
o M=M(ay,...,a.)
e p=(p1,---,Pd)
o For every (k,ay;)-meshrectangle B € M, u(8) = pu.;-

Notice that S(N (a, p, p)) is the space of univariate p-degree spline func-
tions defined by the knot vector where each a; occurs p; times, while S(N; x
- X Ny) is the spline space of d-variate tensor product spline functions
defined by the given degrees, knots and multiplicities in each parameter di-
rection.

12
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Figure 3: To the left, a spline mesh N in R? with the multiplicities y(/3)
written on each meshrectangle. To the right, the tensor expansion N7 of N.

Definition 14. Let N = (M, pu, p) be a spline mesh. We define the tensor
expansion of N to be the spline mesh

NT = (M, 1", p) (34)
where the mapping p* : MT — 7Z is defined as

T Ju(y) if BCy for somey € M
w(B) = {0 if BEL ~y forally € M (35)

Note that p? is well-defined because there is maximum one v € M such
that g C v, another 7 € M will intersect with v down to a box of dimension
< d — 2 by Definition 5, and can therefore not contain f3.

See Figure 3 for an example of a tensor expansion in R2.

3 Homology

We recall some definitions and properties about chain complexes and ho-
mology. For details, see [2]. All vector spaces used will be over the real
numbers.

Definition 15. Given a sequence of vector spaces V;, i =n, ..., m for some
n < m, and linear maps 6, : Vg — V,_1. The complex

WV, 2V, L Sy (36)

13



is a chain complex if imd, 41 C kerd, forn+1<qg <m —1. For a chain
complex on the form (36), we define the gth homology of U to be the vector
space H,(W) = kerd,/imd, 1. A chain complez is an exact sequence if
im 0,41 = ker o, (or equivalent: H,(0) = 0) for all q.

When we work with chain complexes and exact sequences, the first and
last vector space in the complex will always be zero.

Short exact sequences of chain complexes give rise to the important long
exact sequence of homologies

Lemma 5. Given a commutative diagram

0 0 0
l I I
A:0 — A, — A,.1 — — A, — 0
1 \ I
B:0 - B, — Bn.1 — — B, — 0 (37)
1 \ \
c:0 — C,, —» Chq1 — — C, — 0
1 \ \
0 0 0

of vector spaces such that the rows 4,8 and € are chain complezes, and all
the columns are exact sequences. Then there is an exact sequence

0— Hpn() = Hp(B) = Hp(€) » Hyp () = - = Hy(€) = 0 (38)

Proof. See [2] O

We will also use the fact that alternating sums of vector space dimensions
equals the alternating sum of homologies in a chain complex.

Lemma 6. Given a chain complex
DI SN RN L N1 (39)

of finitedimensional vector spaces. Then

Z( ) dim A; = Z )' dim H;(2) (40)

i=n

14



Proof. Notice that dimimd,,;; = dimimJ, = 0, and that for every i, we
have dim ker §; + dimim d; = dim A;. Then

Z(—l)i dim 4; = Z(—l)i(dimker 9; + dimim 6;)

1=n
m

Z(—l)i(dimker 9; —dimim ;1) (41)

n

.
Il

(—1)" dim H;(2)

[
NE

.
Il

n

We will need the tensor product of chain complexes.

Definition 16. Given chain complexes A = (A;) and B = (B;). We can then
create the tensor product chain complex A ® B, where the qth module is
(A®B), = Bi(A; ® By—;), with boundary maps d, : (AR B), = (AR B),1
given by 6,(a®@b) = 6;a @b+ (—1)'a® d,_;b where a € A; and b € B,_;.

Lemma 7. Given chain complexes A and B, then

H, (2 ® B) = @D (Hi(A) @ Hy_i(B)) (42)

i

Proof. If R is a principle ideal domain, the algebraic version of the Kiinneth
formula (see [2]) gives an exact sequence

— @&; Torp(H;(A), H,_;_1(B)) = 0 (43)

where Tor is the Tor functor. If R is a field (as in our case), the Tor functor
is zero, giving the result. O

4 Homologies on box collections

Let F be a homology-suitable box collection over R?. For ¢ = 0,...,d we let
R,(F) and Rg(]: ) be the free R-modules over all g-dimensional boxes in F
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and F° respectively, i.e.

R(F) = PSR (44)

BEFq

Ry(F) = PSR (45)

BeFY

If ¢ > 0, we can also define linear maps d, : Ry(F) — Ry_1(F) and 0y :
R)(F) — R)_(F) by

dq([B]) = Z Z(—l)”j > 1 (46)
=1 j=0 vveggg;

o8 =323 (=™ > [l (47)
7955_/31

for any 8 € F, and € fé) respectively.

Lemma 8. Let F be a homology-suitable collection of bozes in RY. Given
¢ >2and a € Fy and v € Fy_o such that v C da. Then there are exactly
two (¢ — 1)-bozes (1, By € Fy_1 with the property f; C O and v C 0B;, and
we have exactly one of the following two cases. Fither

1. By, Bs C & for some i, j, and v C 895, and v C %Py for some i’ or
2. b1 C ‘817.1104 and Py C ‘8172204 for some iy, J1,19, Jo where i; < 13, and
v C OB and y C 0! Bs.

Proof. After some permutation and linear transformations on the paramter
directions, we may assume

a=[0,1]¢ x {0} (48)
v ={0} x {a} x Js x ... x J; x {0} (49)

where Ji C [0, 1] is nontrivial for k = 3,... ¢, and 0 < a < % Then v C d}a.

Let g = (0,a,q3,q4,--.,G0,0,...,0) € v where qx € Ji, qx & Wi(F), see
(7). From Definition 5, there is a 3; € Fy_; such that g € $; C da and
such that

B1 D {0} x (a,a+¢€q) X (q3—€q,q3+€q) X ... X (qr—€q, G+ €q) X {O}d_g (50)
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for eq = €4(F), see (8). If the second component of /31 also contains (a—eq, a),
then g € $\0f, and so yN(B\IS5) # 0, contradicting Definition 5. Therefore,
the second component of 3; starts at a.

Definition 5 gives us a ' € Fy_s, 7 C 83, such that

v D {0} x {a} x (¢35 — €g:q3 + €q) X ... X (@ — €q, 0 + €4) ¥ {0}4=¢ (51)

But then dim(yN~') = £ —2 = dim(v), then Definition 5 implies 7 = 4/, and
so v C 9Y3;. We now have two cases.

1. a > 0: We can use the same argument as above to get 5y € F,_1 such
that 8, C %« and v C 0}, where the second component of 3, ends
at a. Clearly 8y # P2. Suppose there is a § € F,_; such that § C d«
and v C 983. Then 8 C &, and we have

BD{0} x U x (q3 —€q,q3 +€¢) X ... X ((M—Eq,qu—eq)x{()}d_g (52)

where either U D (a—e€q,a) or U D (a, a+¢q), giving dim(8NJ;) = (—1
for © = 1 or 2, hence f = p; or = P5. Finally, if we reverse the
permutations and linear transformations to the original «, we have

B, B2 C 8304 and v C 9931 N 0} Ba.

2. a = 0: This time v C 8%aNdl«a. Same argument as before gives v C 93,
for some By C d9«, and that these are the only (¢ — 1)-boxes 8 C da
such that v C 9. Moving back to the original a;, we have 5, C 85}04
and [y C 8{2204 for i1 < iy (swap (1 and f3, if necessary). The increasing
sequence of parameter directions where ; has a nontrivial interval is
the same as for a except that i; is removed. As i; < o, the position of
19 in the sequence has decreased by one, therefore v C 8{22_1 B1. For (s,

the position of i; is not changed, therefore v C 817 1 Ba.
]

Lemma 9. For a homology-suitable collection F of bozes in R% and ¢ =
2,...,d we have 6,16, = 0 and 69 .57 = 0.

Proof. Given o € F,. Then ;,_19¢([a]) can be written on the form

be10e([a]) = D a,l] (53)

YEFe—2
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We need to show a, = 0 for all 7. Since d,([a]) is a sum of elements only
on da, we must have a, = 0 whenever v ¢ da, therefore we can assume
v C da. We can then use Lemma 8, and for the two cases in the lemma, we
have either

L ay = ()~ 4 (-1 ) =0 o
2. vy = (— L) (1) g ()i (1) =

In addition, if a € F and v € F_ ,, then also 81, 52 € F;_, and the same
proof works to show 4y ;47 = 0. O

Definition 17. For a homology-suitable collection F of boxes in R?, we let
R(F) and R°(F) be the complezes

R(F) 0 25 Ry(F) ™ Ry o(F) 25 S Ry(F) 20 (54)
50 0

0 5 0 0
RO(F) 0 25 RYUF) 5 RO (F) 2= L RYF) o (55)

where dq41, 0o, 5g+1 and 63 are the zero mappings. These are chain complexes
by Lemma 9.

It will be convenient to extend 9 with an extra module, because then all
homology classes turn out to be trivial.

Definition 18. Let F be a homology-suitable collection of bowes in RY. We
define the module R_1(F) =R, and the mapping

8o :Ro(F) = R_1(F)

> aglBl= > ag (56)
3

BeFo

Lemma 10. For a homology-suitable box collection in RY, we have 5~051 =0

Proof. Any line segment 3 € F; has two endpoints 71,7, € Fy, where we
have 61([5]) = [11] — [12]- Then 6¢d1([8]) =1 —1=0. O

With this, we now define the extended chain complex R.
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Definition 19. For a homology-suitable collection F of boxes in R?, we let
R(F) be the chain complex

R(F): 0 2% Ry(F) 2 5 Ry(F) 2 Ry(F) 250 (57)

where (Si/l s the zero mapping. This is a chain complexr by Lemma 9 and
Lemma 10. The complex is known as the reduced homology of R.

We now determine the dimensions of the homology classes for R(F),

RO(F) and R(F).

Lemma 11. Let a homology-suitable box collection F in R, f=J, x ... X
Jg € Fy for some £ > 1, k € {1,...,d} such that Jy = [ck, ex] is nontrivial
and a number a such that ¢ < a < ey be given. Define

y=J X oo X Ty X {a} X Jppr XX g (58)
Pr=J1 X ... X Jp_1 X g, a] X Jpp1 XX Iy (59)
Po=J X ...X Jp_1 X [a,ex] X Jpp1 X ... X Jy (60)

and assume v & Fy_1 and (only when € > 2) Jay, ..., o, € Fo_o such that
Ui = 0v. Define F* = (F\{B}) U{v, b1, B2}. Then F* is homology-

suitable, and for all A = R, R and R, we have Hy(A(F)) = H (A(FT)) for
all q.

See Figure 4 for some examples where [ is replaced by (1, 2 and 7.

Proof of Lemma 11. We first show that F* is homology-suitable. For the
points in Definition 5 we have

1. This is already fullfilled for all boxes in F* \ {7, 81, 52} ((¢ + 1)-boxes
that have 8 in the boundary replace this with §; and (), and also
for v from the lemma. Let 7,...,7, € Fr_1 be the (¢ — 1)-boxes
that cover 0. Suppose the kth component of some ~; is [r, s| where
r < a < s. Then there is a ¢ € R? such that ¢, = a and q € ~; \ 9y;.
But also ¢ € 0v, then there is an @ € F,_5 such that g € «, then
an (v \ 0y) # 0, a contradiction to Definition 5. Therefore, we can
reorder the v; to vy, ..., 7m where the kth component has an end point
< a, and Vi1, - .., Ve Where the kth component has a start point > a.
Then 081 =1 U...Uvy, U~y and 08y = Vi1 U... Uy, UA.
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yoa ,31
y 17
12 B

Figure 4: Some examples of a homology-suitable box collection F in R? where
an (-box (8 (top row) is split into two ¢-boxes 1 and (3, together with ~, the
(¢ — 1)-box between them (bottom row). To the left, for d =2, £ =1, a line
segment in is replaced by to line segments an the point between them. In the
second example, d = ¢ = 2, then a rectangle is replaced by two rectangles
and the line v between them. The end points of v must already exist in F
(the c; in Lemma 11). The third example also splits a rectangle, now for
d = 3. In the fourth example, d = ¢ = 3, this time a 3-dimensional box is
split into two boxes and the rectangle v between them. In the last example,
the boundary lines of v had to exist in F prior to the splitting.
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2. This is straight forward to check
3. Fy and F; are partitions of the same box.

Next we establish the homology isomorphisms. For every ¢ = 0,...,d, we
define a linear map ¢, : Ry (F) — Ry(FT) by Yama([e]) = [a] for every
a € F\ {B} while ¥([8]) = [1] + [B2]- 1, is injective for every ¢, and
the identity mapping for ¢ # ¢,¢ — 1, while Ry(FT)/v¢(Re(F)) = R and
Ro 1(FT) /e 1(Re_1(F)) = R, generated by [51] and [y] respectively. We

now have a commutative diagram with exact sequences on every row

{ { {
0 = Re(F) 2% R(FH) = 0 — 0
{ { {
0 - Ri(F) % R(FY) — [BJR — 0
} s ¢ (61)
0 = Ra(F) 25 Ry(FY) = RIR — 0
{ { {
0 = ReolF) 255 Reo(FY) = 0 = 0
{ { {

where the mapping ¢ : [61]R — [7]R is given as [f1] — [7] or [B1] — —[7].
The rightmost column is then an exact sequence, but could also be regarded
as a chain complex with trivial homology classes. The long exact sequence
of homology then gives H,(R(F)) = H,(R(FT)) for all g.

If in addition 8 € F}, then also 1,8, € F) and v € F} ,, so the same
procedure can be used to show H,(R°(F)) = H,(R(FT)) for all q.

The proof also works for R by adding a zero module in the right column
for the extra row regarding R_;. O

Lemma 12. Let F be a homology-suitable box collection in R?, and let H be
the trivial homology-suitable box collection on the unit d-cube, given as

H={x...xJg: Jy={0},{1} or [0,1] for all k =1,...,d}  (62)

Then for all A = R, R° and R, we have H,(A(F)) = Hy(2A(H)) for all q.
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Proof. By linear transformations we can assume that F; is a box partition
of the unit d-cube [0,1]%. We can extend F to a full tensor product box
collection FI' = F(M) for a tensor product mesh M by making simple
extensions as in Lemma 11. The only restriction on the insertion order is
that a splitting box ~ in Lemma 11 can not be inserted before all of its
boundary has been inserted. The same extensions could be done from H to
FT. By Lemma 11, we have H,(A(F)) = H,(A(F")) = H,(A(H)) for all ¢
and 2. O

Theorem 1. Let F be a homology-suitable box collection in R?. Then

R 4 =
H, (7)) = {0 ZZ = [1) o (63)
0 ~ JR ifq=d,
o <f>>_{o ifg=0,....d—1 (6
H,(R(F)) =0 forallg=—1,....,d (65)

Proof. By Lemma 12, it sufficies to establish the homology class dimensions
for the box partition H.

This is trivial for the SR° homologies. The only element in H° is the d-box
[0, 1], then RY(H) = R and R)(H) = 0 for ¢ < d, and so Hq(R°(H)) = R
and H,(R°(H)) = 0 for ¢ < d.

The R and R homologies need more investigation. First notice that
for any homology-suitable box collection F, §y maps Ry(F) surjectively on
R_1(F), hence dim ker (% = dim ker §p — 1, while the two complexes are iden-
tical before that. Therefore

- {dim H,(R(F)) if g >1

dim Hy(R(F) = i HRA(F) -1 ifqg=0 (66)

We put a lexigraphical ordering on H as follows: For the univariate case,
we define {0} < {1} < [0,1] and in general we define J; x -+ x J; <
Ky x---xKgit J; = Ky,...,Jy_1 = K1 and J, < K} for some k. For
q > 1 define

X, ={BeH :B={1}""1x][0,1] X Jpy1 X ... x Jq for some k > 1} (67)

i.e. X, is the set of g-boxes in H such that there is a [0, 1]-component that
comes before the first (if any) {0}-component. If 5 € H is a box of dimension
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> 1, it must have at least one [0, 1]-component, then we define ®(/3) to be the
box given by replacing the first [0, 1]-component of 5 by {0}. This induces
a bijection between X, and H,\ X, for ¢ > 1, and a bijection between X
and Ho \ {1}¢. Therefore we have

SH, — #X, fl1<qg<d—1

68
HH, — 1 if g=0 (68)

#Xq—i-l - {

Suppose ¢ > 0 and given § € X,y1. Then ®(f) is the lexiographically
smallest of the faces of 3. Because of the injectivity of ® on X, ;, this must
mean that the lexiographically smallest v in H, with a non-zero coefficient
in the expression for d,41([5]) is different for every § € X 41, and therefore
the induced mapping

b1 €D [BIR = Ry(H) (69)
BeEX 11
must be injective, hence
dimimd 41 > # X (70)

forall g =0,...,d — 1. For ¢ > 1, (68) and (70) give

dimim 0g41 > # X1 = #H, — #X, > dim R, (H) — dimim,

71
= dimker ¢, = dim H,(R(H)) + dimim 041 (71)

Comparing the first and last part in this inequality gives H,(SR(#H)) = 0.
For ¢ = 0, we have

dimimd; > #X; = #Ho — 1 = dimkerjy — 1

72

hence dim Hy(R(H)) < 1. With (66) we get dim Hy(PR(H)) = 1 while

dim H,(R(H)) and dim Hy,(R(H)) are all zero for ¢ > 1 and ¢ > 0. Fi-
nally H_1(9R(#H)) = 0 because 0y is surjective. O

5 Homologies on spline meshes

Definition 20. Given a spline mesh N' = (M, u, p) in RZ.
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e For a (k,a)-meshrectangle f € M, we define
Ps(N) = (2 — )P O (73)
which is a polynomial in II,.
e For a box B € F(M), we define the vetor space
Ag(N) =< Py(N) : v € Dg(M) > NIl (74)

where < fi,..., fn > is the ideal in 11? generated by the polynomials f;.
Ag(N) is a vector subspace of IL,,.

Notice that if dim 8 = d, then Ag(N) = 0. If 5 is a (k, a)-meshrectangle,
then Az(N) is the set of all polynomials Pg(N)-F for polynomials F of degree
up to pu(f) — 1 in zx and up to p; in z;, ¢ # k. In general for g € F(M), we

have
AgN)= D A W) (75)

¥€Dz(M)

We also have, for any point q € 3,
AB(J\/’) =< <$k—qk)pk_uk(6)+1 k= 1,...,d> (76)
Also notice that for boxes 8 C v in F(M) we have A, (N) C Ag(N).

Definition 21. Let N' = (M, u,p) be a spline mesh in RY. For { =0,...d,
we define the modules

LIN)= P [B1AsWN) (77)
BEF (M)

R(N)= & 51, (78)
BEFe(M)

SN = @ 8L,/ As(N) (79)
BEFe(M)

and we define the linear maps 0y : Iy(N) — I_1(N), 6 : Re(N) — Ry_1(N)
and 6y : Sy(N) = Sp_1(N) by

56> falB) =D fadu([B]) (80)
B B
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where we reuse the definition of 0, from (46). The exact sequences

0— Ag(N) = I, = I, /As(N) = 0 (81)
for each 8 € F(N) give rise to exact sequences
0— L,(N)— R(N)— Si(N)—=0 (82)
for each £ =0,...,d. These take part in the following commutative diagram,
where the rows define the chain complezes I(N), R(N) and S(N).
0 0 0
l \ l
JN) 0 L LN) % 1) 2 LN AT I
\J \J \J
RN 0 255 Ry(N) 25 Ry y(V) 22 M RyN) 0
l \ l
SN0 25N SN B S (V) M SN X 0
1 ! !
0 0 0
(83)

By the diagram in (83), we now get the long exact sequence of homology
classes
0 —=Hy(I(N)) = Hy(R(N)) = Hy(SN)) = Hg 1 (TN)) — ...
coo = Hy(IN)) = Hy(RWN)) = H(SN)) — ...
.= HiI(G(N)) = Ho(TN)) = Ho(R(N)) = Ho(G(N)) =0

We will need the reduced homologies from the chain complexes J and .

Definition 22. Let N' = (M, pu,p) be a spline mesh in RY.  Define the

—~

modules Iy (N) =11, and R_1(N) =11, and boundary maps do s : Ioy(N) —
Ifl(./\/’) and 5073 : R(](N) — Rfl(./\/v by

(84)

00> falB) =D fs (85)
B B
reusing the (% in (56). By Lemma 10, we get chain complezes
SV) 0 25 L) 2 s ) 2 1 () 2 0 (86)
RN) 0 2225 RyN) 2 5 Ry 2 R W) 250 (87)
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For the homologies of J and R we have Hq(E(N)) = H,(I(N)) and
Hy(RWN)) = Hy(R(N)) for ¢ > 1.
If we put S_1(AN) = 0 and use the identity mapping between I_;(N') and
R_1(N), we can extend the diagram in (83) to get a long exact sequence
= Hi(S(N) = Ho(IN) = Ho(R(N)) (88)
— Hy(S(N)) = H1(J(WN)) = H 1 (RWN)) = 0

The third set of chain complexes we will look at are the 39, R and &°
chain complexes.

Definition 23. Let N' = (M, u, p) be a spline mesh in RY. For { =0, ... ,d,
we define the modules

DN = @ [BlAsW) (89)
BeFQ(M)

R)N)= & 8, (90)
BeFQ(M)

SSN) = B [8IH,/As(N) (91)
BeFQ(M)

and we define the linear maps 6y : I)(N') — I {(N), 67 : R)(N) — R}_,(N)
and 69 : S{(N) — SY | (N) just as for 6, by

0p (Y fs18D) =D Sad0 (1)) (92)
8 8

Again, we get a diagram with exact sequences on the columns, and where the
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rows give three new chain complezres:

0 0 0
) \ \ ) \

PN 0 ) Sy S S oy B o
) \ \ ) \

RON):0 2 mOA) 24 RO (V) 2= A Ry B g
) \ 3 ) \

S(N): 0 2 sov) Hos o) 2= S s B oo
\ \ \
0 0 0

(93)

Of course, again, we get a long exact sequence

0 —Hy(3°(N)) — Hy(RON)) = Hy(G(N)) = Hy1(I°(N)) — ...
— Hy(3°(N)) = H (R (N)) = H, (G (N)) — ... (94)
o= Ho(3(NV) — Ho(R°(N)) — Ho(G(NV)) = 0

We now establish some properties of the introduced homolgies
Lemma 13. Let N = (M, u,p) be a spline mesh in R:. Then
1. H(R(WN)) =0 for 1 <q<d and Hy(RWN)) =1I,.
2. Hy(RWN)) =0 for 0 < qg<d—1 and Hy(R"(N)) 2 II,,.

3. Hy(RWN)) =0 for —1 < ¢ <d.

4. Hy(IN) = Hy(3*(N) = Hy(3(N) = 0.
5. Hy(S(N)) = Hy1(IN)) forq=2,...,d.
6. Hy(S(N)) = Hy 1 (IN) for all g=0, ..., d.

7. H(G°(N)) =2 H, 1(3°(N)) forq=0,...,d—1.

8. If N is an open spline mesh, H,(SG(N)) = H,(G°(N)) for all ¢ =
0,...,d, and in particular Ho(G°(N) = Hyo(S(N)) = 0.
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Proof.

1.-3. The R(N), RO(N) and R(N) chain complexes are built in the same
way as for R(F) etc for homology-suitable box collections, except that
we use the vector space II, instead of R. Therefore, the result is given
by Theorem 1.

4. Because Ag(N) = 0 when 3 is d-dimensional, the modules I,(N') and
IY(N) are zero.

5-7. From the long exact sequence of homologies, we have en exact sequence
Hy(RN)) = Hy(SWN)) = Hya(IN)) = Hea(RN)) - (95)

so whenever Hy(R(N)) = H1(RWN)) = 0 we get H(SWN)) =
H, 1(J(N)). This also aplies for the R°(N) and R(N') chain com-
plexes.

8. If v is a (k, a)-meshrectangle at the boundary 0Q(M), we have u(vy) =
pr + 1 because N is an open spline mesh. Then A, (N) is gener-
ated by the polynomial (zy — a)P* I+t = 1 ie. A,(N) = TI,.
For a general box 8 € F(M) \ FO(M) on 9Q(M), we must have
f C v for some meshrectangle v C 9Q(M) then Ag(N) = II, be-
cause II, = A (N) C Agz(WN). Therefore II,/Ag(N) = 0 and so
Sq(N) = SY(N) for all g. This isomorphism commutes with the bound-
ary maps 0,4, hence H,(S(N)) = H,(S°(N)). One of the long exact
sequences of homologies ends with Hy(R°(N)) — Ho(&°(N)) — 0
where Hy(RY(N)) = 0, therefore Hy(G(N)) = 0.

]

6 The dimension formula

Lemma 14. Let N = (M, i, p) be a spline mesh in RY. The dimension of
the spline space S(N') is then given as

dim S(N) = dim Hy(S(N)) (96)
If the mesh is open, the dimension of the spline space is also given as

dim S(N) = dim Hy(&°(N)) (97)
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Proof. Given a function f on R? which is zero outside Q(M) and given by
a polynomial fz € II, on each d-box f € Fy(M). It is a natural element
of Ry(N), this is the same as Sy(N) because I,(N) = 0. For each inner
(k, a)-meshrectangle v € F,_1(M), there are two boxes 5, and f containing
~. They are given by extending ~ in the kth variable in positive or negative
direction. Then v C 978, and v C 0; 5, for some i. The only contribution
from 0,4(f) to the component [y] comes from [5] and [52] and must therefore
be +(fs, — fs,). This is zero in S;_1(N) if and only if fz — fs, is divisible
by (2 — a)Pk~#*! which is if and only if f has CP*~#()_continuity along
~. For a boundary meshrectangle v, the same argument shows that f has
CPe=F_continuity along v if and only if the component of [y] in dq(f) is zero.
Thus, f is a spline function in S(N) if and only if §,(f) = 0. As im a1 =0,
we have H,(6(N)) = kerd, = S(N). By Lemma 13, this is also isomorphic
to H,(6&°(N)) if NV is open. O

This gives a simple expression for the spline space dimension, but it in-
volves a homology class which is non-zero. There is a more important for-
mula that gives the dimension based on combinatorial countings and homolgy
terms, where the homolgies in many cases become zero as we will see later.

Theorem 2. Let N = (M, i, p) be a spline mesh in R%. Then the dimension
of the spline space S(N) is given by

dim S(V

d d

= (-1 S T (e — m(8) +1)

= (; 1 BEFo(M) k=1 (98)
-2 (-
q=

)4 dim H,(&(N))

If N is open, the dimension is also given as

dimSV) = > (=) | Y T (e —me(®) + 1)

ﬂE}—?(M k=1 (99)

— ) (=) dim H,(&"(N))
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Proof. By Lemma 6,

d

D (=) dim Hy(S(NV) = Y (—=1)*" dim Sy(N)
q=0 /=0
=> =D DD dim(IT,/AsN)
=0 BEFy(M)

(100)

If, for simplicity, we assume the trivial components of § are {0}, a basis for
the module IT,/Agz(N) is given by the monomials z7' ...z} where 0 < i), <
pr — pk(B). By Lemma 14 we then have

dimSW) =D (=) | > ] (e — m(8) + 1)
=0 BEF (M) k=1
3 (-1 dim H (V)

q=0

(101)

=

If Nis open, we use the same method on the &° chain complex, and we can
omit the term Hy(G°(N)) as this is zero by Lemma 13. O

For a boxmesh M in R? and a subset B C {1,...,d} we define f$(M) =
#Fp. Then we get a special case of the spline dimension formula when all
inner meshrectangles in the same direction have the same multiplicity:

Corollary 1. Let N' = (M, u, p) be an open spline mesh in R andmy, ..., mq
numbers such that p(f) = my, for every inner k-meshrectangle 5. Then the
dimension of the spline space S(N') is given by

dimS(N) = Z (=1)4-1BL 9 (M) H(Pk +1) H(pk —my + 1)

BC{1,....d} keB k¢B

d-1 (102)
— > (1) dim Hy(&°(V))

The spline formulas all consist of two parts. The first part is a combi-
natorial counting, and is easy to do by a computer holding the topological
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represenation. It is independent of the parameterization, and does not in-
volve any deeper linear algebra.

The second part is harder to calculate. It is a sum of dimensions homolgoy
terms, and might even depend on the parameterization. The rest of this paper
will basically focus on how to determine, or at least put an upper bound on
these homology terms.

7 The homology term for tensor product splines

We start the investigation of the homologies from a spline mesh by looking
at the univariate case.

Lemma 15. Let N(a, p,p) be a univariate spline mesh, where a, p and p
are given as in Definition 13. If we let

a=> mi=p+1) (103)

we have

dim Hy(S(N)) = max(0, —«) (104)
dim H;(6(N)) = dim S(N) = max(0, «) (105)

Proof. The set F;(M) is the set of all intervals [a;, a;41] fori=1,...,n—1,
and for any 8 € Fy(M), we have Ag(N) = 0, then dim(I,/Az(N)) =
dimIl, = p + 1. Therefore dim S1(N) = (n — 1)(p + 1). The set Fo(M)
is the set of all points given by z = a; for i = 1,...,n. For § = {a;},
Ag(N) is the set of all polynomials in II, divisible by (z — a;)?™~#i, then
dim(II,/Ag(N)) = p + 1 — p;, generated by the basis {1,z — a;,..., (v —
a;)’~*}. Hence dim So(N) = > (p+ 1 — ;). Therefore

dim H;(6(N)) — dim Hy(S(N)) = dim S1(N) — dim Sp(N)

—-Dp+) =D p+1-m)=a (106)

=1

It is well known that the spline space of p-degree functions defined by a knot
vector of length m has dimension m— (p+1) if m > p+1, and is trivial if m <
p+ 1. Therefore dim S(NV') = max(0, «), this is the same as dim H;(S(N)).
Then dim Hy(S(N)) = dim H,(S(N)) — a = max(0, —«) O

31



We move to general tensor product spline meshes. Let N' = N} x - -+ x Ny
be a tensor product spline mesh where each N, is given as N (ag, py, pk) as in
Definition 13. The underlying mesh M of A is given by M = M; x---x M,
where ech My, is the one-dimensional mesh M (ay).

Given an (¢,d) box 8 = J; x ... x Jg € Fy(M). For each k, either
Jp = {ar;} € Fo(My) is a point, then let v, = pi; and by = ag,, or
Jr € F1(My,) is a non-trivial segment, then let v, = 0 and b, = 0. For every
k, the group A, (Nj) is given as the set of polynomials in II(,,) divisible by
(a:k — by )Pt The group Ag(N) is the set of all polynomlals in II, from
the ideal in I1? generated by (zy — b )P**1=% for all k. This gives a natural
isomorphism

d
HP/AJ1><~--><Jk g ®H (pw) /AJk Nk)

k=1

d
xp — by)™ — () — b)™
k=1 k=1

(107)

’:]&

For aset B C {1,...,d},let xg:{1,...,d} — {0, 1} be the caracteristic
function of B sending k to 1 if and only if k£ € B. If #B = ¢, we define the
set

fB(M) = {J1 X...x Jg € fq(./\/l) s Jk € -FXB(k)<Mk)Vk} (108)

The isomorphism (107) and the distributive property of tensor products over
direct sums yields

D PL/asN) = D 18] <®H<pk>/AJk(Nk)>

BeFp(N) B=J1X...xJg k=1
Tk€Fx (k) (109)

d
= ) Sy ) (Ni)
k=1

If we combine this for all sets B of the same size, we have

SiN) = D <®SXB(k)(Nk)> (110)



We now describe the boundary map 6, : Sy(N) — S,-1(N) as a map
between the right hand sides in (110). Given B C {1,...,d} such that
#B = q. Given J, = [J),J}] € Fypy and fi € /Ay (N) for all
k=1,...,d. Letig(l) <ip(2) <...<ig(q) be the elements in B. Then

([N fi®...® [Jalfa)

M=

:O( )AL @@ iy fis) © - @ [Jal fa 1)

)

<.
Il
—

() AA® ... @ 6P (i) fint) © - - ® [Jal fa

M=

.
Il
-

where 0f is the boundary map from S;(N;) to Sp(N). This combines to

q

S ®... @g0) = (1Y@ @0 gu) @ 000 (112)

J=1

whenever g, € Sy, ) (Nj) for all k.

We can now link the chain complexes of the tensor product spline spaces
to tensor product chain complexes. Let MV, be the (b — a + 1)-dimensional
tensor product mesh we get in the natural way by combining the univariate
meshes N* for a < k < b, thus A that we have been working with so far is
the same as N q.

Lemma 16. In the situation above, when d > 2, we have a natural isomor-
phism
&g+ (ENLa))g = (E(N) © E(N2a))q (113)

for all q. Also, the boundary maps

dg : (6WNa)))g = (E(Nwa))g—1 (114)
0,1 (B(N) @ 6(N2a))g — (B(M) @ 6(Ng.q)))g1 (115)

commute with this isomorphism, i.e. d,¢q = ¢q-10q.
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Proof. We have

#B=q (116)

= (So(M) ® S;(Np,a)) @ (S1(N1) ® Sg-1(Np2a))
= (6(N1) & 6(M2,d]))q

because S;(N7) = 0 for ¢ > 2. The isomorphism is given as

P ® ... ®Gga) = (g2 ® ... D ga) (117)

To show that the isomorphism commutes with the boundary mappings, con-
sider a set B C {1,...,d} of size ¢, and an element ¢ = ¢ ® ... ® gq €
Sq(Nq), where gi € Sy k) (Ng) for every k. First suppose 1 € B, then

0(g1®(92®...®04) =01 ® (2@ ... ® ga) — g1 ®6;-1(g2® ... ® gq) (118)
Let B = B\ {1}, then i5(j) =ig(j + 1) forall j =2,...,q. Then

0,0q(9) = 0691 @ (g2 ® ... @ gq)

qg—1

Jj=1

q
= 01001 ® ... ®@gq) + Z(—l)jﬂ%fl(gl ®...®0Gip;1) @ - ® gd)

Jj=2

= ¢q715q(g)
(119)
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A simpler argument is used for the case 1 ¢ B, then

0 (1 ®(2®...®¢a) =91 ®0-1(92® ... @ ga) (120)
]

Theorem 3. Given a tensor product spline mesh N' = N7 x ... x Ny in R¢,
where each Ny is a uniwariate spline mesh. Then, for every q,

H(&N) = P ((X) N )) (121)

Bc{l ..... d}

Proof. We use induction on d, where the case d = 1 is obvious. Assume
the theorem holds for d — 1. Since the isomorphisms in Lemma 16 commutes
with the boundary mappings, we have an isomorphism between the homology
groups of the two chain complexes, hence

Hy(S(N)) = Hy(S(M) © 6(N2.q))

P4
D
=
T@&
3
@
=
~_

Bc{1,...,
#B=q

]

Corollary 2. Suppose N'=Nj X -+ x Ny, where N}, = N (ay, py, pr) as in
Definition 13. Define

Zum (px+1) (123)
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Let ¢’ be the number of k such that ay > 0. Then

d . _
dim H,(&(N)) = {LH’M | ZZ ; Z, (124)

In particular, if oy, = 0 for some k, then dim Hy(&(N')) = 0 for every q.
Proof. This follows from Theorem 3 and Lemma 15. O

Corollary 3. Let N be a tensor product spline mesh such that S(N') contains
non-trivial functions. Then all homology terms in (98) are zero.

Proof. If S(N') has non-zero functions, o > 1 for all . O

Corollary 4. If the tensor produt spline mesh N is open, then all homology
terms in (99) are zero.

As we now know the homology for tensor product splines, we can relate
this to a simple way to find the Oth homology group in the spline formula for
spline meshes in general.

Lemma 17. Given a spline mesh N' = (M, u,p) in R%.  For each k =
1,...,d and a € R, let my,, be the mazimum of j1(3) for all (k, a)-meshrectangles
B € M, or 0 if no such meshrectangles exists. Define my = pp + 1 —

Y acr Mia- Then

mims---mgq if mg >0 for all k

. (125)
0 if mi <0 for at least one k

dim Ho(S(N)) = {

In particular, if dim Ho(&(N)) > 0, then dim S(NV') = 0.
Proof. From Lemma 13 we have Ho(S(N)) = H_1(J(N)). The latter is

given as
H(GN) =T,/ Y A (126)

BeEFo(M)

The denominator is generated by (zy — a)pk“_“k(ﬂ) taken over all k, a, 5 such
that § € Fo(M) with {a} as its kth component. As every meshrectangle
v € M also contains a point in Fy(M) (just start with v and a point g € 9,
then f, is a box being a proper subset of v (by Lemma 1), pick a new point
on the boundary of 3, to get a smaller box etc, this eventually leads to a
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point 3 in ), the denominator is also generated by (zj — a)P*T'~#5) taken
over all k, a, f such that 3 is a (k, a)-meshrectangle.

If we define the tensor product spline mesh N/ = (M7 1/, p) where, for
each (k, a)-meshrectangle 3 € MT, the multiplicity 1/(3) is the maximum of
all pu(v) for all (k, a)-meshrectangles v € M, then the denominator becomes
the same for N7 as for N, and so H_{(J(N)) = H_1(TJN")) = Ho(S(N)).
The latter is given as [[, max(0,my) by Corollary 2.

Finally, if dim H_;(J(N)) > 0, then each m; must be positive, then there
ar to few knots in each parameter direction to define any non-trivial spline
function, and so the spline space S(N”) only holds the zero function. Then
this is also the case for S(N') because S(N) C S(N7). O

8 The homology term on tensor expansions

We are going to show that the homologies in the dimensions forumlas are the
same for a spline mesh A and its tensor expansion AT in Definition 14. There
are a couple of advantages with this. First of all, when investigating a spline
mesh, we may always assume it has a tensor grid structure, maybe with zero
multiplicity in some meshrectangles. Secondly, inserting new meshrectangles
in the mesh or raising the multiplicity in an existing meshrectangle can be
treated in the same matter, as meshrectangle insertion is the same as raising
the multiplicity from zero in an existing meshrectangle.

To achieve the result, we define a more general chain complex on a
homology-suitable box collection related to a spline mesh.

Definition 24. Given a spline mesh N' = (M, u, p) in R and a boz 3 C R
We define the vector space

AgN) =D~ ALN) (127)
yEM
By

This generalizes the definition of Ag(N') from Definition 20 in case B €
F(M).
If we are also given a homology-suitable box collection F in R?, we define
the vector space
L(FN)= @ [BlAsWN) (128)

BEFq(M)
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forany q=0,...,d. Then we define the chain complex

IFN) 025 [(FN) 2 1y (FN) 255 2 [(FN) 2 0
(129)
by reusing the &, from the R(F) chain complex.

Of course, J(N) is the same as J(F(M),N).

Lemma 18. Given the homology-suitable box collection F in R and the
bozes 3, B1, P2 and v from Lemma 11. Also given a spline mesh N =
(M, p,p) in RL If every meshrectangle in M that contains ~y also contains
B, then

H,(3(F,N) = H,(3(F*,\) (130)

for all q.

Proof. 1t is the same set of meshrectangles in M than contain 3, 51, 82 and
7. Then Ag(N) = Ag,(N) = Ag,(N) = A (N). Then the procedure that
creates the diagram (61) can be used to get the commutative diagram

! !

1
0 — Ig+1(f,N) % Ig+1<f+,N) — 0 — 0
i il il
0 = LFN) Y LFSN) = [BlAsN) = 0
i i b (131)
0 = L (FN) 25 L (FYN) = [AsW) — 0
i il il
0 — LofFN) 2225 [o(FEN) — 0 0
1

\ \

with complexes in the columns and exact sequences on the rows. The long
exact sequence of homologies yields the result. O]

Theorem 4. For a spline mesh N', Hy(J(N)) = H,(I(NT)) for all q.

Proof. We transform the box collection F(M) into F(MT) by a series of
modifications as in Lemma 11. Notice that for any box collection F during
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this process, we always have the following property: For any box o € F, any
point ¢ € a \ da and any box o € F(M) such that g € o/, we must have
a C o/. To prove this, we start with the initial box collection F = F(M).
Then we have a = 3, by Lemma 1. It is the intersection of all boxes in £(F)
containing g, while o’ is the intersection of some of these boxes. Therefore
a C . Then we move on by induction and check the transformation from
F to FT. In that case, the box f is replaced by three boxes 3, f2 and 7.
As all of their interior points also are interior points of 3, the property is
conserved.

Now look at the step from F to F*, and let  be a meshrectangle in M
containing 7. Then « also contains a point g in v\ dv. This is also a point
in 8\ 0 and therefore, by the property just proven, we must have 5 C a.
So every meshrectangle in M containing v will also contain [, then we can
use Lemma 18 to get H,(J(F,N)) = H,(I(FT,N)) for all g. Going through
all the transformation steps yields H,(J(N)) = H,(I(F(MT),N)) for all q.

The next step is to prove H,(J(F(M™T),N)) = H,(I(NT)) for all q. The
chain complexes for these homologies are based on the same set of boxes,
F(MT), so it is sufficient to show Ag(N7T) = Ag(N) for every g € F(MT).
As Ag(N) is defined by the py and u(3), we only need to show that p(5) =
ur(B) for all k and all 8 € F(MT).

Given a k-meshrectangle v € Dg(/\/ﬁ). If v C +' for some k-meshrectangle
v € M, then p” () = u(y') and o' € DE(M), if not, then p () = 0. Using
this for every v € DE(M™) gives pg (8) < px(B). On the other hand, given a
meshrectangle v € Df(M), in particular it contains a point q € £\ 9. Dur-
ing the process from M to M7, v might be split several times into smaller
k-meshrectangles, at least one of them, +/, will contain q. As 8 = (4 by
Lemma 1, we must have § C 7. Then o/ € Di(M™) and p(y) = p"(v)
giving pux(B8) < ul(B). Altogether we have yuy(3) = pl(83), completing the
proof. O

9 Changes in the homologies under subdivi-
sion

In this section we take a look at how homologies are affected during the
insertion of new meshrectangles as well as multiplicity elevation of existing
ones. These two cases are treated similarly: In either case we extend the
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spline mesh N to N7 (maybe with an extra knot insertion where all new
meshrectangles are given mulitplicity 0), then meshrectangle insertion is the
same as raising the multiplicity from 0 to 1.

Because we can move to N7 without changing the homologies, we always
work over a tensor product spline mesh.

9.1 The mesh extension N + B

Definition 25. Given a bormesh M in R?, an integer x and a number
a € R. Aset BC M is a (k,a)-meshcollection of M if every € B
is a (k,a)-meshrectangle. A set B is also called a meshcollection or a
r-meshcollection of M if it is a (k,a)-meshcollection of M for som k
and a. If B is a meshcollection, we define B = Ugep3. A meshblock or k-
meshblock or (k, a)-meshblock of M is a meshcollection B of M such that
B is a meshrectangle (respectively k-meshrectangle or (k,a)-meshrectangle).

Given a spline mesh N' = (M, i, p) in RS, A meshcollection B of M has
a uniform multiplicity in N if all meshrectangles 3 € B have the same
multiplicity, i.e. if u(B) = v for some v for all B € B. The number v is the
multiplicity of B in N and is denoted u(B). If B is a k-meshcollection and
m is an integer, B has m-proper uniform multiplicity in N if u(B) <
pr+1—m, and B has proper uniform multiplicity in N if it has 1-proper
uniform multiplicity in N .

Definition 26. Given a spline mesh N = (M, u, p) in R, a number m > 0
and a k-meshcollection B of M such that u(8) < p.+1—m forall 5 € B (a
special case is when B is of m-proper uniform multiplicity). We then define
N +mB to be the spline mesh (M, u™, p) in R where

1(B) if3¢ B
wB)+m ifBeB

For the case m = 1 we write N + B for N+ 1B.

p(B) = w(B) +mxp(B) = { (132)

We have some obvious properties

o (N +myBy)+myBy = (N +myBy) +mi By
e N+0B=N

o N+mb=N
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L N+ (m1 +m2)B = (N+mlB) —FmgB

o (N +mBy)+mBy =N +m(B; U By) if By and By are disjoint

9.2 The mesh restriction NN B

The next step is to look at how we can define a spline mesh on a meshbox
B by restricting it from N. We start with some definitions.

Definition 27. Given an (¢,d — 1)-boz
B=Jix X Ja1, (133)

a closed interval or point J C R and an integer k € {1,...,d}. Then we
define the box 0(53,J, k) in RY by

OB, J,k) =Jy X+ X Jog X X Jg X -+ X Jgq (134)

If J is a point, 6(5,J,K) is an (¢,d)-box, and if J is a closed interval,
05, J, k) is an (€ + 1, d)-boz.

We also define s(k,k) to be k if k < k and k+ 1 if k > k. Thus, the
component Jy becomes component number s(k, k) in 0(5, J, k).

If M = M(a,...,a,) is a tensor mesh, where ay, = (ag1,..., 0y, ) is
an increasing sequence of length > 2 for all £, and B is a k-meshblock of M,
then the meshrectangle B is on the form

B = [al,elaaLfl] XKoo X [ad:€d7ad7fd] (135>

such that 1 < ey < fr < ny for every k = 1,...,d where e, = f; if and only
if K = k. The meshblock B is then given as the set of all meshrectangles (8
such that the kth component is {ay., } if £ = & and [ay;, ax j+1] for some j
such that ex < j < f if k # k.

Definition 28. Given a spline mesh N' = (M, pu,p) in R, d > 2 such that
M = M(ay,...,a,) is a tensor mesh, where ay = (ax1,...,0kn,) 1S an
increasing sequence of length > 2 for all k. Also given k € {1,...,d} and a
k-meshblock B of M on the form (135) such that B has uniform multiplicity
in N'. We then define N'N B to be the spline mesh (M, i, p) in RT! where
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e M = M(by,...,bs_1) is a tensor mesh where

bk = (as(k,n),es(k’,@) ) as(k,n),es(k’,@)—i-la e >as(k,n),fs(k’,§)) (136>
for everyk=1,...,d—1.

e For any k-meshrectangle 3 € M,

OB ek ) i (0B, (e} ) < (B)
#8) {psmml i o005, Lo, ) > () )

L 1_) = (pla co s Pr—1,DPr+1, - - - 7pd)

9.3 The homology relation between ', N 4+B and NNB

The main result in this section is the relation between the homologies for N,
N + B and N N B in the case when B fits well into A/, which is described
by the following definition.

Definition 29. Given a spline mesh N' = (M,u,p) in RY, d > 2 and a
k-meshblock B of M of uniform multiplicity u(B). We say that B slots
into NV if for every B € F(M) and for every k-meshrectangle v € M such
that 3 C v N B and p(y) > u(B) if k = K, there exists a k-meshrectangle
v € M such that B C+' N B, dim(y N B) =d — 2 and

o n(y) = pu(y) ifk#k
o u(y) > p(B) ifk=r

Notice that it is sufficient to expect dim(y’' N B) > d — 2 as the dimension
can not be more than d — 2. Either k # &, then B and 7/ are meshrectangles
of different parameter directions, or k = &, then the interior of 4 lies outside
B because u(y'") # u(B).

It follows from the definition that for a spline mesh A in R? a &-
meshblock of uniform multiplicity always slots into A/. This is because we
can choose 7/ = 7, then dim(y' N B) > dim 3 > 0.

An example of how meshblocks do and do not slot into a mesh is shown
in Figure 5. All shown inner meshrectangles 5 have p(3) = 1. To the left a
spline mesh N with a previously inserted block C' before we insert the next
mesh block. Picture 2 shows how a new meshblock B does not slot into N.
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Figure 5: To the left a mesh in R? before a new insertion. Then an example of
a new meshblock that does not slot into the mesh, followed by two examples
where the meshblock does slot into the mesh. See text for details.

Figure 6: Similar to Figure 5, but this time C' and B are k-meshblocks for
the same k.

This is because for the boint 3 = C'N B, we can find a meshrectangle v € C
containing 5 and with p(vy) = 1, but there is no meshrectangle ~ parallell
to C, containing 8 such that pu(y') > 1 and dim(y’ N B) = 1. On picture 3,
the new meshblock slots into N because C' causes no problem this time since
C N B is empty. In the last picture, C'N B is a line, this will also have the
consequence that B slots into /. We see in the picture that B slots into C'
like cardboards or other thin surfaces of material somtimes are slot together
to make stable physical items.

Another example is shown in Figure 6, this time the meshblocks are
parallell. Just like in the previous example, Picture 1 shows the mesh before
insertion, Picture 2 shows how B does not slot into N because C' N B is a
point, while Picture 3 and 4 show meshblocks that slot into A/ because C'N B
is either empty or of dimension 1.

Theorem 5. Given a tensor product spline mesh N' = (M, u,p) in R?,
d > 2, and a meshblock B of M of proper uniform multiplicity. If B slots
into N, then there is an exact sequence

0—I,N)—=I,N+B)— S,NNB)—0 (138)
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for ¢ = =1,...,d — 1 (using S_1 (N N B) = 0), and the maps in these
sequences commute with the boundary mappings 0, in the chain complezes

IN), I(N + B) and SN N B).

Proof. We assume B is a k-meshblock. For ¢ = —1 we use the exact se-
quence 0 — II, = II, = 0 — 0. Therefore we continue with ¢ > 0. Let
M = M(ay,...,a,) with the a; described as in Definition 28. For any
meshrectangle v € M we have u(y) < p* (), then for any box 8 € F(M)
and any k = 1,...,d we get ux(8) < it (B). For any point g € 3, the vector
spaces Ag(N) and Ag(N + B) are generated by factors of the polynomi-
als (x5, — qp)P M@ and (zy, — qo)Pt B+ respectively, hence Ag(N) C
Ap(N + B). Combining this for all g-boxes yields an exact sequence

0= I,N) = L,N+B)— @ [BIVz—0 (139)
BEFG(M)
where
Ve = AN + B)/As(N) (140)

If 3 ¢ B, then v € B for any v € Dg(M). Then pu(y) = p*(v), hence
pr(B) = wi(B) for all k, and therefore V5 = 0. So the free sum in (139)
should only be over boxes § € B.

There is a one-to-one correspondance between the boxes f € F (M)

such that § ¢ B and the boxes §' € F (M) given by 5 = (', {ex}, k).
Fix 5 and the corresponding ', and let ¢’ = (¢},...,¢,_;) be a point on
f'. Clearly there are x-meshrectangles in B containing 3, therefore we have
i (B) > p(B). We want to show

Vs = 1;/Ap (N N B) (141)

and split this proof into two cases.

The first case is when p,.(8) > pu(B). Then there is a v € Dj(M) such
that u(y) > w(B). Then also u*(y) = p(y) because we must have v ¢ B,
and so pf(8) = wk(B) hence V3 = 0. Because B slots into N, we can
find a v € Dj(M) such that p(y') > p(B) and dimy' N B = d — 2. If
we remove component number x from ' N B, we get a box 7" € F(M) of
dimension d — 2. Because of the the tensor product structure of M, 7" is a
k-meshrectangle in M for some k, and we also have v' N B = 0(7", {e.}, k).
Then 11,,(0(7", {ex}) = p(y') > p(B) and so by definition fix(8) = psr.m+1 =
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(P)k- From this we get fix(8') = pstkx) + 1. The vector space Ag (N N B)
therefore contains multiples of (y — ¢}, )®*~#F+1 = (1 — ) = 1 (we use
yi as unknowns in II; and z; as unknowns in II,). Then Ag/(N N B) = 11,
hence I1;/Ag (NN B) =0 = V.

The second case is for p,.(8) = u(B). This time we have pf(8) = u(B)+1.
A basis for I, is given by the polynomials

{H(mk — i)™, 0 <y < kak} (142)

k=1

for the point ¢ = (q1,...,q4) = 0(q’,{ex}, k). The space Ag(N) is spanned
by the polynomials in (142) where i > py, — g (5) + 1 for at least one k, and
Ag(N + B) is spanned by the polynomials where i > pr — pp(8) + 1 for at
least one k # k, or where i,, > p, — (). Then we have a natural basis for
Ag(N + B)/Ag(N) given by the polyonmials in (142) where i, < pp — pr(5)
for all k # k and where i,, = p, — pu(B).

On the other hand, a basis for Il is given by the polynomials

-1
{H(?/k — ), 0 <jp < ps(k,n)Vk} (143)
ket

The space Ag (N N B) is generated by the polynomials in (143) where
Jk = Dty — Fk(B') 4+ 1 for at least one k. Then we have a natural basis for
15/ Ap/ (N N B) given by the polyonmials in (142) where ji < ps(e) — fr(3')
forall k =1,...,d — 1. Therefore, the linear map

Iy — 11
Sl = I () (144)
g(y17 B 7?/d—1) = g(xs(l,n)a cee ,.’L’S(d,L,{))(l',i - en) wH
induces an isomorphism
£: /A (NN B)— Vs (145)

if we can show that fix(8") = pskx)(8) for all k =1,...,d — 1. We do this
by showing two inequalities.

First given o/ € Dk (M), set v = 0(7/,{e.}, k). We have 3 C ~ because
B C~'. This gives px(v) < px(8) = u(B), by definition we then have

B(Y) = fhs(ios) (V) < Bsirm) (B) - (146)
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Take the maximum over all 7' to get fix(8") < fis(ir)(5)-

Then given v € Dg(k’ﬁ) (M). Because B slots into N, there exists v €
Dg(k"{) (M) such that dim(y'N B) =d—2and () < u(y'). We have y/NB =
0(v",{ex}, k) for some 4" € D% (M). By definition we have pi..) (7' N B) <
a(y"). Altogether we get

p(7) < p(v) < sy (VN B) < (7)) < (B (147)

Take the maximum over all v to get ps o) (8) < fin(6'). This completes the
proof that fix(8") = pskx)(3), and also that (141) holds for all § € B. Then

B vz P BI/AWNB) =6NNB)  (148)
BEFG(M) B'eF(M)

and so the exact sequence (138) is established from (139). For any box
B € B, component k is trivial, so if the non-trivial component number j
of #/ € F(M) is in parameter direction k, then the non-trivial component
number j of 0(F', {e,}, k) is in parameter direction s(k, ). Therefore the
maps 0, commute with the exact sequences. O

Corollary 5. Given a tensor product spline mesh N' = (M, u,p) in R?,
d > 2, and a meshblock B of M of proper uniform multiplicity. If B slots
into N, then there is an exact sequence

— Hy 1(6(N)) = Hy—1 (SN + B)) —» Hy2(6(N N B)) (149)
— = Hy(6(N)) = Hy (SN + B)) =0

Proof. Use Lemma 5 and Lemma 13. O]

Corollary 6. Given a tensor product spline mesh N' = (M, u,p) in R?,
d > 2, and a meshblock B of M of proper uniform multiplicity such that B
slots into N'. Then, for any q=0,...,d

dim H, (6N + B)) < dim H,(S(N)) 4+ dim H, 1 (SN N B)) (150)
Proof. The sequence
H,/(S(N)) —» H (SN + B)) —» H,_1(6(N N B)) (151)

is exact in the middle O

46



To arrive at a spline mesh, we can always start with an ordinary tensor
product spline mesh and do a sequence of multiplicity elevations N' — N +
B of boxmeshes B. Corollary 6 gives a way to get an upper limit of the
homology term in the dimension formula in case B slots into N for every
such multiplicity elevation step. If the starting tensor product spline mesh
is open, then so is the resulting mesh.

Theorem 6. Let N be a tensor product spline mesh in R% and let By, ..., B,
be a sequence of boxmeshes in N'. Define N; = N;_1+B; fori=1,...,n and
assume B; has proper uniform multiplicity in N;_1 for everyi. Let N = N,.
If B; slots into Nj_1 for every i, then

for every q=0,...,d—1.

Proof. We use induction on n, the case n = 0 is obvious. For the induction
step, we use Corollary 6 to get

dim H,(S(N,)) < dim H,(S(N,_1)) + dim H, 1 (SG(N,_, N By))

For the case of an open spline mesh, we can omit the first term
Corollary 7. Given Ny and the B; as in Theorem 6. If Ny is open, then so
is every N, and we have

dim H,(&°(NV)) = dim H,(&(N)) < En: dim H, (S(Ni_1 N B;)) (154)

for everyq=1,...,d—1.

Proof. Because N is open, we see that N is open for all 7, therefore N is open
and H,(6°(N) = H,(S(N). Furthermore, H,(&(Ny)) = 0 by Corollary 4.
m
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This result might help us to find upper limits for the homology terms
from our d-dimensional spline mesh, by looking into homlogy terms in spline
meshes of dimension d — 1. What we will give now is a way to construct
N,_1 N B,, from knowing Ny and B, ..., B,_; by subsequent subdivisions
on the same (d — 1)-dimensional boxmesh.

Definition 30. Let Ny be an open tensor product spline mesh in RY and
let By, ..., B, be a sequence of boxmeshes in N where each B; is a (k;,a;)-
meshboz. Define N; = Ni_1 + B; fori=1,...,n and assume B; has proper
uniform multiplicity in N;_1 for every i.

Define N', = NoN B, = (M,ji,p). It is a tensor product spline
mesh in R with multiplicities inherited from Ny in the sense that every
(k,b)-meshrectangle in N | has the same multiplicity as every (s(k,k,),b)-
meshrectangle in Ny. The boxmesh M, it is the same as the boxmesh of
N,—1 N B,.

Let u' be the multiplicity function of Ni, i.e. N; = (M, u',p). We define
the set D C M to be all meshrectangles B € M such that if 3 is a k-
meshrectangle, then 1 (0(8,{an}, kn)) > p*~1(B). We define Njj to be the
mesh (M, iit, p) where it is given as

_ ) (B) if B¢ D

for any k-meshrectangle 5 € M. B
Neaxt, for anyi=1,...,n— 1, we define the meshcollection C; C M and
the spline mesh N! as follows.

o If K, =k; then C; =0

o If K, # K; then C; is the set of all meshrectangles B € M such that there
exists some y € B; where 0(8, {an}, fn) C 7 and 12 (0(8, {an}, Kn)) =
n—1
wH ().

o N =N_+C

Lemma 19. With the construction in the above definition, we have N,_, =
Noo1N B,

Proof. Comes later O]
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Notice that the meshcollections C; are not necessarily meshboxes, so in
order to get from N/ _; to NV, we might have to split into several subdivisions.
Also the step from N’ to N might need several steps, on the other hand,
if un~1(B) < u"Y(B,) for every (k,,a,)-meshrectangle 3 € M, the set D
is empty, and N'; = Njj. Also, if the union of all meshrectangles in D is
a union of boundary faces in Q(M), the spline mesh A becomes a tensor
product mesh (only with a multiplicity elevantion at some of its boundary),
and so we could very well start with N instead of N .

10 The case d =2

For a mesh N = (M, p, (p1, p2) in R?, the dimesion formulas from Theorem 2
are given as

dimSW) = frua i+ 1)(p2 + 1)

—m+D | D (B +1)

BEF[13(M)

—(p2+1) > (- pB)+1) (156)
BEF (2} (M)

+ Z (p1 — pa(B) + 1)(p2 — p2(B) + 1)

BeFo(M)
+ dim H,(S(N)) — dim Hy(&(N))
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and, in case A is open,

dim S(NV) = f123(p1 + 1)(p2 + 1)

—(p+1) Z (p2 — p(B) +1)

BEFL (M)
—+ )| D> (m—u®B)+1) (157)
BEFL (M)
+ Z (p1 — pa(B) + 1)(p2 — p2(B) + 1)
BEFF(M)
+ dim H,(&°(W\))

In the special case when N is open, and every inner 1-meshrectangle (hor-
izontal line segment) has multiplicity m; and every inner 2-meshrectangle
(vertical line segment) has multiplicity mo, the dimension is given by Corol-
lary 1 as

dimS(N) = fua(pr +1)(p2 + 1)
— fry(pr + D(p2 —ma + 1) — frzp(pr —ma +1)(p2 +1) (158)
+ folpr —my + 1)(py — my + 1) + dim H, (G°(N))

Definition 31. Let N’ = (M, i, (p1,p2) be an open spline mesh in R%. As-
sume the line segment B is either a union of vertical line segments in M with
uniform multiplicity < py or a union of horizontal line segments in M with
uniform multiplicity < ps, or a line inside the domain Q(M) not containing
any line segment in M. We consider the last case as a special case of the
two first cases, by adding lines of multiplicity 0 to N .

Let 41, ..., v, be the points in Fo(M) contained in B. We define

a(N,B) = {p2 +1 - Z?:l pi(y:)  if B is vertical

" P (159)
p+1—=>" po(v) if B is horizontal

The line segment B is an interior line segment if both of its endpoints
lie in the interior of Q(M). It is an extension if, for at least on of its
end points v, we have puy(vy) > u(B) if B is horizontal, or ps(y) > pu(B) if
B is vertical. This means that there is a continuation of B after one of its
endpoints with higher multiplicity than B.
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The term dim Ho(S(N)) in (156) can be calculated combinatorically by
Lemma 17, and is zero unless the mesh has a very poor structure.
An uppoer bound of term dim H;(S(N)) in (156) and (157) is given by

Lemma 20. Let Ny = (M, u, (p1, p2)) be a tensor product spline mesh in R?
and let By, ..., B, be a sequence of boxmeshes in N'. Define N; = N;_1 + B;
fori=1,...,n and assume B; has proper uniform multiplicity in N;_, for
every i. Let N = N,,. Also define ¢, = pr, +1 —my, for k = 1,2 where my, is
the length of the knot vector defining the spline space in parameter direction

k. Then

dim Hy (S(N)) < max(0, —p1¢,) + Z max (0, a(Ni_1, B;) (160)

where the sum is taken only over the i such that B; is not an extension of
Ni_1. If Ny is open, then so is N, and we have

dim Hy (S(N)) = dim H;(8°(N) < Y max(0, a(N_1, B;) (161)

where the sum is taken only over the i such that B; is interior and not an
extension of Ni_i.

Proof. We use Theorem 6, where dim H;(S(Ny)) = max(0, —¢1¢2) by Corol-
lary 2. The mesh S(N;_; N B; is univariate, and so its homology terms is
given by Lemma 15. If B is an extension, the multiplicity in one of the end
points of N;_; N B; is polynomial degree +1, then Hy(S(N;—1 N B;) = 0, so
we can ommit this term.

In case N, is open, we use Corollary 7 and the fact that if B is not
interior, then again the multiplicity in one of the end points of NV;_; N B; is
polynomial degree +1. ]
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11 The case d =3

For a mesh N = (M, u, (p1, p2, p3) in R3, the dimesion formulas from Theo-
rem 2 are given as

dimS(N) = fr 23 (1 + 1)(p2 + 1) (ps + 1)

— i+ D+ | D (s —p(B)+1)

BEF (1,23 (M)

— (1 + s+ 1) > (p—u®B)+1)

BEF(1,33(M)

— (p2+ D) (ps +1) > (- nuB)+1)

BEF (2,33 (M)

+(p+1) Z (P2 = p2(B) + 1) (ps — p3(8) + 1)

BEF[13(M)

+ (p2 +1) Z (p1 = 1 (B) + 1)(ps — ps(8) + 1)

BEF (2} (M)

+os+ D) | DD (= m(B) + D(p2 — p2(B) + 1)

BEF (3} (M)
- Z (p1 = pa(B) + 1)(p2 — p2(B) + 1)(ps — p3(8) + 1)
BEFo(M)
+ dim Hy(G (A7) — dim Hy (S(N) + dim Hy(GA))
(162)
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and, in case A is open,

dimS(N) = fr2s1(p1 +1)(p2 4+ 1)(ps + 1)

—m+ D+ | D) (ps—u(B)+1)

66]:?1’2}('/\/[)

— (i +1)(ps+1) > (- uB)+1)

BEFY) 53 (M)

— 2+ Ds+ 1| DY (- u(B)+1)

,36.7:?273}(/\/()

A0 > (p2—p2B) + D(ps — pa(B) + 1)

BEFY (M)

+ P2+ 1) o (= m(B) + 1)(ps — ps(8) + 1)

+ (s +1) Z (pr = pa(B) + 1) (p2 — p2(B) + 1)
BEF 5y (M)
— Y (= m(B) + Dp2 — p2(B) + 1) (ps — pa(B) + 1)
BEFG(M)
+ dim Hy (& (V) — dim H, (S°(N))
(163)

In the special case when A is open, and every inner k-meshrectangle has
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multiplicity my for k£ = 1,2, 3, the dimension is given by Corollary 1 as

dimS(N) = fr2s1(p1 +1)(p2 + 1)(ps + 1)
— fuay(pr + 1)(p2 + 1)(ps —ms + 1)
— fusy(pr + 1)(p2 — ma + 1)(ps + 1)
— frasy(pr —ma 4+ 1)(p2 + 1)(ps + 1)
+ fry(pr + 1) (p2 — ma + 1) (p3 — ms + 1) (164)
+ fry(pr —ma + 1) (p2 + 1) (ps — ma + 1)
+ fay(pr —ma + 1) (pa —ma + 1)(p3 + 1)
— fo(pr —mq1 +1)(p2 —ma + 1)(p3 — ms + 1)
+ dim Hy(&°(N)) — dim H, (& (N))

Again, the term dim Hy(S(N)) in (156) can be calculated combinatori-
cally by Lemma 17, and is zero unless the mesh has a very poor structure.

The terms dim H,(S(N)) and dim H,(&°(N)) for ¢ = 1,2 in the hier-
archical case can be limited by homologies from 2-dimensional meshes using
Theorem 6 and Corollary 7. Just as for the case d = 2, we can simplify for
q = 1 when we have extensions in both directions, this time meaning that we
omit terms where each of the two parameter diretions in the 2-dimensional
k-meshblock B; have at least one edge E such that either u(8) > u(B) for
every line segment 3 € F;(M) on E, or E C 9Q(M) and N is open.

It is important that the B; slot into the A;_;. In picture number two
from the left in Figure 5, calculation will show that all homologies of N,
NoNC and (Mo N C) N B are zero, yet still the final mesh (M + C) + B has
a non-trivial homology group.
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